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A theory for the dynamics and statics of growing elastic rods is presented. First, a single
growing rod is considered and the formalism of three-dimensional multiplicative
decomposition of morphoelasticity is used to describe the bulk growth of Kirchhoff
elastic rods. Possible constitutive laws for growth are discussed and analysed. Second,
a rod constrained or glued to a rigid substrate is considered, with the mismatch
between the attachment site and the growing rod inducing stress. This stress can
eventually lead to instability, bifurcation, and buckling.
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1. Introduction
Filamentary structures can be observed in nature at all scales, from the microscopic chains of molecules to the macroscopic
braided magnetic ﬂux tubes in solar ﬂares. Due to their geometric similarity and despite their widely different length scales and
microscopic structures, ﬁlaments of all sizes seem to grow, move, and change shape according to universal laws. For instance,
when a straight rope is twisted sufﬁciently, it will begin to coil on itself. The same change of conﬁguration is observed in
bacterial ﬁbres, DNA molecules and telephone cables (Goriely and Tabor, 2000). Understanding the growth, formation and
dynamics of these fundamental structures is not only of intrinsic theoretical interest, but it also lies at the heart of a host of
important processes in biology, physics, and engineering (Zajac, 1962; Barkley and Zimm, 1979; Spruit, 1981; Benham, 1979,
1983; Keener, 1990; DaSilva and Chouduri, 1993; Manning et al., 1996; Thompson et al., 2002).
The main motivation for the research presented here is the fascinating growth of various bioﬁlaments as observed in
bacterial ﬁbres (Mendelson, 1978; Klapper and Tabor, 1996; Goriely and Tabor, 2000; Goriely et al., 2008), bacterial ﬁlaments
(Gray et al., 1990; Shapiro and Dworkin, 1997; Goriely and Tabor, 2003a,b), fungi (Robertson, 1968; Bergman et al., 1969; Koch,
1994; Goriely and Tabor, 2011), root hairs (Dumais et al., 2004; Roelofsen and Houwink, 1953; Shaw et al., 2000), stems (Silk
and Haidar, 1986; Silk, 1989; Steele, 2000; Goriely and Neukirch, 2006; Moulia et al., 2006; Speck and Burgert, 2011), roots
(Chavarrıa-Krauser et al., 2005; Erickson and Sax, 1956; Mullen et al., 1998; Okada and Shimura, 1990; Buschmann et al., 2009),
tendrils (Keller, 1980; Goriely and Tabor, 1998; McMillen and Goriely, 2002; Goldstein and Goriely, 2006), neurons (Barlow
et al., 1989; Dennerll et al., 1989; Lamoureux et al., 1989, 1992, 2002; Chada et al., 1997), umbilical cords (Goriely, 2004; Miller
et al., 1982), tendons (Rao et al., 2003), arteries (Alford et al., 2007; Taber and Humphrey, 2001; Goriely and Vandiver, 2010),
and the spine (Entov, 1983), to name but a few.
On the mechanical side, there is a considerable body of work and current interest in volumetric three-dimensional
growth theories, dating back to Skalak and Hoger’s seminal work (Skalak, 1981; Skalak et al., 1982; Rodriguez et al., 1994)
as well as Stein (1995) and Rachev (1997). The ensuing equations are however difﬁcult to study both analytically and
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numerically. Furthermore, a general constitutive theory relating growth to stresses is still lacking (Ambrosi et al., 2010).
Due to its relative geometric simplicity, a one-dimensional theory of growing rods is best suited for deriving growth laws
from basic principles. A priori genetic, biochemical, and micro-structural information must be combined in order to obtain
an effective macroscopic theory of growth, but the ﬁrst step is to develop a general mathematical framework for growing
slender structures.
Filamentary growth is seen to occur in different ways. The ﬁrst notable aspect of growth is extensional, an overall
increase in the length of the ﬁlament. Many biological ﬁlaments constrained by their surrounding medium are known to
extend in a small zone close to the free end, a process known as tip growth (Koch, 1995) and ﬁrst reported for root hairs by
Duhamel du Monceau (1758). However, when bioﬁlaments do not have to penetrate through a dense medium, they are
often seen to have distributed growth along their length (Mendelson, 1978; Shapiro and Dworkin, 1997; Lamoureux et al.,
2010). Together with a primary extensional growth, a secondary growth is also observed. In this process, typical for plants
(Fournier et al., 1990, 1991, 2006), the structure also increases in thickness and density. If primary or secondary growth
does not occur uniformly in the section, differential growth develops and the structure develops residual stresses, known
as tissue-tension in plants (Jackson et al., 2002; Peters and Tomos, 1996; Vandiver and Goriely, 2008). If these stresses are
sufﬁciently important, the structure may buckle or develop curvature. In a two-dimensional setting, the simplest case of
growth-induced buckling is the classical theory of thermal buckling of a bimetallic beam ﬁrst developed by Timoshenko
(1925). In that process, two straight metallic beams with different thermal expansion coefﬁcients are fastened together.
Under a change of temperature, one beam expands faster than the other and induces buckling on the entire structure
(Burgreen and Manitt, 1969; Burgreen and Regal, 1971). In growing plants, differential growth is also the main mechanism
for gravitropic response (Hejnowicz, 1997; Galland, 2002; Moulia and Fournier, 2009). In a three-dimensional setting, it is
known that curvature is closely coupled to both torsion and twist. Therefore, induced curvature can also result in torsion
and twist. For instance, the dorsal side of tendrils is known to grow faster than its ventral side, inducing curvature, an
observation ﬁrst reported by de Vries in 1880. When tendrils are attached and are in tension, they are not free to roll-up on
themselves and naturally develop torsion and twist by forming helical structures with opposite handedness, a
phenomenon known as tendril perversion (McMillen and Goriely, 2002). Torsion and twist can also be directly induced
when differential growth does not occur symmetrically, a much more subtle problem that leads directly to torsion. This is
often referred to as helical growth and is observed in bacteria (Mendelson, 1978), fungi (Goriely and Tabor, 2011), and
plants (Bell, 1958; Goriely and Neukirch, 2006; Silk, 1989; Silk et al., 2000).
We include in our discussion of growth aspects of both growth (increase in body mass) and remodelling (change of
material properties). In a reduced theory, these two distinct phenomena are mixed as typically growth and remodelling
both change the intrinsic material properties of the rod.
At the mathematical level, the growth of biological ﬁlaments involves interesting aspects of curve dynamics (Goriely
et al., 2005; Moulton and Goriely, 2012). A natural starting point for the modelling of bioﬁlaments is to consider them as
thin elastic rods subjected to external constraints. The basic idea is to cross-sectionally average all the stresses along the
space curve representing the centreline of the rod. This procedure leads to the Kirchhoff (Coleman et al., 1993; Dichmann
et al., 1996; Antman, 2005; Vilagio, 1997; Goriely and Tabor, 2000), relating averaged forces and moments to the curve’s
strains (characterized by the curvatures, shears, and extension). These equations provide the starting point for much
theoretical analysis and numerical modelling. Various aspects of a theory of growing elastic Kirchhoff rods were ﬁrst
discussed in Goldstein and Goriely (2006), Goriely and Neukirch (2006), Goriely et al. (2008), and Goriely and Tabor (1998,
2000) mostly in biological contexts, and, more recently O’Reilly and co-workers developed a theory of planar growing
plants with special emphasis on tip growth, branching, and constitutive laws (Faruk Senan et al., 2008; O’Reilly and
Tresierras, 2010) (see also Guillon et al., 2011 for a three-dimensional extension). Other related works include elastic
growth in a ﬂuid environment (Renardy et al., 1996; Wolgemuth et al., 2004) and thermo-elastic rods (Green and Naghdi,
1970, 1979; Cisternas and Holmes, 2002).
The theory of growing three-dimensional structures requires great care as growth, through incompatibility, naturally
changes the geometry of the reference conﬁguration. To capture this effect, a multiplicative decomposition of the
deformation gradient can be used as ﬁrst proposed in Rodriguez et al. (1994), or equivalently by modifying the geometric
properties of the reference conﬁguration (Yavari, 2010). Incompatible growth induces local, pointwise residual stresses in
the material, independently of the global arrangement of the elastic object or boundary conditions. However, in a onedimensional structure allowed to grow axially and in girth, no such residual stress can be created since the equivalent of
the deformation gradient (played by the stretches) is always compatible. This lack of incompatibility greatly simpliﬁes the
theory as the local effect of growth can easily be captured by a re-parameterization of the arc length and a change of the
material property. Nevertheless, a growing structure can develop stresses due either to its global geometry (a closed ring
growing in length will develop bending moments) or boundary conditions (a straight growing rod between two plates, a
rod attached to a foundation, or two rods attached to each other growing at different rates). In turn, these stresses can be
sufﬁcient to cause a buckling instability, a primary focus of the present work.
The paper is organized as follows. First, for the sake of setting the general framework, we tersely summarize the
classical theory of Kirchhoff elastic rods by recalling the geometry and balance laws for mechanical quantities attached to
a space curve representing the ﬁlament in space. Second, we consider the problem of a single growing rod. Then, we
demonstrate the developed growth framework through a series of examples. In particular, we investigate possible growth
related buckling instabilities in rods attached to a rigid foundation.
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2. Classic rod theory
2.1. Kinematics
We deﬁne a dynamical space curve rðS,TÞ as a smooth function of a material parameter S and time T, i.e. r : R2 -R3 .
At any time T the arc length s is deﬁned as

Z S
@rðs,TÞ


s¼
ð1Þ
 @s ds:
0
The unit tangent vector s to the space curve, r, is

s¼

@r
,
@s

ð2Þ

and we can construct the standard Frenet–Serret frame of tangent s, normal m , and binormal b vectors which form a righthanded orthonormal basis on r. Along the curve, this triad moves as a function of arc length according to the Frenet–Serret
equations:
@s
¼ km ,
@s

ð3Þ

@m
¼ tbks,
@s

ð4Þ

@b
¼ tm ,
@s

ð5Þ

where the curvature
 
@s
k ¼  
@s

ð6Þ

measures the turning rate of the tangent along the curve and is given by the inverse of the radius of the best ﬁtting circle at
a given point. The torsion t measures the rotation of the Frenet triad around the tangent s as a function of arc length and is
related to the non-planarity of the curve. If the curvature and torsion are known for all s, the frame ðm , b, sÞ can be obtained
as the unique solution of the Frenet–Serret equations up to a translation and rotation of the curve. The space curve r is
obtained by integrating the tangent vector s, using (2).
In order to study the motion of elastic ﬁlamentary structures, we need to generalize the notion of space curves to rods.
Geometrically, a rod is deﬁned by its centreline rðS,TÞ where T is the time and S is a material parameter taken to be the arc
length in a stress free conﬁguration ð0 rS r LÞ and two orthonormal vector ﬁelds d1 ðS,TÞ,d2 ðS,TÞ representing the
orientation of a material cross section at S (Coleman et al., 1993; Antman, 1995; Maddocks, 2004). We deﬁne the stretch
by a ¼ @s=@S, where s is the current arc length as above. A local orthonormal basis is obtained (see Fig. 1) by deﬁning
d3 ðS,TÞ ¼ d1 ðS,TÞ  d2 ðS,TÞ and a complete kinematic description is given by
@r
¼ v,
@S

ð7Þ

@di
¼ u  di ,
@S

i ¼ 1,2,3,

ð8Þ

@di
¼ w  di ,
@T

i ¼ 1,2,3,

ð9Þ

where u,v are the strain vectors and w is the spin vector. Note that the orthonormal frame ðd1 ,d2 ,d3 Þ is different, in general
from the Frenet–Serret frame.
The components of a vector a ¼ a1 d1 þa2 d2 þa3 d3 in the local basis are denoted by a ¼ ða1 ,a2 ,a3 Þ.1 The ﬁrst two
components v1 ,v2 of the stretch vector v represent transverse shearing of the cross sections while v3 4 0 is associated with
stretching and compression. Since the vectors di are normalized, the norm of v gives the stretch of the rod during
deformation: a ¼ 9v9 ¼ 9v9. The ﬁrst two components u1 , u2 of the Darboux vector u are associated with bending while u3
represents twisting, that is the rotation of the basis (not the curve) around the d3 vector. To understand the mathematical
structure of the system, it is convenient to introduce a matrix describing the basis
D ¼ ðd1 d2 d3 Þ,
1

Following Antman (1995), we use the sans-serif fonts to denote the components of a vector in the local basis.

ð10Þ
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Fig. 1. The director basis represents the orientation of the material cross section along the rod.

so that a ¼ Da. Then, an alternative representation of the kinematics is obtained in terms of matrices by introducing,
respectively, the twist matrix Uðs,tÞ and the spin matrix Wðs,tÞ as follows:


@D
@d1 @d2 @d3

¼ D  U,
ð11Þ
@S
@S @S @S


@D
@d1 @d2 @d3

¼ D  W:
@T
@T @T @T
These matrices are the skew-symmetric matrices associated with the axial vectors u and w respectively,
0
1
0
1
0
w3
0
u3
u2
w2
B u
C
B
0
u1 A, W ¼ @ w3
0
w1 C
U¼@ 3
A:
u2
u1
0
w2
w1
0

ð12Þ

ð13Þ

The entries of U and W are not independent. By differentiating (11) with respect to time and (12) with respect to arc length
and then equating their cross-derivatives, we obtain a compatibility relation for U and W:
@U @W

¼ ½U,W,
@T
@S

ð14Þ

where ½U,W ¼ UWWU. The two linear systems (11) and (12) can be seen as a Lax pair for the nonlinear partial differential
equations generated by the compatibility condition (14). Indeed, the natural kinematic structure of evolving rods has led to
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a large and beautiful body of work connecting the motion of curves with integrable systems (Lamb, 1977; Lakshmanan, 1979;
Goldstein and Petrich, 1991; Nakayama et al., 1992; Doliwa and Santini, 1995). However, this construction is purely geometric
and has little to do with evolution of elastic rods as governed by mechanical principles.
2.1.1. The case of unshearable rods
A particularly important class of rods is obtained by taking v1 ¼ v2 ¼ 0, v3 ¼ a. In this case the possible deformations are
restricted so that the vectors spanning the cross sections remain perpendicular to the axis. Geometrically, the vectors
ðd1 ,d2 Þ lie in the normal plane to the axis and are related to the normal and binormal vectors by a rotation through the
register angle j,
d1 ¼ m cos j þ b sin j,

ð15Þ

d2 ¼ m sin j þ b cos j,

ð16Þ

d3 ¼ s:

ð17Þ

This rotation implies that


1 @j
u ¼ a k sin j, k cos j, t þ
a @S

ð18Þ

where k and t are the usual Frenet curvature and torsion. These relations can also be inverted to yield j, k and t as
functions of the twist vector components:
u2
cot j ¼
,
ð19Þ
u1

k¼
t¼

1

a

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u21 þ u22 ,

1

u3 þ

a

ð20Þ

!
0
0
u2 u1 u1 u2
:
u21 þu22

ð21Þ

The quantities t, @j=@S and u3 play related but distinct roles. The torsion t is a property of the curve alone and is a measure
of its non-planarity. Hence a curve with null torsion is a plane curve, and any two rods having the same curvature and
torsion for all S and T have the same space curve r as axis, and can only be distinguished by the orientation of the local
basis. The quantity @j=@S, the excess twist, is a property of the rod alone, representing the rotation of the local basis with
respect to the Frenet frame as the arc length increases. An untwisted rod, characterized by @j=@S ¼ 0 is therefore called a
Frenet rod. In a Frenet rod, the angle j between the binormal b and the vector ﬁeld d2 is constant, hence the binormal is
representative of the orientation of the local basis ðd1 ,d2 ,d3 Þ. The twist density, u3 , is a property of both the space curve
and the rod, measuring the total rotation (as can be seen from the third component of (18)) of the local basis around the
space curve as the arc length increases.
2.2. The mechanics of Kirchhoff rods
Before considering the case of a growing rod, we review the fundamental equations for the dynamics of Kirchhoff rods.
The stress acting on the cross section at rðSÞ from the part of the rod with S0 4 S gives rive to a resultant force nðS,TÞ and
resultant moment mðS,TÞ attached to the central curve. The balance of linear and angular momenta yields (Antman, 1995)
@n
@2 r
þ f ¼ rA 2 ,
@S
@T

ð22Þ



@m @r
@2 d1
@2 d2
þ
 n þ l ¼ r I 2 d1 
þI
d

,
1
2
@S
@S
@T 2
@T 2

ð23Þ

where fðS,TÞ and lðS,TÞ are the body force and couple per unit stress-free length applied on the cross section at S. These
body forces and couple can be used to model different effects such as short and long range interactions between different
parts of the rod or can be the result of active stress, self-contact, or contact with another body. A(S) is the cross-sectional
area (in the stress-free frame), rðSÞ the mass density (mass per unit stress-free volume), and I1,2 ðSÞ are the second moments
of area of the cross section corresponding to the directions d1,2 at a material point S. Explicitly, they read
Z
Z
ð24Þ
I1 ¼ x22 dx1 dx2 , I2 ¼ x21 dx1 dx2 :
S

S

where S is the section at point S and a point on this section is given by a pair fx1 ,x2 g and located at rðSÞ þ x1 d1 ðSÞ þx2 d2 ðSÞ
(see Fig. 2).
To close the system, we assume that the resultant stresses are related to the strains. Again, there are two important
cases to distinguish.
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Fig. 2. Cross section of a rod and local coordinates.

2.3. Constitutive laws
2.3.1. Extensible and shearable rods
First, we consider the case where the rod is extensible and shearable and we assume that the rod is hyperelastic. That is,
we assume that there exists a strain-energy density function W ¼ Wðy,z,sÞ such that the constitutive relations for the
resultant moment and force in the local basis are given by
^
^
^
^
m ¼ fðuu,v
v,SÞ
¼ @y Wðuu,v
v,SÞ,

ð25Þ

^
^
^
^
v,SÞ,
n ¼ gðuu,v
v,SÞ
¼ @z Wðuu,v

ð26Þ

^ u^ are the strains in the unstressed conﬁguration (m ¼ n ¼ 0 when u ¼ u,
^ v ¼ v).
^ Without loss of generality, one can
where v,
choose the general basis so that v^ 1 ¼ v^ 2 ¼ 0. Furthermore, if S is the arc length of the unstressed conﬁguration then v^ 3 ¼ 1.
Typically, W is assumed to be continuously differentiable, convex, and coercive. The rod is uniform if its material properties
^ u^ are independent of s.
do not change along its length (i.e. W has no explicit dependence on s) and the stress-free strains v,
2.3.2. Inextensible and unshearable rods
In the second case, we assume that the rod is inextensible and unshearable, that is we take v ¼ d3 and the material
parameter S ¼s becomes the arc length. In that case, there is no constitutive relationship for the resultant force and the
^ that is
strain-energy density is a function only of ðuuÞ,
^ ¼ fðuuÞ:
^
m ¼ @y WðuuÞ
For a quadratic strain energy W ¼ yT Ky, the constitutive relations for the local basis components m are
0
1
K 1 K 12 K 13
B
C
^
m ¼ KðuuÞ,
K ¼ @ K 12 K 2 K 23 A, K 1 r K 2 :
K 13 K 23 K 3

ð27Þ

ð28Þ

Note that, in general, due to the arbitrary phase in the deﬁnition of the general basis, one can choose the vector d1 so that
either K 12 ¼ K 21  0 or u^ 1  0 or u^ 2  0. In the simplest, and most widely used, case the energy is further simpliﬁed to
W 1 ¼ K 1 ðu1 u^ 1 Þ2 þK 2 ðu2 u^ 2 Þ2 þ K 3 ðu3 u^ 3 Þ2 ,

ð29Þ

where u^ is the unstressed Darboux vector that deﬁnes the shape of the rod when unloaded. Explicitly, the resultant
moment and coefﬁcients fK 1 ,K 2 ,K 3 g are
m ¼ EI1 ðu1 u^ 1 Þd1 þ EI2 ðu2 u^ 2 Þd2 þ mJðu3 u^ 3 Þd3 ,

ð30Þ

where E is Young’s modulus, m is the shear modulus, J is a parameter that depends on the cross-section shape and I1 and I2
are the second moments of area given by (24) (an explicit form for J and examples can be found in Goriely et al., 2001a).
For the simple but important case of a rod with uniform circular cross section of radius R, these parameters are
I1 ¼ I2 ¼

J
pR4
¼
:
2
4

ð31Þ

The products EI1  K 1 and EI2  K 2 are the principal bending stiffnesses of the rod, and mJ  K 3 is the torsional stiffness. Upon
rescaling (see Goriely et al., 2001a), the properties of the rod can be conveniently described by a single parameter, the ratio
of bending to torsional stiffness,


mJ
1
2
,1 ,
ð32Þ
G
¼
2
EI1
1þ s
3
where s denotes the Poisson ratio.
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2.3.3. Constitutively isotropic extensible and unshearable rods with quadratic energy
For many applications, rods can be modelled as inextensible and unshearable. However, for the modelling of a growing
rod, it is also interesting to consider the case where the rod is unshearable but extensible with a quadratic energy that is
constitutively isotropic. In this case, in addition to (29), we have an equation relating the elastic stretch a  v3  @s=@S to
the tension
m ¼ EI1 ðu1 u^ 1 Þd1 þEI2 ðu2 u^ 2 Þd2 þ mJðu3 u^ 3 Þd3 ,

ð33Þ

n3 ¼ EAða1Þ:

ð34Þ

For a straight rod under uniaxial tension, this last constitutive equation is simply Hooke’s law. Note that although the
Darboux vector u is scaled by a factor a in (18), the unstressed Darboux vector u^ is given by the unstressed geometric
curvatures in the reference conﬁguration (it is not scaled by a since it is a material property of the rod in the reference
conﬁguration).
3. A single morphoelastic rod
From a modelling perspective, we can take advantage of the fact that growth in ﬁlamentary structures takes place on
time scales much longer than any elastic time scale propagation or viscous relaxation. Indeed, typical elastic time scales
are related to elastic wave propagation (with typical velocities of 100 m/s, the associated elastic time scale for a 10 cm long
ﬁlament is 103 s), whereas growth time scales are of the order of minutes, hours, and days. Different attempts have been
made to model growing rods. Essentially, one can distinguish three different approaches.
The ﬁrst approach, which we refer to as parameter variation, consists in considering families of rod solutions (typically
static due to the slow time evolution of growth with respect to viscous damping in the rod) parameterized by one of the
material parameters. For instance, in the growth of a tree, one may consider the length and width as two parameters that
evolve in time. At each time, we increase the value of such parameters and recompute the static solution that matches the
boundary conditions (Goriely and Neukirch, 2006).
The second approach is remodelling. The idea is now to consider a separate evolution law for the material parameters
that may depend on time and history of the material. For instance, an initially straight rod can develop intrinsic curvature
and the resulting equilibrium conﬁgurations for given boundary conditions can be studied (McMillen and Goriely, 2002;
Goldstein and Goriely, 2006). This is fundamentally different from the previous approach since the material parameters
may now be a function of the position and their values depend on the evolution in time.
The third approach presented here, that combines all aspects of growth and remodelling in rods, is to consider the evolution
of the natural conﬁguration. From the description of the general theory of rods, we see that rods are characterized by intensive
quantities such as density and cross-sectional area, and one extensive quantity, the length. It is useful in the theory of
morphoelasticity to distinguish between growth and remodelling. Growth refers to a change of volume of the unstressed elastic
material, whereas remodelling refers to a change of material properties. While this distinction is clear in the general threedimensional theory of growing elastic bodies, in the theory of rods growth and remodelling are combined. This is due to the fact
that rod theory is a reduction from a three-dimensional elastic body to a one-dimensional structure. For instance, the bending
stiffness (K 1 ¼ EI1 in Eq. (29)) is a product of a material coefﬁcient, Young’s modulus, and a geometric property, the second
moment of area. As the rod grows and remodels, the material can become stiffer and/or increase in radius, both changing the
stiffness. Apart from the change in radius, the rod can grow in length. Again, the effect of this type of growth is not obvious as a
change of length in a rod can easily be rescaled without affecting the basic equations for the rod deformation. Therefore, the
effect of a change of length in a rod can only be appreciated through boundary effects, that is when the rod interacts with its
environment, either through boundary conditions on each end of the rod or through a body force or couple connecting the rod
with its surrounding. The case where a rod is closed on itself through periodic boundary conditions generates a self-interaction
that can lead to stressed conﬁgurations, even in the absence of external forces or couples.
In order to describe interesting aspects of growing rods in space, we ﬁrst deﬁne the mechanics of a single growing rod
through the evolution of its reference conﬁguration. Second, we consider the case of a growing rod attached to a given rigid
curve in space via an elastic force. For instance, one may consider the case of a growing rod attached to a substrate or the
case of a growing rod inside a sphere or lying on a cylinder. In a companion paper, we consider growing birods, that is, two
rods attached together and growing at different rates (Lessines et al., 2012).
For the rest of this paper, our basic assumptions are:
1. The growth dynamics is slow enough so that the unstressed rod is in elastic equilibrium at all time. We use the variable t
to denote the slow time evolution. Note that dynamical problems could still be considered at any given slow time.
This assumption merely states that the growth dynamics is decoupled from the elastic dynamic of the rod. Nevertheless, in
this paper, we will focus only on static problems. That is, we will assume the existence of a dissipative process that takes the
rod back to a stable equilibrium much faster than any growth time scale (in particular to assess the dynamic stability).
2. Unless stated otherwise, the rod is assumed to be at all times hyperelastic, unshearable, and characterized by a
quadratic strain-energy function W. Due to remodelling and growth, the parameters deﬁning the unstressed shape u^
and the coefﬁcients of W may be functions of the growth time t.
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3.1. Kinematics of a growing rod
Based on the general approach of growth in nonlinear elasticity through a multiplicative decomposition (Rodriguez
et al., 1994; Ben Amar and Goriely, 2005), we consider three different conﬁgurations for the rod. The initial conﬁguration B0
is the unstressed conﬁguration of the rod at time t ¼0, all quantities in this state are denoted by a subscript 0. The reference
conﬁguration V is the unstressed conﬁguration at a given time t and the current conﬁguration B of the rod is the actual
conﬁguration of the rod at time t for given external loads, body loads and boundary conditions. Note that at time t the
unstressed conﬁguration may not be realizable in the Euclidian space. For instance, starting initially with a ring of radius
one and unstressed curvature one and increasing the rod length while keeping the unstressed curvature constant would
lead to a stress-free conﬁguration that would be self-penetrating. However, unlike the three-dimensional case, there is no
problem with local compatibility and generation of residual stress associated with the local deﬁnition of a growth and
elastic tensor (Goriely and Moulton, 2010). Therefore, all local quantities are well-deﬁned and the reference conﬁguration
is appropriate for the computation of the current conﬁguration.
^ 0 ,t ¼ 0Þ with arc length S0, total length L0, density
At time t ¼0, the rod is described by its unstressed shape u^ 0 ¼ uðS
r0 ðS0 Þ, cross-sectional surface area A0 ðS0 Þ and a stiffness matrix K0 . This unstressed shape evolves so that at any given time
^ 0 ,tÞ, with arc length S, total length L(t), density rðS0 ,tÞ, cross-sectional surface area
t the rod has unstressed shape u^ ¼ uðS
AðS0 ,tÞ and a stiffness matrix K. In this description, S0 is now a material parameter. It is related to arc length S of the virtual
conﬁguration V by the growth stretch g, i.e.

gðS0 ,tÞ ¼

@S
,
@S0

ð35Þ

so that g characterizes the local increase of length of a material segment located at a material point S0 at time t. This virtual
conﬁguration is required in order to compute the current shape of the rod for given loads and boundary conditions (see
Fig. 3). In the current conﬁguration, the rod has arc length s and total length l(t).
3.2. Mechanics of a growing rod
At time t, the balance of force and moment in the reference conﬁguration yields
@n
þ f ¼ 0,
@S

ð36Þ

@m @r
þ
 n þl ¼ 0,
@S
@S

ð37Þ

where f and l are the body force and couple per unit reference length. The reference arc length S is the natural choice to
express all quantities as the constitutive equations are given in the reference conﬁguration. This equation together with
the appropriate boundary conditions and with one of the two constitutive models proposed (either (28) for inextensible
rods or (33) for extensible rods) can be solved to obtain the current conﬁguration. We deﬁne a to be the elastic stretch and l
the total stretch between the initial and current conﬁguration. We have

l ¼ ag 3

@s
@s @S
¼
:
@S0
@S @S0

ð38Þ

Fig. 3. Schematic of the three conﬁgurations, initial B0 , reference V, and current B. The reference conﬁguration is stress-free and evolves in time and
reﬂects the change due to growth (shown here, initially the rod has intrinsic curvature; as growth proceeds the cross section is allowed to grow
inhomogeneously and the length of the rod increases). The reference conﬁguration can also intersect itself as it does not represent a possible realization
of the rod; rather, it deﬁnes its local properties. The current conﬁguration is the actual conﬁguration with correct boundary conditions (here periodic
boundary conditions) and body loads.
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A change of independent variable leads to an alternative formulation in the current and initial conﬁguration. Namely,
we have
@n
þ a1 f ¼ 0,
@s

ð39Þ

@m @r
þ  n þ a1 l ¼ 0,
@s
@s

ð40Þ

where a1 f and a1 l are now the body force and couple per unit current length. Finally, in the initial conﬁguration, we have
@n
þ gf ¼ 0,
@S0

ð41Þ

@m
@r
þ
 n þ gl ¼ 0,
@S0 @S0

ð42Þ

where gf and gl are the body force and couple per unit initial length.
3.3. Constitutive and evolution laws for a single growing rod
Following our assumptions, at the constitutive level and at any given time t the rod is still characterized by one of the three
constitutive models described in Section 2.3. Since both reference arc length and stretch can change at time t, great care must
be exercised to ensure that these changes in length are correctly taken into account. We advocate the simple principle of
always deﬁning ﬁrst all material properties in the reference conﬁguration V with respect to the arc length S. All other
formulations of the rod equations follow directly from a change of independent variables as shown above. Note that the
parameters entering the constitutive equations (stiffnesses and unstressed curvatures) may also evolve in the slow time t.
3.4. Evolution law for a growing rod
We now consider a possible law for the evolution of unstressed curvature. We ﬁrst consider the case of an inextensible
rod. In this case, the only material and structural parameters (possibly function of the position S) evolving in time are the
radius, density, stiffness matrix K and unstressed Darboux vector. Again we assume that S is the arc length in the virtual
(grown) conﬁguration. Whereas radii, density, and stiffnesses are quantities whose evolution must be prescribed from
biological laws, the unstressed curvatures u^ depends both on intrinsic quantities and on the geometry of the deformation.
To understand this dependence, we adapt the reasoning of O’Reilly and Tresierras (2010) to the present terminology and to
the three-dimensional case. First, we consider an inner rod with uniform unstressed curvatures u^ in and stiffness matrix
Kin . Next, we apply a moment so that the new shape has uniform curvatures u^ out . In this new conﬁguration, we add an
external outer cylindrical layer with the present curvature and bending stiffness Kout . Ignoring the possibility of internal
residual stresses in the material and treating this new structure as an elastic rod, the problem is to determine its new
properties, that is, its curvature u^ and stiffness matrix K. For any uniform shape given by u, the total moment of the
^ which is also equal to the sum of both moments due to the inner and outer rods, so that we have
composite rod is KðuuÞ,
^
Kin ðuu^ in Þ þKout ðuu^ out Þ ¼ KðuuÞ,

ð43Þ

which must be valid for all u so that we have both
K ¼ Kin þ Kout

ð44Þ

u^ ¼ K1 ðKin u^ in þKout u^ out Þ:

ð45Þ

and

It is now possible to treat this effect as a continuous process. Consider a deformed rod and assume that at time t it has curvatures
^
uðtÞ, and material properties uðtÞ
and KðtÞ. At time t þ Dt, a small new layer is applied to the rod. The balance of moment now
reads
^
^ þ DtÞ,
KðtÞ½uðt þ DtÞuðtÞk
2 ðtÞDt þ DK½uðt þ DtÞuðtÞk1 ðtÞ ¼ Kðt þ DtÞ½uðt þ DtÞuðt

ð46Þ

_ Dt is the bending stiffness of the new layer, k1 ðtÞ is the difference between the curvatures of the new layer and the
where DK ¼ K
curvatures of the inner rod and k2 ðtÞ is a source term for the intrinsic curvature of the inner structure. By expanding all quantities
to order Dt, we obtain
_
Kðu
u^ þ k1 Þ ¼ Kðu^_ k2 Þ:

ð47Þ

_ ¼ 0 and the evolution of the curvatures is simply
If there is no increase of mass or change of stiffness in the section, we have K
governed by u^_ ¼ k2 and a choice for k2 must be made. For instance, in the plane, the only non-zero component of the curvatures
is the Frenet curvature k ¼ u2 . If we assume that the intrinsic curvature relaxes to the current curvature with a relaxation time
Z1 , we have

k^_ ¼ Zðkk^ Þ:

ð48Þ
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Fig. 4. Setup for rod on a foundation. The point rA , located on the edge of the rod, is attached to a rigid foundation q by an elastic force directed along E.
Since the force does not act on the centreline, a body couple can also be induced.

This is exactly the law used in Goldstein and Goriely (2006) to describe the slow evolution of tendrils in climbing plants. We
utilize this law in the buckling of a ring in Section 6.1.1 below.
4. A growing rod on a foundation
Of key importance in growing ﬁlamentary structures is the development of stresses and buckling instabilities due to
external forces. Here we consider a growing rod attached to a rigid foundation via an elastic force, and explore the effect of
the induced body force f and body couple l. We assume that the foundation is a rigid space curve to which the rod is
adhered via a restoring body force dependent solely upon the distance from the rod to the curve. The governing equations
of the rod are unchanged; the key is to appropriately capture the body force and body couple generated by attachment to
the foundation. To do so, we must ﬁrst specify the details of the attachment, e.g. where on the rod the force acts, and in
which direction. The geometric attachment of a rod of current length l on a foundation of length ^l is speciﬁed by a pair of
functions f : ½0,l-½0,2p½ and A : ½0,l-½0, ^l deﬁned as follows
1. The function f deﬁnes the material position on the surface of the rod where the attachment occurs. As before, let the
centreline of the rod be described in the current conﬁguration by the space curve rðsÞ. Recall that the cross section is
spanned by the vectors d1 and d2 . The attachment location on the material cross section can be described by a function
fðsÞ, the angle from the d1 -axis at which the attachment occurs, so that the rod is attached at the point
rA ðsÞ ¼ r þ aðfðsÞ,sÞÞ½cosðfðsÞÞ d1 þsinðfðsÞÞ d2 ,

ð49Þ

where the function aðfðsÞ,sÞ deﬁnes the shape of the cross section at rðsÞ as a polar function.
2. The function A deﬁnes the location on the foundation to which each point is adhered, i.e. a map between the centreline
of the rod and the foundation curve. Let the space curve qðs^ Þ describe the foundation. We deﬁne the attachment map
AðsÞ as a one-to-one map from the rod to the foundations such that s^ ¼ AðsÞ, Að0Þ ¼ 0 and describing the respective
material position where the rod is attached, that is the point rA ðsÞ is attached to the point qðAðsÞÞ.
The situation is depicted in Fig. 4. The two functions f and A as well as the foundation curve q deﬁne completely the
geometry of attachment. We now describe the mechanical force connecting the curve to the rod. We deﬁne the ‘‘spring
vector’’2 as the vector from the rod to the curve
E ¼ qðAðsÞÞrA ðsÞ,

ð50Þ

and assume that the body force generated by the rigid foundation is along that direction, and only depends on the distance
relative to a rest length,
fðsÞ ¼ f ð9E9qðsÞÞ

E
,
9E9

ð51Þ

where q(s) is the rest length of the spring, so that f ð0Þ ¼ 0 when 9E9 ¼ q. We further assume that f derives from a convex
potential for which the origin is a minimum. The particular case where f is linear corresponds to the classical case of a Winkler
foundation with a Hookean spring. Note that in this formulation, no force is generated by shearing the ‘‘springs,’’ i.e.
2
While we use the word spring for visual and schematic purposes, we do not intend this to mean individual, discrete springs. The reader should keep
in mind a continuum of springs, or an elastic sheet.
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a translation of the rod in which 9E9 does not change. This potentially undesirable feature can be removed by introducing a
twist force to the foundation, or more simply, by deﬁning q so that the rest length q¼0.
Since the foundation is attached to the edge of the rod, the force is applied at the edge as opposed to the centreline, and
thus the attachment also generates a body couple that is dependent upon the attachment function f and is given by
l ¼ ðrA rÞ  f:

ð52Þ

A simple example illustrating the effect and generation of a body couple is provided in Appendix A.
5. Buckling criterion
A primary focus in this paper is to study buckling of growing rods. Here we derive a general formulation to determine a
buckling criterion of a rod with arbitrary body force and couple. Our starting point is the full kinematic and mechanics
description for an unshearable rod, expressed in the reference conﬁguration:
@r
¼ ad3 ,
@S
@di
¼ u  di , i ¼ 1,2,3,
@S
@n
þ f ¼ 0,
@S
@m @r
þ
 n þ l ¼ 0,
@S
@S

ð53Þ

along with the constitutive equations
m ¼ EI1 ðu1 u^ 1 Þd1 þEI2 ðu2 u^ 2 Þd2 þ mJðu3 u^ 3 Þd3 ,
n3 ¼ EAða1Þ:

ð54Þ

^ and suppose that for given growth g, we have a known solution given by
Let the rod have constant intrinsic curvature u,
ð0Þ
rð0Þ , nð0Þ , uð0Þ , di , i¼1,2,3, and with elastic stretch að0Þ . The general idea is to add to this solution a small perturbation and
determine the critical growth value g ¼ gn at which a non-trivial solution to the perturbed system exists.
5.1. The perturbation expansion
Let E be a small parameter. Based on the general ideas outlined in Goriely et al. (2001b), Goriely and Tabor (2000,
ð0Þ
ð1Þ
ð1Þ
1997a,b), we begin by expanding the basis itself, di ¼ di þ Edi þ OðE2 Þ. If we express the correction terms di in terms of
the unperturbed basis, and require orthonormality to OðEÞ, we ﬁnd that the OðEÞ corrections can be expressed in terms of a
ð0Þ
ð0Þ
ð0Þ
ð0Þ
ð0Þ
single vector c ¼ c1 d1 þ c2 d2 þc3 d3 such that di ¼ di þ Ec  di þ OðE2 Þ. We now expand all quantities, such that the
ð0Þ
ﬁrst order perturbation of all vector quantities is expressed in the frame fdi g. Generally, for a vector v ¼ v1 d1 þ
v2 d2 þ v3 d3 , we write
X ð0Þ
ð0Þ
v¼
ðvi þ Evð1Þ
Þdi þOðE2 Þ:
ð55Þ
i
i
ð1Þ
ð0Þ
ð0Þ
and
Note the following relationship: if, alternatively, we were to expand each vi ¼ vð0Þ
i þ Evi , we would have vi ¼ vi
P ð0Þ ð0Þ
ð1Þ
ð1Þ
ð0Þ
ð0Þ
ð0Þ
ð1Þ
vi ¼ vi ðc  v Þi , where v ¼ i vi di . We expand r, n, and u in this fashion, and also a ¼ a þ Ea þOðE2 Þ.
We assume that the body force f and body couple l can be expanded similarly.
Inserting these expansions into Eqs. (53) and (54), we obtain a linear system for the 13 independent variables
ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ
0
fr ð1Þ
1 ,r 2 ,r 3 ,n1 ,n2 ,n3 ,u1 ,u2 ,u3 ,c1 ,c2 ,c3 , a g. The force balance reads ( ¼ @=@S)
ð1Þ

ð56Þ

ð1Þ

ð57Þ

ð1Þ

ð58Þ

ð0Þ ð1Þ
ð0Þ ð1Þ
0
ðnð1Þ
1 Þ ¼ u3 n2 u2 n3 þ f 1 ,
ð0Þ ð1Þ
ð0Þ ð1Þ
0
ðnð1Þ
2 Þ ¼ u1 n3 u3 n2 þ f 2 ,
ð0Þ ð1Þ
ð0Þ ð1Þ
0
ðnð1Þ
3 Þ ¼ u2 n1 u1 n1 þ f 3 :

The moment balance is
ð1Þ 0
ð0Þ
ð0Þ
ð0Þ
0
^
EI1 ððu2ð0Þ c3 Þ0 ðuð0Þ
3 c2 Þ þðu1 Þ þ ðu 1 u1 Þðu3 c3 þu2 c2 ÞÞ
ð0Þ ð0Þ
ð0Þ 2
ð0Þ 2
ð0Þ
ð0Þ ð1Þ
0
^
þ EI2 ððu^ 2 u2ð0Þ Þc3 0 ðuð0Þ
2 Þ c3 þu1 u3 c3 þ ððu2 Þ ðu3 Þ u2 u 2 Þc1 u3 u2 Þ
ð0Þ 2
ð0Þ
ð0Þ ð1Þ
2
^
þ mJððu3ð0Þ u^ 3 Þc02 þ ðu3ð0Þ Þ0 c2 þ u1ð0Þ u2ð0Þ c2 þ ððuð0Þ
3 Þ ðu2 Þ u3 u 3 Þc1 þ u2 u3 Þ
ð1Þ

ð0Þ ð1Þ
ð0Þ ð1Þ
þ l1 ¼ 0,
að0Þ nð0Þ
3 c1 a n2 n2 a
ð0Þ ð0Þ
ð0Þ 2
ð0Þ 2
ð0Þ
ð0Þ ð1Þ
0
^
EI1 ððu1ð0Þ u^ 1 Þc3 0 þ ðuð0Þ
1 Þ c3 þu2 u3 c3 þððu1 Þ ðu3 Þ u1 u 1 Þc2 þ u3 u1 Þ
ð1Þ 0
ð0Þ
ð0Þ
ð0Þ
0
^
þ EI2 ððu3ð0Þ c1 Þ0 ðuð0Þ
1 c3 Þ þðu2 Þ þ ðu 2 u2 Þðu1 c1 þu3 c3 ÞÞ

ð59Þ
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ð0Þ 0
ð0Þ ð0Þ
ð0Þ 2
ð0Þ 2
ð0Þ
ð0Þ ð1Þ
0
^
þ mJððu^ 3 uð0Þ
3 Þc1 ðu3 Þ c1 þ u1 u2 c1 þ ððu3 Þ ðu1 Þ u3 u 3 Þc2 u1 u3 Þ
ð1Þ

ð0Þ ð1Þ
þ l2 ¼ 0,
að0Þ n3ð0Þ c2 þ að0Þ nð1Þ
1 þ n1 a

ð60Þ

ð0Þ 0
ð0Þ ð0Þ
ð0Þ 2
ð0Þ 2
ð0Þ
ð0Þ ð1Þ
0
^
EI1 ððu^ 1 uð0Þ
1 Þc2 ðu1 Þ c2 þu2 u3 c2 þððu1 Þ ðu2 Þ u1 u 1 Þc3 u2 u1 Þ
ð0Þ 0
ð0Þ ð0Þ
ð0Þ 2
ð0Þ 2
ð0Þ
ð0Þ ð1Þ
^ 0
^
þ EI2 ððuð0Þ
2 u 2 Þc1 þ ðu2 Þ c1 þ u1 u3 c1 þ ððu2 Þ ðu1 Þ u2 u 2 Þc3 þu1 u2 Þ
ð1Þ 0
ð0Þ
ð0Þ
ð0Þ
0
^
þ mJððu1ð0Þ c2 Þ0 ðuð0Þ
2 c1 Þ þðu3 Þ þðu 3 u3 Þðu1 c1 þu2 c2 ÞÞ
ð1Þ

ð0Þ ð0Þ
þ að0Þ nð0Þ
1 c1 þ a n2 c2 þ l3 ¼ 0:

ð61Þ

The kinematic equation @r=@S ¼ ad3 reads
ð0Þ ð1Þ
ð0Þ ð1Þ
0
ð0Þ
ðr ð1Þ
1 Þ þ u2 r 3 u3 r 2 ¼ a c2 ,

ð62Þ

ð0Þ ð1Þ
ð0Þ ð1Þ
0
ð0Þ
ðr ð1Þ
2 Þ þ u3 r 1 u1 r 3 ¼ a c1 ,

ð63Þ

ð0Þ ð1Þ
ð0Þ ð1Þ
0
ð1Þ
ðr ð1Þ
3 Þ þ u1 r 2 u2 r 1 ¼ a ,

ð64Þ

and the frame equations @di =@S ¼ u  di take the following simple form at OðEÞ:
c01 ¼ uð1Þ
1 ,

c02 ¼ uð1Þ
2 ,

0

c3 ¼ uð1Þ
3 :

ð65Þ

In the case of an inextensible rod, að0Þ ¼ 1 and að1Þ ¼ 0, while for an extensible rod the constitutive equation (34) gives
ð0Þ
ð0Þ
ð1Þ
nð1Þ
3 þn1 c2 n2 c1 ¼ EAa :

ð66Þ

5.2. Bifurcation criterion
To obtain a bifurcation criterion, we deﬁne the nine-dimensional vector
ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ ð1Þ
l ¼ fr ð1Þ
1 ,r 2 ,r 3 ,n1 ,n2 ,n3 ,c1 ,c 2 ,c3 g:

ð67Þ

Note that we can eliminate the uð1Þ
immediately using (65), and að1Þ using (66). The system can be written in compact
i
matrix form
M2 l00 þ M1 l0 þ M0 l ¼ 0,

ð68Þ

where each Mi is a constant matrix depending on the solution at ﬁrst order. We then look for a solution of the form
l ¼ neinS=g þ n einS=g . Inserting this form into (68), the system is satisﬁed if det M ¼ 0, where
M ¼ Mðg; nÞ ¼ n2 M2 þ inM1 þ M0 :

ð69Þ

The critical growth g is the smallest value of g 4 1, minimized over n, at which the determinant vanishes, and the
corresponding value of n determines the mode or wavelength of the buckling, depending on the particular geometry.
n

6. Growing rings
A classic problem in the theory of elastic rods is the buckling of a ring to a non-circular shape. This problem was ﬁrst
considered by Michell (1889) (Goriely, 2006) for the case of a twisted ring. Similarly, the problem of the stability of a ring
with intrinsic curvature under a variety of loadings and material parameters has been considered by many authors (Tobias
et al., 1996; Tobias and Olson, 1993; Haijun and Zhong-can, 1999; Shipman and Goriely, 2000; Manning and Hoffman, 2001)
and is known to be relevant for the study of DNA mini-rings (Han et al., 1997; Qian and White, 1998; Panyukov and Rabin,
2001; Maddocks, 2004).
Here, we use this simple conﬁguration to demonstrate the relative effects of growth, remodelling, and an elastic
foundation on the buckling and shape of rods. We consider an inextensible ring of initial and unstressed radius 1, with
cross-sectional radius a. We assume that it grows linearly in time so that g ¼ 1þ mt while keeping all other material
properties unchanged. We can set, without loss of generality, m¼1 by rescaling t, which is now the growth time. In this
case, we have u^ ¼ ð0,1,0Þ, L ¼ 2pg.
6.1. Without external force
First we study the buckling of the growing ring in the absence of external forces. In the absence of remodelling the
buckling is strictly determined by the critical g. For this system there exists for all g Z 1 circular solutions characterized by
curvature u2 ¼ 1=g, vanishing force n ¼ 0, and maintained by a bending moment m ¼ EIðu2 1Þ generated by the periodic
boundary condition (the condition that the cross sections at s¼ 0 and s ¼L agree perfectly). Let the ring be situated in the
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x–y plane, and with Frenet basis
ð0Þ

ð0Þ

d1 ¼ cosðS=gÞex sinðS=gÞey ,

ð0Þ

d3 ¼ sinðS=gÞex þ cosðS=gÞey :

d2 ¼ ez ,
r ð0Þ
1

ð70Þ

u2ð0Þ

¼ g,
¼ 1=g, with all other quantities equal to zero. Inserting this into Eqs.
Then the initial solution is described by
(56)–(65), the determinant condition can be solved explicitly for g, and is found to be
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1G þ 1 þð4n2 2ÞG þ G2
,
ð71Þ
gðnÞ ¼
2
where G is given by (32) and the buckling mode n must be an integer to satisfy the periodic boundary conditions of the
closed ring. The critical growth is the smallest value of g 4 1, which occurs at n ¼2.
6.1.1. Remodelling
In this section we incorporate remodelling of the ring. The basic question is: If the intrinsic curvature of the ring evolves
such that it relaxes to the current curvature with a particular relaxation time, does the ring still buckle? In the previous
section, the rate of growth was unimportant, the buckling was dictated purely by the amount of growth. Here, whether or
not the ring buckles and when, depends on a competition between the growth rate and the relaxation rate.
In the growth process, let the unstressed curvature evolve to the current curvature following the law (48) (so that if
growth is interrupted, the ring evolves to an unstressed state with a characteristic time 1=ZÞ. As long as the central axis of
the rod remains circular, the curvature is, as before, u2 ¼ 1=g ¼ 1=ð1 þtÞ, which can be used directly in (48), so that


@u^ 2
1
u^ 2 :
¼Z
ð72Þ
1 þt
@t
The solution of this last equation can be expressed in terms of the exponential integral Ei ðÞ as
u^ 2 ðtÞ ¼ eZð1 þ tÞ ½eZ þ ZEiðZð1 þtÞÞZEiðZÞ:

ð73Þ

The buckling criterion is found in the same way as in the previous section, but now must be computed in terms of the
critical time, as u^ 2 is not a ﬁxed constant; we now have a competition between the growth of the ring and the remodelling
of the unstressed curvature. Here, the ring becomes unstable when
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2
G1 þ G2 þ 14G þ 1
rc 
,
ð74Þ
u^ 2
8G
at which time, the solution does not remain planar and the expression for the intrinsic curvature (73) ceases to be valid.
The evolution of u2 =u^ 2 is plotted in Fig. 5 for various values of Z. If the relaxation rate is high enough, the criterion (74) is
never satisﬁed and the ring never buckles. In this situation where we have two dynamical processes, the history of the
deformation has to be taken into account. A similar situation for the Euler buckling of a straight rod and the twisted ring
has been discussed in Goldstein and Goriely (2006) and Wolgemuth et al. (2004).
6.1.2. Post buckling regime
Eq. (71) provides the critical point at which the ring buckles. Next we consider the solution after buckling and without
remodelling, and highlight its intricate mathematical structure. A full numerical solution for the post-buckled ring can
be obtained by solving the full system via a shooting method (Neukirch et al., 2012) and parameter continuation.
This solution is shown in Fig. 6. Note that we have not taken into account self-contact. Nevertheless, the ring follows
an interesting deformation path. By g  2:19, the closed rod has collapsed back into a planar ring, tripled on itself.

1.0

η > ηc

0.8
η = ηc
0.6
0.4
η < ηc
0.2
t

t1

0.0
0

1

2

3

4

5

Fig. 5. Stability of growing ring with evolving unstressed curvature. For illustrative purpose we chose G ¼ 3=4, which leads to the condition  0:54, for
Z o Zc  0:57, the instability occurs at time t1 whereas for Z 4 Zc , the unstressed curvature evolves sufﬁciently fast as to remove stresses in the ring and
no instability takes place (upper curve: Z ¼ 2, lower curve Z ¼ 0:1).
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Fig. 6. The shape of a growing ring after buckling, computed from a numerical analysis with G ¼ 0:7.

As g continues to increase, this tripled ring grows, so that at g ¼ 3, it forms a tripled ring of radius 1. At this point, the
curvature everywhere matches the intrinsic curvature; the ring has resolved back to a stress-free state. Through a
numerical linear stability analysis, we have veriﬁed that the solutions throughout the deformation are in fact stable.
What happens if the tripled ring continues to grow? The same buckling analysis as above can be performed to
determine when the tripled ring will buckle if we further increase g. The difference is that now the length of the rod is
three times the radius. Thus the buckling mode n in Eq. (71) does not have to be an integer, but rather an integer multiple
of 1/3. The ‘‘second buckling’’ occurs at g  3:83, and corresponds to mode 4/3. This solution is plotted on the right side of
Fig. 8. Interestingly, mode 2/3 occurs for g  2:18, and has the same form as the post-buckled ring in Fig. 6 just before
collapsing back into the planar tripled ring. For comparison, studies of various multicovered rings can be found in Manning
et al. (1998), Manning and Hoffman (2001), and Goriely and Tabor (1997a).
6.1.3. Fourier modes for the buckled ring
The periodicity of the problem invites a Fourier analysis. Moreover, the numerical solution suggests that the buckled
ring can be approximated by expressions depending on a few Fourier modes only. We therefore derive an approximate,
low dimensional model to yield analytical solutions.
Applying (36), (37) to the case of this inextensible ð@r=@S ¼ d3 Þ ring gives
@n
¼ 0,
@S
@m
þ d3  n ¼ 0:
@S

ð75Þ
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Numerical analysis indicates that both the planar and buckled solutions satisfy n ¼ 0. Eq. (75) therefore reduces to
@m=@S ¼ 0 with the constitutive relation m ¼ EIðu1 d1 þðu2 u^ 2 Þd2 þ Gu3 d3 Þ, and the deﬁnition @di =@S ¼ u  di . Projecting
the moment balance equation in the local basis fdi g, and rescaling S ¼ gSn =u^ 2 and ui ¼ u^ 2 uni yields
1 dun1
¼ ð1GÞun2 un3 un3 ,
g dSn
1 dun2
¼ ð1GÞun1 un3 ,
g dSn
G dun3
¼ un1 ,
g dSn

ð76Þ

where the choice of parameterization Sn lets the growth factor appear explicitly. The system (76) possesses two invariants:
ðd=dSn Þðun12 þu2n2 þ Gun32 Þ ¼ 0 and ðd=dSn Þðun2 þ Gðð1GÞ=2Þun32 Þ ¼ 0. Its solution therefore lies on a closed loop in the fun1 ,un2 ,un3 g
space at the intersection of an ellipsoid and a cylindrical paraboloid as can be seen in Fig. 7. The periodic orbit lying on the
intersection can be characterized in terms of its Fourier modes and an approximate model of (76) in terms of the ﬁrst few
non-trivial Fourier modes can be obtained. Indeed we show in Appendix B that one can reduce the problem of ﬁnding the
shape of the ring after bifurcation to ﬁnding the root of a polynomial equation of degree 4 in the (square of the) amplitude
of the leading Fourier mode of un3 . Once the root is obtained, the solution can be reconstructed as shown in Fig. 8.
6.2. Growing ring on a foundation
Next we attach the growing ring to a foundation, and in particular analyse the effect on the buckling. We consider two
possible conﬁgurations for the foundation.
6.2.1. Foundation inside
First we consider the case in which the foundation is attached to the inside edge of the ring in its initial unstressed
state. As the ring grows, the foundation exerts an increasing elastic force directed towards the centre of the ring.
To compute the circular, prebuckled solution, we again let the ring be located in the x–y plane and let the initial frame
ð0Þ
fdi g be given by (70). The foundation is attached at the point rA ¼ r þ ad1 , where a is the cross-sectional radius of the rod,

Fig. 7. The solution of (76) lies at the intersection (red) of an ellipsoid (black) and a cylindrical paraboloid (green): un12 þ un22 þ Gun32 ¼ R2
and un2 þ Gðð1GÞ=2Þun32 ¼ A. The ﬁgure shows the case g ¼ 2:03 and G ¼ 0:7. As shown in the Appendix, the constants can be found a posteriori using
the solution (B.15) together with the value of r3 at which the determinant of the system (B.29) vanishes. (For interpretation of the references to color in
this ﬁgure caption, the reader is referred to the web version of this article.)
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Fig. 8. Comparison between the amplitude of un3 obtained from the numerical simulation (blue) for G ¼ 0:7 and the value predicted by the low
dimensional model (red). (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this article.)

foundation

Fig. 9. Circular solution for the growing ring with foundation on inside edge, viewed from above. Lengths are scaled by 1=u^ 2 .

and we assume the foundation generates a linear force,
f ¼ kðqrA Þ,

ð77Þ

where the foundation q is a circle of radius 1a, located in the x–y plane and centred at the origin. Note also the associated
ð0Þ

ð0Þ
couple given by (52). The circular solution (see Fig. 9) has centreline r 1ð0Þ ¼ g, r ð0Þ
2 ¼ r 3 ¼ 0. Since q ¼ ð1aÞd1 , it follows

that

ð0Þ
f1

¼ kðg1Þ, with

ð0Þ
f2

¼

ð0Þ
f3

¼ 0, and all

ð0Þ
li

¼ 0. As before, uð0Þ
2 ¼ 1=g, and now the foundation force is balanced by an

nð0Þ
3

¼ kgðg1Þ.
axial force
To compute the critical growth, the body force (77) and couple (52) are expanded to OðEÞ, yielding
ð1Þ

ð1Þ

ð1Þ

l2 ¼ aðf 3 þ c2 f 1 Þ,

f 1 ¼ kr 1 ,
l1 ¼ 0,

ð1Þ

ð1Þ

f 2 ¼ kðr ð1Þ
2 þac3 Þ,
ð1Þ

ð0Þ

ð1Þ

f 3 ¼ kðr ð1Þ
3 ac2 Þ,
ð1Þ

ð0Þ

l3 ¼ aðf 2 c3 f 1 Þ:

ð78Þ
ð79Þ

Following Section 5, these expressions are inserted into the system of Eqs. (56)–(65), and a determinant condition is
formed for the critical growth gn . The result, and the general effect of the foundation on the buckling, is illustrated in
Fig. 10, in which gn is plotted against the log of the foundation stiffness k for modes n ¼ 2,3,4. For small k, the solution is
similar to the case of no foundation: the ring buckles at mode 2, and as k-0, the buckling criterion (71) is recovered.
As the stiffness is increased, the critical growth decreases (i.e. the ring buckles earlier), as might be expected. At the same
time, the buckling mode n increases. That is, as the foundation force strengthens, it becomes energetically favourable to
buckle at higher mode, solutions which have higher bending energy but remain closer to the foundation.
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6.2.2. Foundation underneath
Next we consider the alternative conﬁguration in which the foundation lies under the ring in its initial unstressed state.
In this conﬁguration, any growth of the ring induces not just a body force, but also a body couple (with the foundation
attached to the bottom of the ring, as the ring expands the foundation induces a moment that serves to twist the ring and
roll its centreline into the plane of the foundation, see Fig. 11). Thus, there is a non-zero register angle j, i.e. the angle of
rotation of the cross section due to the applied couple. Writing the normal and binormal vectors

m ¼ cosðS=gÞex sinðS=gÞey , b ¼ ez ,
ð0Þ

ð80Þ

ð0Þ

1
we have d1 ¼ cos jm þsin jb, d2 ¼ sin jm þ cos jb. Following Eq. (18), u1ð0Þ ¼ g1 sin j, uð0Þ
cos j, u3ð0Þ ¼ 0.
2 ¼g
The foundation force is of the form (77), but now rA ¼ rad2 , and the foundation is a circle of radius 1, located in the
x–y plane, i.e. q ¼ m .
The prebuckled solution has as centreline a circle radius g, located in the plane z ¼h. Mechanical equilibrium is satisﬁed
if the plane of the ring satisﬁes h ¼ a cos j, and the register angle solves

EIg1 sin j þ ka cos jða sin jg þ 1Þ ¼ 0:

ð81Þ

The buckling parameter gn is computed similarly as before, with f determined as the root of (81). In Fig. 12, gn is plotted
against the log of the foundation stiffness. The general effect of the foundation is similar to the previous section; however,
with this setup modes 2 and 3 do not exist for all values of k, and mode 2 has a minimum value. This leads to the
interesting difference that the critical growth does not monotonically or even continuously decrease with increasing
foundation stiffness. Also of note is that compared to the case of the foundation on the inside edge, the ring with
foundation underneath is generally more stable, i.e. buckles for larger gn for all values of k. This is due to the induced body
couple in the planar state, which serves to counteract the spring force and reduce the internal stress in the rod, thus
stabilizing slightly compared to the previous case.

Fig. 10. Critical buckling growth plotted against the log of the foundation stiffness k, for modes 2,3, and 4. As the stiffness increases, the buckling occurs
after less growth, and at higher modes. The diagram is plotted for G ¼ 1 and au^ 2 ¼ 0:07.

initial

grown
foundation
Fig. 11. Growing ring with foundation underneath.
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Fig. 12. Critical buckling growth in the case of the foundation underneath the initial ring. The dashed line is the envelope of the critical growth—it is not
monotonic, and suffers a discontinuous jump in the transition from mode 3 to mode 4. The diagram is plotted for G ¼ 1 and au^ 2 ¼ 0:07.

7. Growing naturally straight rods
Another natural conﬁguration to study is a straight growing ﬁlament. A typical approach for these system is to use a
(growing) beam on an elastic foundation (Burgreen and Manitt, 1969; Burgreen and Regal, 1971). However, from a
modelling perspective the beam on a foundation lacks crucial features and a distinction between the coordinates and arc
length of material points (as material points are labelled by their position along the axis of the beam even during
deformation). This can be more confusing if the beam grows or is extensible. Here, we show that the theory of Kirchhoff
rod is the natural framework for modelling and studying straight growing ﬁlaments on a foundation.

7.1. Uniaxial deformation
We start with the simple problem of an elastic rod being pulled and growing as a response to applied tension. This model is
motivated by experiments of growing axons on a substrate, experiments where one end of the axon is ﬁxed while the other end
of the axon is pulled with either constant velocity or constant pulling forces can be performed with high accuracy (Heidemann
et al., 1997; Pﬁster et al., 2004). The typical range of applied forces is 1–8 nN (nano-Newtons) and the position as a function of
time of the axon tip can be measured by standard microscopy. These experiments have revealed that after a critical tension
below which no growth occurs, the growth rate is mostly linear with the applied tension (Bray, 1984; Chada et al., 1997;
Heidemann et al., 1997; Lamoureux et al., 1989; Zheng et al., 1991). This elongation results from stretching the neurons for long
period of time. If, instead, the axon is suddenly ‘‘plucked’’ it will respond quickly depending on its material properties rather
than its growth response to external stimuli. On these time scales, the axon was shown to behave mostly like a Hookean spring
past a critical rest tension corresponding to the tension in axons in the absence of external loads.
From these basic observations, we can model the axon as a one-dimensional rod subject to growth as described before.
The ﬁlament is of length l and anchored at the growth body at the point s¼0 and is only allowed to deform along its length.
Following the analysis and the ideas presented in Dennerll et al. (1989) and O’Toole et al. (2008), we assume that the
tension n3 in the axon is due to both the applied tension at the end and to an adhesion force between the substrate and the
axon. At any given time, we assume that the axon is elastic and operate in small deformation, so that it is characterized by
n3 ¼ Eða1Þ:

ð82Þ

Since there is an adhesion force f acting on the ﬁlament due to its interaction with the substrate, the tension along the
ﬁlament is given by
@n3
þ f3 ¼ 0:
@S

ð83Þ
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We further assume that the adhesion force can be modelled by a simple Hookean law
f3 ¼ kðsðSÞSÞ:

ð84Þ

Taking an extra derivative of (83) and using the Hookean relationship (82), we obtain
@ 2 n3

n3
¼ 0,
ð85Þ
a2
pﬃﬃﬃﬃﬃﬃﬃﬃ
where a ¼ E=k is a characteristic length for the problem. Since the proximal end of the ﬁlament (s ¼0) remains ﬁxed,
sð0Þ ¼ 0, which implies f3 ð0Þ ¼ 0 and @n3 =@Sð0Þ ¼ 0. The other end is pulled with a tension n3 ðs ¼ LÞ ¼ sL . The solution of (85)
with these boundary conditions is
@S2

þ

n3 ðSðtÞÞ ¼ sL

coshðSðtÞ=aÞ
:
coshðLðtÞ=aÞ

ð86Þ

For large a, that is for very small adhesion force or very stiff ﬁlament, the tension in the ﬁlament becomes uniform
(lima-1 n3 ðSÞ ¼ sL ). For small a, i.e. large adhesion force or very compliant ﬁlament, the tension is localized at the side of
the pulling with an exponential decay of characteristic length a. In an experiment where the end is pulled with a constant
tension sL , the behaviour of the ﬁlament would still appear Hookean as it will extend to a length l ¼ L þ ða=EÞtanhðL=aÞsL .
That is, an extension proportional to the applied tension.
Next, we consider a growth law for the evolution of S(t). At time t ¼0, the ﬁlament of length L0 is parameterized by its
initial arc length S0 and the change in reference conﬁguration is described by g ¼ @S=@S0 and a growth law of the form
@g
¼ ggðn3 Þ:
@t

ð87Þ

If g is known, the evolution of a material point initially at position S0 is given by
Z S0
g dS0 :
SðS0 ,tÞ ¼

ð88Þ

0

That is,
@t SðS0 ,tÞ ¼

Z

S0

ð@t gÞ dS0 ¼

Z

0

S0

ggðn3 Þ dS0 ¼
0

Z

S

gðn3 ðSÞÞ dS:

ð89Þ

0

Note that since S evolves in time the adhesion given by (84) corresponds to an evolving adhesion. It is an effective
phenomenological model for a foundation where attachment and detachment are continuously occurring as the rod slides
on the foundation. Hence, it is reminiscent of a viscous drag force. Assuming that growth takes place when the tension is
larger than a critical tension sn , we have
n
n
^
gðn3 Þ ¼ kðn
3 s ÞHðn3 s Þ,

where HðÞ is the Heaviside function. Using the explicit form (86) for the tension, the equation for S(t) is



Z S
coshðS=aÞ
sinhðS=aÞsinhðSn =aÞ
n
n
^
^
sn dS ¼ kHðSS
,
Þ
s
Þ sn ðSn SÞ þ asL
@t S ¼ kHðSS
L
coshðL=aÞ
coshðL=aÞ
Sn

ð90Þ

ð91Þ

where Sn ¼ a arccoshððsn =sL Þcosh L=aÞ. This last equation gives at any length L the velocity proﬁle as a function of the
reference length S at time t, that is


sinhðS=aÞsinhðSn =aÞ
n
^
:
ð92Þ
Þ sn ðSn SÞ þ asL
VðS,tÞ ¼ kHðSS
coshðL=aÞ
A typical velocity proﬁle is shown in Fig. 13.
Note that Eq. (91) for S(t) cannot be solved directly as both S and L depend on t. Therefore, we specialize this equation at
the point SðtÞ ¼ LðtÞ
n
^ s sinhðL=aÞsinhðS =aÞ ,
@t L ¼ k^ sn ðSn LÞ þ ka
L
coshðL=aÞ

ð93Þ

with initial conditions LðtÞ ¼ L0 . No useful closed-form solution exists for this equation. Instead, we consider the limit
^ s tanhðL=aÞ, that is
where sn -0 which leads to @t L ¼ ka
L
^

LðtÞ ¼ a arcsinh½ek sL t sinhðL0 =aÞ:

ð94Þ

Once the function L(t) is known, it can be substituted in Eq. (91) and an equation for the evolution of S(t) can be found for
all initial points of the form Sðt ¼ 0Þ ¼ S0 . Note that after an initial exponential phase where the entire ﬁlament experiences
growth, growth becomes limited to a ﬁnite zone close to the tip of characteristic size a and growth becomes linear with
time (see Fig. 13). Interestingly, the analysis given here based on the growth of the ﬁlament and the remodelling of the
foundation is equivalent to the analysis given in O’Toole et al. (2008) based on a viscous ﬂuid model for the growth
dynamics where it was shown to be consistent with experimental data on axonal growth (Heidemann et al., 1997).
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Fig. 13. Left: velocity of points along a growing axon; L ¼ 200; sL ¼ 1; sn ¼ 1=10; k ¼ 1. Right: length as a function of time in the limit case where sn ¼ 0,
parameters as for the left graph.

Fig. 14. Setup of the buckling of a straight planar rod on a foundation. A rod is attached to a foundation and is allowed to deform only in the plane. An
increase in length leads to a buckling instability.

In particular, our model correctly predicts that the growth rate of the axon under constant tension asymptotes to a
constant value (see L(t) in Fig. 13).
7.2. Planar deformations
The previous example dealt with a rod constrained along a line. Next, we consider the buckling of a planar rod on a
foundation in the absence of body couple (see Fig. 14). This scenario is very common in the literature (Biot, 1922; Edwards
and Chapman, 2007; Eisenberger and Clastornik, 1987; Landau and Lifshitz, 1986; Wadee et al., 1997), and it is instructive
to proceed in detail and see how the buckling emerges from our morphoelastic rods framework. The rod is naturally
straight, initially planar and constrained in the plane so that with respect to the reference conﬁguration V the Darboux
vector is u ¼ ð0, ak,0Þ, where k is the Frenet curvature. A convenient representation of the rod is obtained by assuming that
it lies in the x–y plane and introducing the angle y between the tangent vector and the x-axis. That is

s ¼ d3 ¼ cos yex þsin yey ,

ð95Þ

which implies

k¼

@y
@y
¼ a1
@s
@S

ð96Þ

and d2 ¼ ez . By writing n ¼ Fex þ Gey , f ¼ f ex þ gey , r ¼ xex þ yey , we can simplify the equilibrium equations (36) and (37) to
a system of ﬁve equations in the current conﬁguration
@x
¼ a cos y,
@S
@F
þf ¼ 0,
@S
EI

@2 y
@S2

@y
¼ a sin y,
@S

ð97Þ

@G
þ g ¼ 0,
@S

ð98Þ

þ aG cos yaF sin y ¼ 0:

ð99Þ

These equations are supplemented by the constitutive law for the foundation (see below) and a constitutive law for
tension F cos y þ G sin y ¼ EAða1Þ where A is the cross-sectional area as before. We use this last relationship to express a
in terms of F,G and y in the equations above.
We consider the case of a clamped uniformly growing rod of initial length L0 ¼ 1 and whose end positions are ﬁxed for
all time, that is
xð0Þ ¼ 0,

xðLÞ ¼ 1,

yðLÞ ¼ yð0Þ ¼ y0 ,

yð0Þ ¼ yðLÞ ¼ 0:

ð100Þ

where y0 is the distance between the rod and the rigid foundation taken to be the segment of the x-axis between 0 and 1.
Different assumptions on the nature of the attachment between the rod and the foundation can be made. We consider here
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the case where the rod is initially glued to the axis. Therefore, a point ðS0 ,0Þ on the x-axis is attached to a point ðS0 ,y0 Þ on
the rod. In the current conﬁguration the two points are still connected elastically and are now located at ðS=g,0Þ and
ðxðSÞ,yðSÞÞ. Therefore, the body force acting on the rod from the foundation is
hðDÞ

f¼

½ðxS=gÞex þðyy0 Þey ,

ð101Þ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where we have assumed that the rest length of the foundation is y0 and D ¼ ðxS=gÞ2 þ ðyy0 Þ2 is the distance in the
current conﬁguration between two material points connected in the initial conﬁguration. Note the factor 1=g which
indicates that the attachment was made in the initial conﬁguration and no subsequent remodelling takes place.
0
The function hðDÞ is chosen such that hð0Þ ¼ 0 and h ð0Þ ¼ Eko 0.
The trivial solution is a straight compressed rod, that is

gD

xð0Þ ¼ S=g,

yð0Þ ¼ y

ð0Þ

¼ Gð0Þ ¼ 0,

F ð0Þ ¼ EA

1g

g

:

ð102Þ

To ﬁnd the critical value of g where a bifurcation ﬁrst occurs, we expand our ﬁve variables in power series x ¼ xð0Þ þ Exð1Þ þ
OðE2 Þ,y ¼ yð0Þ þ Eyð1Þ þ OðE2 Þ and, as before, linearize the system around the trivial compressed state. To ﬁrst order, it is easy
to show that xð1Þ ¼ F ð1Þ ¼ 0, and we reduce the problem to a set of three linear equations
ð1Þ

ð1Þ

ð1Þ

dG
yð1Þ
¼ Ek
,
dS
g

dy
y
¼
,
dS
g

ð103Þ

2 ð1Þ

EI

d y

2

dS

þ EAðg1Þy

ð1Þ

þ gGð1Þ ¼ 0:

ð104Þ
ð1Þ

which can easily be reduced to a single fourth order differential equation for y
4 ð1Þ

d y

4

dS

2 ð1Þ

þ 2a

d y

2

dS

2 ð1Þ

þb y

¼ 0,

ð105Þ

where
Aðg1Þ
a¼
,
2Ig2

sﬃﬃﬃﬃﬃﬃﬃ
k
,
b¼
Ig3

ð106Þ

and the boundary conditions (vanishing for all linearized variables) now read
3 ð1Þ

ð1Þ

yð1Þ ð0Þ ¼ Aðg1Þ

dy
d y
ð0Þ þ Ig2
ð0Þ ¼ 0,
3
dS
dS

yð1Þ ðgÞ ¼ Aðg1Þ

dy
d y
ðgÞ þIg2
ðgÞ ¼ 0:
3
dS
dS

ð107Þ

3 ð1Þ

ð1Þ

ð108Þ
ð1Þ

We now look for modes for Eq. (105) of the form y
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

 eios , which leads to the four roots

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

o21 ¼ a þ a2 b2 , o22 ¼ a a2 b2 :

ð109Þ

The condition a¼b gives the ﬁrst bifurcation condition for the existence of oscillatory modes on an inﬁnite domain.
Explicitly, it reads
A2 ðg1Þ2 4Ikg ¼ 0,

ð110Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
which leads, for a circular cross section of radius r, to the ﬁrst condition g1 ¼ 1 þ krðr þ kr þ 4pÞ=ð2pÞ associated with a
pﬃﬃﬃ
typical mode number n ¼ a, that is a typical wavelength

z ¼ 2p=o1 ¼ 2pg3=4
1

p1=4

 r pﬃﬃﬃ
2



pk1=4 

 1=4
I
p5=4 3=4 1=4
¼ pﬃﬃﬃ g1 rk
k
2
pﬃﬃﬃﬃ

p

4

1=4

k

þ


1 3=4
5=4
k
þOðk Þ:
32

ð111Þ

ð112Þ

In a ﬁnite domain with clamped boundary conditions, there is a delay at the bifurcation and the value of g2 4 g1 for
which the system is unstable can be found by matching the boundary conditions. Assuming a 4 b, the non-trivial
solution (illustrated in Fig. 15) reads

yð1Þ ¼ C 1 ½cosðo1 SÞcosðo2 SÞ þ C 2 sinðo1 SÞ þC 3 sinðo2 SÞ,

ð113Þ
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Fig. 15. Buckling of a clamped growing rod on an elastic foundation. The rod is constrained to lie in the unit interval L0 ¼ 1 and is clamped at the
boundary (with y0 ¼ 1=2). Here k ¼ 1,r ¼ 0:02, and g2 ¼ 1:19934. The amplitude is arbitrary and chosen here to be C 1 ¼ 0:2 and the centreline is
indicated by a dashed line.

with
C2 ¼

C 1 o1 bðcosðgo1 Þcosðgo2 ÞÞ
,
ð2ao1 o31 Þ sinðgo2 Þ þðo32 2ao2 Þ sinðgo1 Þ

ð114Þ

C3 ¼

C 1 o2 bðcos ðgo2 Þcosðgo1 ÞÞ
,
ð2ao1 o31 Þ sin ðgo2 Þ þ ðo32 2ao2 Þ sin ðgo1 Þ

ð115Þ

with the condition
a sinðgo1 Þ sinðgo2 Þ þ b cosðgo1 Þ cosðgo2 Þb ¼ 0:

ð116Þ
ð1Þ

The ﬁrst positive root of this equation is g1 but it leads to the trivial solution y ¼ 0 so that the critical bifurcation value for g is
the ﬁrst root g2 4 g1 . However for r 5 L0 , the root g1 provides an excellent ﬁrst approximation for the critical value g2 . Note that
this linear analysis is very close to the classical problem of a beam on a foundation (Koiter and Van Der Heijden, 2009) and indeed
the force at buckling could have been predicted by a simpler theory (the main difference being that our rod is extensible).
Nevertheless, we showed that this classical bifurcation can easily be obtained within the general framework of morphoelastic
rods. Note also that the linear analysis presented here can also be completed by a general weakly nonlinear analysis to obtain the
amplitude as a function of the load (see for instance Lange and Newell, 1971; Goriely and Tabor, 1997b).
7.3. Spatial deformations
In the previous section, the rod was assumed to remain planar. This is a very typical assumption in models of rods on
foundations. However, the question remains whether a planar deformation is a valid assumption. Here we explore this issue in
the context of a rod with non-circular cross section. The setup is pictured in Fig. 16. We assume an inﬁnite, extensible, naturally
straight rod that is positioned in its initial conﬁguration parallel to the z-axis and take the foundation to be the z-axis. The cross
section is assumed elliptical, with antipodal points at distances a1 and a2 from the centre of the ellipse, and aligned along the x
and y directions, respectively, in the initial conﬁguration. As in the previous section, we compute the critical growth at which
the rod buckles to a non-straight conﬁguration, but here we allow for a fully general three-dimensional deformation.
The prebuckled solution consists of a straight, compressed rod. Let the initial frame correspond to the Cartesian axes,
ð0Þ
ð0Þ
ð0Þ
ð0Þ
ð0Þ
1
that is d1 ¼ ex , d2 ¼ ey , d3 ¼ ez . Then we can write rð0Þ ¼ a1 d1 þ Sg1 d3 . We also have að0Þ ¼ 1=g, nð0Þ
1Þ, with all
3 ¼ EAðg
other quantities zero. Note that for an elliptical cross section, the constitutive equation can be written as m ¼ B1 u1 d1 þ
B2 u2 d2 þ B3 u3 d3 , where (see Goriely et al., 2001a)
B1 ¼

Epa1 a32
,
4

B2 ¼

Epa31 a2
,
4

B3 ¼

Epa31 a32
,
2ð1 þ sÞða21 þa22 Þ

ð117Þ

where s is the Poisson ratio. The body force due to the foundation is f ¼ kðqrA Þ, with the attachment point rA ¼ ra1 d1 .
Twist is permitted in the buckling, and the body couple is given by Eq. (52). The body force and couple are zero in the
prebuckled solution, and have components in the perturbed solution given by
ð1Þ

ð1Þ

f 1 ¼ kr 1 ,

ð1Þ

f 2 ¼ kðr ð1Þ
2 a1 c3 Þ,

ð1Þ

f 3 ¼ kðr ð1Þ
3 þa1 c2 Þ,

ð1Þ

ð1Þ

l2 ¼ a1 f 3 ,

ð1Þ

ð1Þ

l3 ¼ a1 f 2 :

ð118Þ

ð1Þ
The system of equations for the ﬁrst order components of the buckled rod decouples into ﬁve equations for l1 : ¼ ½r ð1Þ
1 ,r 3 ,c2 ,
ð1Þ T
ð1Þ
ð1Þ T
nð1Þ
1 ,n3  and four equations for l2 : ¼ ½r 2 ,c1 ,c3 ,n2  . Thus the buckling will tend to occur in one set of variables or the other.
Denote a bifurcation in the ﬁrst and second sets respectively as Type I and II. To form the determinant condition for buckling,

we allow different wavelengths for each type, that is we assume a form lj ¼ neinj Sp=g þ n einj Sp=g , j¼1,2. A critical growth can be
determined for each solution type; that is, we can ﬁnd both gnI and gnII , and the buckling point and type is determined by the
smaller of the two.
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grows

foundation

Fig. 16. Setup of the buckling of a straight rod on a foundation. A rod with elliptical cross section is attached to a foundation, the z-axis. An increase in
length leads to a buckling instability.

No foundation: In the absence of a foundation, the critical growth takes the simple form

gnI ðn1 Þ ¼

B2 p2 n21
þ1,
k

gnII ðn2 Þ ¼

B1 p2 n22
þ 1:
k

ð119Þ

Note that for a circular cross section (a1 ¼ a2 ), B1 ¼ B2 , and thus the critical growths are equivalent for each buckling
direction. If a1 4 a2 , then B1 oB2 , and so for a given mode n1 ¼ n2 ¼ n, it follows that gnII o gnI , while a1 o a2 ) B2 o
B1 ) gnI o gnII . This reﬂects the intuitive fact that a rod will tend to buckle in the direction where the cross section is thinner,
i.e. it will buckle about the direction aligned with the major axis of the ellipse.
Effect of foundation: For a circular cross section, with a1 ¼ a2 ¼ a, we ﬁnd that for all material parameters and foundation
stiffnesses, gnII o gnI . That is, a rod with circular cross section will always buckle as a Type II solution. Recall that the rod is
situated such that it passes through the x-axis in the natural conﬁguration, and that Type II solutions consist of a
deformation in the y-direction. Thus the rod becomes unstable ﬁrst in the direction orthogonal to the direction in which
the ‘‘springs’’ are aligned. This is interesting in the context of the beam on a foundation analysis, in which the deformation
is assumed to occur in the x–z plane of our setup. Indeed, this was the case in the previous section. Here, we have shown
that in fact for a circular cross section, buckling will initially occur in the orthogonal, y–z plane.
For non-circular cross sections, however, Type I bifurcations can be triggered. Fig. 17 shows a phase diagram in the E2a~
plane, where a~ : ¼ a2 =a1 . To the left of the curve, gnII o gnI , and the buckling is Type II. Observe that the entire line a~ ¼ 1 is in
this region. To the right of the curve, gnI o gnII , and the buckling is Type I. We see that as Young’s modulus E decreases, the
buckling disparity is enhanced, so that the elliptical cross section must be more eccentric with major axis in the d2
direction (i.e. the y-direction of the pre-buckled rod). Also of interest is that on the curve, gnI ¼ gnII , and thus the form of the
buckled solution is of mixed type. These solutions can have an unusual form, since the two combined types will typically
occur at different wavenumbers, that is n1 an2 (also, since we consider an inﬁnite rod, there is no requirement that the ni
are integers). An example is given in Fig. 17 (but again, a weakly nonlinear analysis would be needed to determine the
amplitudes of the buckling types).
8. Conclusions
We have proposed a systematic formulation of growing elastic rods based on the Kirchhoff equations. This formulation
is generic in the sense that it can be easily adapted to many different problems involving elastic ﬁlamentary structures
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Fig. 17. Phase diagram of the buckling of a rod on a straight foundation. The curve divides the E2a~ plane by type and direction of the initial instability.
On the curve, both types are triggered, and the instability is of mixed type. Other parameters: a1 ¼ 0.05, s ¼ 0:3, kf ¼ 100.

undergoing growth and large deformations. Like most mechanical theories, the theory developed in this paper relies on
three different components: kinematics, mechanics, and constitutive laws.
First, the kinematics is characterized by the introduction of three different conﬁgurations. The initial conﬁguration
before growth, an unstressed reference conﬁguration after growth, and a current conﬁguration depending on the loads and
boundary conditions. The passage from the initial to the reference conﬁgurations is mostly given by a growth stretch (g)
characterizing the elongation of the rod purely due to growth. That is, it contains information on the axial extension due to
growth in the unloaded ﬁlaments.
Second, the mechanics of a growing rod follows directly from the basic mechanical principles of a Kirchhoff elastic rod
and is completely contained in the usual balance of forces and moments. For simplicity, we advocate to use the material
arc length in the reference conﬁguration as the main independent variable as it is conceptually easier to deﬁne material
properties in that particular conﬁguration.
Finally, the mechanics and kinematics must be supplemented by constitutive laws. For many problems of interest in
growing rods, there are three different types of laws. First, the constitutive law for the material properties of the rod
(relating stresses to strains). Again, these are the usual laws in a classical theory of elastic rods and depending on the level
of details required, one may use various forms of energy density (quadratic, isotropic, inextensible, unshearable, etc.).
Second is the interaction of the rod with the external world. Here, the focus was on attachment to a rigid foundation,
which requires a foundation law; that is, the constitutive equations that describe the attachment. These laws contain the
overall response of the foundation to deformation and include details about the nature of the elastic material in the
foundation and the way it is connected to the rod. Since forces act in the current conﬁguration, the constitutive laws for
the foundations are best formulated in that particular conﬁguration. Third is the evolution law for the growth parameter,
which relates the anelastic part of the deformation to external ﬁelds (position, stress, strain, etc.).
Using our formulation for growing rods, we have demonstrated that instabilities of different natural conﬁgurations
(free or on a foundation) can emerge through the growth evolution. In particular, we have considered a series of examples
involving the buckling of rings and straight rods, and have explicitly shown the effect of different growth laws, foundation
attachments, and material parameters.
The foundation that we used was assumed to be a connection between an elastic rod and a rigid curve or surface.
Alternatively, an elastic rod can be connected to other elastic rods through either a rigid constraint or through a
foundation. The problem is then to capture the equilibrium shape of the connected rods when they are allowed to grow (or
twist) at different rates. We will explore possible equilibrium conﬁgurations of multiple connected rods in the second
installment of this series (Lessines et al., 2012).
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Appendix A. How body couples are generated
Body couples are notoriously complicated and it is often the practice to neglect them. However, when rods are attached
to a support, the support exert a force on the rod and since this force acts on the surface of the rod and not directly on the
centreline it creates a system of force and couple. The following is a simple example that illustrates how body couples are
generated by these interactions. Here, we neglect growth and deformation of the central axis. We consider a naturally
straight rod of circular cross section and unit length clamped between two plates a distance one apart. The mid point of the
rod is twisted and then attached to a rigid foundation. That is, the rod is attached via a single ‘‘spring’’ at its midpoint.
In this setup, the unstressed shape is untwisted, but untwisting is opposed by the spring. The setup is pictured in Fig. 18,
which gives a schematic of the mid point cross section. We assume that the rod can twist while its axis is constrained to
remain straight. Then the centreline is determined to be along the z-axis so that rðsÞ ¼ ½0,0,s, 0 o s o1. We position the
foundation at the point ½L þ a,0,1=2, where L is the rest length of the spring and a is the radius of the rod’s cross section.
The vectors d1 and d2 are oriented to align with the x- and y-axes, respectively, in the untwisted state. Following Fig. 4, let
f denote the angle between the attachment point rA and the d1 -axis, i.e. f is the given angle of twist when the spring is in
its rest length. Note the relationships
^
d1 ¼ cos jx^ þ sin jy,

^
d2 ¼ sin jx^ þcos jy,

ðA:1Þ

where j is the register angle as described in Section 2.1.1. The attachment point is thus given by
rA ¼ ½aðcos f cos jsin f sinjÞ,aðcos f sin j þ sinf cosjÞ,1=2:

ðA:2Þ

The attachment force f is given by Eq. (51) using rðAÞ ¼ ½L þ a,0,1=2. Note f is of the form
^
f ¼ f x ðjðsÞ; fÞdðs1=2Þx^ þ f y ðjðsÞ; fÞdðs1=2Þy,

ðA:3Þ

where dðsÞ is the Dirac delta function. Since rrA has only x^ and y^ components, the body couple, given by (52), is of the
form
^
l ¼ hðjðsÞ; fÞdðs1=2Þz:

ðA:4Þ

The twisting moment is m3 ¼ mJu3 ¼ mJ j0 ðsÞ, and thus the d3 ¼ z^ component of the moment balance reads

mJj00 þ hdðs1=2Þ ¼ 0:

ðA:5Þ

Appendix B. Computation of the Fourier coefﬁcients for the growing ring
Here, we give the details for the computation of the approximate solutions for the growing ring based on its Fourier
expansion. We recall that for the growing ring we have
1 dun1
¼ ð1GÞun2 un3 un3 ,
g dSn
1 dun2
¼ ð1GÞun1 un3 ,
g dSn

-

1. natural state

2. twist and attach spring
in rest length
Fig. 18.

3. relaxes to equilibrium state
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¼ un1 ,

ðB:1Þ

where S ¼ gSn =u^ 2 , ui ¼ u^ 2 uni and g is as before the growth parameter.
The main idea is to express the three variables in (76) in terms of Fourier series, that is
unn ¼

1
X

n

U n ðkÞeikS ,

ðB:2Þ

k ¼ 1

where
U n ðkÞ ¼

1
2p

Z 2p
0

n

n

eikS unn ðSn Þ dS ,

U n ðkÞ ¼ U yn ðkÞ

ðB:3Þ

and ð Þy indicates complex conjugation. Then, in terms of Un(k), the system (B.1) becomes
8k :

8k :

8k :

ik

g
ik

g

X

U 1 ðkÞ ¼ ð1GÞ

U 2 ðpÞU 3 ðqÞU 3 ðkÞ,

ðB:4Þ

pþq ¼ k

X

U 2 ðkÞ ¼ ð1GÞ

ikG

g

U 1 ðpÞU 3 ðqÞ,

ðB:5Þ

pþq ¼ k

U 3 ðkÞ ¼ U 1 ðkÞ:

ðB:6Þ

Substituting U1 from (B.6) in (B.5) yields
X
8ka0 : U 2 ðkÞ ¼ ð1GÞG=2
U 3 ðpÞU 3 ðqÞ,

ðB:7Þ

pþq ¼ k

which in turn can be substituted in (B.4):
!
X
Gk2
ð1GÞ2 G
U 3 ðpÞU 3 ðqÞU 3 ðrÞ:
8k : 1 2 ð1GÞU 2 ð0Þ U 3 ðkÞ ¼ 
2
g
p þ q þ r ¼ k,p þ qa0

ðB:8Þ

Eq. (B.8) can be used to predict the critical growth parameter. Indeed, before bifurcation, the ring is planar with u2 ¼ u^ 2 =g,
u1 ¼ u2 ¼ 0. Hence, un2 ¼ 1=g ¼ U 2,planar ð0Þ and 8ka0 : U 2,planar ðkÞ ¼ 0. Furthermore, U 3,planar ðkÞ ¼ 0 and the bifurcation occurs
when g reaches a value such that a mode U 3 ðk0 Þ does not vanish identically. Assuming that at the bifurcation, only one such
mode exists, Eq. (B.8) gives
!
!
Gk20 ð1GÞ
ð1GÞ2 G
2
9U 3 ðk0 Þ9 U 3 ðkÞ:
ðB:9Þ
1 2 
U 3 ðkÞ ¼ 
g
2
g
2

At the bifurcation, 9U 3 ðk0 Þ9 51 and a bifurcation point is reached when the LHS vanishes, that is
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
1G þ ð1GÞ2 þ4k0 G
:
gcrit: ¼
2

ðB:10Þ

This result is consistent with the bifurcation analysis (71) and we conclude that the ﬁrst transition occurs for k0 ¼ 2.
Beyond the bifurcation, there is a range of values of g for which 9U 3 ðkÞ9 5 9U 3 ðk0 Þ9 8kak0 . In that region, we propose a
low dimensional model in terms of the key Fourier modes listed in Table B1. Note that although our choice was guided by a
numerical study, (B.6) implies that 9U 1 ðkÞ9 59U 3 ðk0 Þ9 8kak0 , and (B.7) yields 9U 2 ðkÞ9 5 9U 3 ðk0 Þ9 8kak0 .
Table B1
List of dominant Fourier modes as found by the numerical simulation. The left column contains Fourier transform
of u components while the right columns list Fourier transform of components of the directors fd1 ,d2 ,d3 g along
the angular momentum dm ¼ m=9m9, and along an arbitrary direction da perpendicular to dm .
Un ðkÞ ¼

n
1 R 2p
un ðSn ÞeikS dSn
2p 0

Dn ðkÞ ¼

n
1 R 2p
dn ðSn ÞeikS dSn
2p 0

Un

Non-vanishing
modes

Dn  dm

Non-vanishing
modes

Dn  da

Non-vanishing
modes

U1
U2
U3

2
0,4
2

Dm
1
Dm
2
Dm
3

2
0,4
2

Da1
Da2
Da3

1,3
1,3,5
1,3
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Truncating to the order given by Table B1, we obtain an approximation to (B.4):
U 1 ðk0 Þ ¼

ik0 G

g

U 3 ðk0 Þ,
!

2

 1

k0 G

g2

ðB:11Þ

ð1GÞU 2 ð0Þ U 3 ðk0 Þ ¼ ð1GÞU 2 ð2k0 ÞU y3 ðk0 Þ,

ðB:12Þ

2
 U 2 ð2k0 Þ ¼ ð1GÞGU 3 ðk0 Þ2 :

ðB:13Þ

g

Separating the complex Fourier modes U in module and complex phase, we obtain
U 1 ðk0 Þ ¼ r1 eij1 ,
with rn 2 R

r1 ¼

þ

U 2 ð0Þ ¼ r2 eij2 ,

U 3 ðk0 Þ ¼ r3 eij3

and

U 2 ð2k0 Þ ¼ r4 eij4 ,

and jn 2 ½0,2p, the underdetermined system (B.11) together with

k0 G

g

gives

p

r3 , j1 ¼ j3 þ ,
2

2
k G
1 02

1G 2
g
þG
r3 , j2 ¼ 0,
1G
2
1G 2
r4 ¼ G
r3 , j4 ¼ 2j3 þ pð ¼ 2j1 Þ:
2

r2 ¼

ðB:14Þ
U n ðkÞ ¼ U yn ðkÞ

ðB:15Þ

If we deﬁne E ¼ Gð1GÞ=2o 1=9 5 1, then all other modes in (B.4)–(B.6) can be shown to be OðE2 Þ.
The solution (B.15) of (B.1) still contains two unknowns: j3 and r3 . The former is a free phase that can be arbitrarily
chosen by setting a particular point on the ring as Sn ¼ 0. On the other hand, we still need to ﬁnd a condition for r3 .
Expressing dn ðSn Þ in Fourier series in (8) yields
X
ik
D1 ðkÞ ¼
U 3 ðpÞD2 ðqÞU 2 ðpÞD3 ðqÞ,

g

pþq ¼ k

ik

g

D2 ðkÞ ¼

X

U 1 ðpÞD3 ðqÞU 3 ðpÞD1 ðqÞ,

pþq ¼ k

ik

g

D3 ðkÞ ¼

X

U 2 ðpÞD1 ðqÞU 1 ðpÞD2 ðqÞ,

ðB:16Þ

pþq ¼ k

R 2p
n
n
where Dn ðkÞ ¼ ð1=2pÞ 0 dn ðSn ÞeikS dS .
As dm=dS ¼ 0, the unit vector dm ¼ m=9m9 is ﬁxed in the lab frame. Let us deﬁne another ﬁxed vector da orthogonal to dm .
When projected respectively on da and dm , the system (B.16) is linear in the components of Ds. Since each of the Dn ðkÞ are
Fourier modes of unit vectors, there must be a solution other than the trivial one and the determinant of the linear system must
vanish. This gives the condition that ﬁxes r3 .
Indeed, projecting (B.16) on da , and taking into account that only the modes listed in Table B1 are active gives
i

g

y
ay
a
a
Da1 ð1Þ ¼ U 3 ð2ÞDay
2 ð1Þ þU 3 ð2ÞD2 ð3ÞU 2 ð0ÞD3 ð1ÞU 2 ð4ÞD3 ð3Þ,

3i

Da1 ð3Þ ¼ U 3 ð2ÞDa2 ð1Þ þU y3 ð2ÞDa2 ð5ÞU 2 ð0ÞDa3 ð3ÞU 2 ð4ÞDay
3 ð1Þ,

ðB:18Þ

y
ay
y
a
a
Da2 ð1Þ ¼ U 1 ð2ÞDay
3 ð1Þ þU 1 ð2ÞD3 ð3ÞU 3 ð2ÞD1 ð1ÞU 3 ð2ÞD1 ð3Þ,

ðB:19Þ

g
i

g

3i

g
5i

g
i

g

ðB:17Þ

Da2 ð3Þ ¼ U 1 ð2ÞDa3 ð1ÞU 3 ð2ÞDa1 ð1Þ,

ðB:20Þ

Da2 ð5Þ ¼ U 1 ð2ÞDa3 ð3ÞU 3 ð2ÞDa1 ð3Þ,

ðB:21Þ

ay
y
a
Da3 ð1Þ ¼ U 2 ð0ÞDa1 ð1Þ þ U 2 ð4ÞDay
1 ð3ÞU 1 ð2ÞD2 ð1ÞU 1 ð2ÞD2 ð3Þ,

3i

g

y
a
a
Da3 ð3Þ ¼ U 2 ð0ÞDa1 ð3Þ þ U 2 ð4ÞDay
1 ð1ÞU 1 ð2ÞD2 ð1ÞU 1 ð2ÞD2 ð5Þ,

where Dan ðkÞ :¼ Dn ðkÞ  da .

ðB:22Þ

ðB:23Þ
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Substituting Da2 ðkÞ’s from (B.19)–(B.21) in (B.17)–(B.18) and (B.22)–(B.23) yields a 4  4 complex linear system in the
D1’s and D3’s. This smaller system can be further simpliﬁed by the following change of complex variables that takes
advantage of the deﬁnitions (B.14) and solutions (B.15)
y ¼ ei2j3 Day
1 ð3Þ,

x ¼ Da1 ð1Þ,

z¼

i

g

Da3 ð1Þ

and

t¼

i

g

ei2j3 Day
3 ð3Þ,

ðB:24Þ

so that
ðB:17Þ 

i

g

ðB:18Þy 

3 

iei2j3

g

x

g2

3

þ BðgÞz þ G
3y

g2

1G 2
i
y
a
r3 ðztÞ ¼ ½U 3 ð2ÞDay
2 ð1Þ þ U 3 ð2ÞD2 ð3Þ,
2
g

þBðgÞt þ G

ðB:22Þ 3 BðgÞx þ z þ G

1G 2
i
i2j3 ay
r3 ðtzÞ ¼ ½U 3 ð2ÞDay
D2 ð5Þ,
2 ð1Þ þU 3 ð2Þe
2
g

1G 2
2Gi
y
a
r3 ðyxÞ ¼
½U 3 ð2ÞDay
2 ð1Þ þ U 3 ð2ÞD2 ð3Þ,
2
g

ðB:23Þy  ei2j3 3 BðgÞy3t þ G

1G 2
2Gi
y
i2j3 ay
r3 ðxyÞ ¼
½U 3 ð2ÞDay
D2 ð5Þ,
2 ð1ÞU 3 ð2Þe
2
g

ðB:25Þ

ðB:26Þ

ðB:27Þ

ðB:28Þ

where BðgÞ ¼ ð14G=g2 Þ=ð1GÞ. Substituting (B.19)–(B.21) in (B.25)–(B.28) yields the system (linear in x, y, z, and t):


 2


2r3
1
8G
þ 2 þ yðr23 Þ þ z
E r23 BðgÞ þ tðr23 ½2g þ EÞ ¼ 0,
x
3
3
g
!
 


2
2
6
r
3
8G
3

þ E r23 BðgÞ ¼ 0,
xðr23 Þ þy
þ zð½2G þ Er23 Þ þ t 
5
g
5
!



8G
8G2 2
2
2
þ E r3 þBðgÞ þyð½2G þ Er3 Þ þ z 
r 1 þ tð4G2 r23 Þ ¼ 0,
x 
3
3 3
!



8G
24G2 2
2 2
2
2
þ E r3 þ BðgÞ þ zð4G r3 Þ þt 
r3 þ 3 ¼ 0:
ðB:29Þ
xð½2GEr3 Þ þy
5
5
Aside from the trivial solution x ¼ y ¼ z ¼ t ¼ 0, this linear system for x,y,z,t has a solution when its determinant
vanishes. This condition yields a polynomial equation of degree 4 in r23 , which when satisﬁed implies the existence of a
non-trivial null-space vector and a non-planar solution for the ring. Fig. 8 compares the amplitude of un3 as found by
numerical simulation to 2r3 obtained from the ﬁrst positive root of this polynomial. It can be appreciated that this
approximate solution cannot be distinguished from the numerical solution and covers the complete post-buckling shape of
the ring up to the folding of the multi-covered ring and the next bifurcation point.
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