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A mathematical model of the interactions between a growing tumor and the immune system is
presented. The equations and parameters of the model are based on experimental and clinical results
from published studies. The model includes the primary cell populations involved in effector T-cell
mediated tumor killing: regulatory T cells, helper T cells, and dendritic cells. A key feature is the
inclusion of multiple mechanisms of immunosuppression through the main cytokines and growth
factors mediating the interactions between the cell populations. Decreased access of effector cells to the
tumor interior with increasing tumor size is accounted for. The model is applied to tumors with
different growth rates and antigenicities to gauge the relative importance of various immunosuppressive mechanisms. The most important factors leading to tumor escape are TGF-b-induced immunosuppression, conversion of helper T cells into regulatory T cells, and the limitation of immune cell
access to the full tumor at large tumor sizes. The results suggest that for a given tumor growth rate,
there is an optimal antigenicity maximizing the response of the immune system. Further increases in
antigenicity result in increased immunosuppression, and therefore a decrease in tumor killing rate. This
result may have implications for immunotherapies which modulate the effective antigenicity. Simulation of dendritic cell therapy with the model suggests that for some tumors, there is an optimal dose of
transfused dendritic cells.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction and motivation
Understanding the interplay between a growing tumor and
the host’s immune system is fundamental for optimizing current
treatments and proposing new ones. Despite much research into
these tumor–immune interactions (Dunn et al., 2002; Villunger
and Strasser, 1999), there are many open questions in the ﬁeld
and quantitative theories are relatively few. Although the
immune system is known to play a role in the prevention and
removal of some tumors, it appears to be incapable of ﬁghting
others (Vaage, 1971). Recent research suggests that immunosuppression is a signiﬁcant obstacle that the immune system faces
when ﬁghting a tumor (Chouaib et al., 1997). Since there are
many forms of immunosuppression acting at different levels of
the immune system, it is important to quantify the effect of each
suppressive element at each stage of tumor growth.
Mathematical modeling has been used in conjunction with
experimental and clinical results to explore the signiﬁcance of
tumor–immune interactions. Previous work has included models
of T cells with interleukin-2 (IL-2) (Kirschner and Panetta, 1998),
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transforming growth factor beta (TGF-b) (Arciero et al., 2004),
regulatory T cells (Tregs) (Leon et al., 2007), and natural killer
cells (de Pillis et al., 2005).
The mathematical model presented in this paper examines the
T-cell response to a tumor. Several new features are included in the
model. Multiple suppressive elements are modeled, so that their
respective effect can be quantiﬁed at different stages of tumor
growth. The growth law of the tumor is modeled as a hybrid
between exponential and power law growth. Immune cell access
to the interior of a large tumor is limited, based on perfusion data.
Helper T cells are also included in the model, since they affect the
dynamics of the immune response. In addition, helper T cells can
be converted into regulatory T cells by TGF-b, recently found to be
a signiﬁcant factor leading to creation of these cells (Liu et al.,
2007b). All of the parameters were estimated from experimental
and clinical data. Although these parameters necessarily come
from different systems, using realistic parameter values ensures
that the model operates within a biologically reasonable regime.
The paper is organized as follows: Section 2 brieﬂy outlines
the biological processes involved in mounting a T-cell immune
response to a tumor. The mathematical model is presented in
Section 3, and the derivation of parameters is given in Section 4.
Analysis of the model and an application of immunotherapy are
described in Section 5. Conclusions and ideas for further development of this model are given in Section 6.
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2. Tumor–immune interactions
Many murine and in vitro studies have shown that tumor cells
can be killed by immune system cells (Hellstrom and Hellstrom,
1974; Boon et al., 1994). Tumors present antigens, and usually
T cells capable of recognizing that antigen exist in the body. It is
likely that in humans some tumors may be removed by the immune
system before they are detected. Of course, these instances are not
recorded, since the tumor never becomes symptomatic. In murine
studies, though, spontaneous tumor regression and tumor immunity
have been demonstrated (Boon et al., 1994). Furthermore, immunodeﬁcient mice have been shown to have increased incidence of
cancers (Dunn et al., 2006), and human patients taking immunosuppressive agents also show increased susceptibility to many
cancer types (Wimmer et al., 2007), suggesting that the immune
system plays a role in the spontaneous removal of some small
tumors.
However, the prevalence of cancer indicates that the immune
system does not have a strong enough effect against all forms of
the disease. This failure of the immune system is thought to occur
for two reasons. The ﬁrst is an insufﬁcient immune response due
to the tumor being poorly antigenic. This is described by Curiel as
‘‘too little of a good thing’’ (Curiel, 2007). Cytotoxic T cells are not
sufﬁciently activated by the tumor, and therefore the response is
minimal. The second cause for failure is ‘‘too much of a bad
thing,’’ in which immunosuppressive factors dampen an otherwise capable immune system. Over the past few decades, the
importance of the second paradigm has become clear; immunosuppression is likely to be a signiﬁcant factor when cancer is
present in the host.
Although other immune cells play a role in ﬁghting cancer,
T cells have been suggested as one of the principal methods that
the body uses to combat a tumor (Hellstrom and Hellstrom, 1991;
Rosenberg et al., 1986). As the tumor grows, it provokes an
immune response from the T cells in the host. The strength of
this response depends on the tumor’s antigenicity, which
describes how much antigen a tumor presents, and also how
sensitive the immune system is to this antigen. At the same time,
immunosuppressive factors secreted by the tumor and invoked by
the host can act to limit the immune response.
In the cases where a tumor reaches a clinical size on the order
of 109–1011 cells, there are several mechanisms by which the
tumor may have escaped the immune response. One possibility is
that the antigens presented by the tumor are not strong or
prevalent enough to elicit an immune response. In this case, the
tumor is not recognized as a signiﬁcant threat by the immune
system. Another possibility is that antigen may be present in
sufﬁcient strength, but the immunosuppressive elements may be
reducing the efﬁcacy of the immune system. Research has shown
that some murine tumors which have grown without check can
be removed by the immune system after certain suppressive
factors are blocked (Gorelik and Flavell, 2001; Viehl et al., 2006).
This suggests that the immune system has the capability to ﬁght
the tumor, but that the suppressive effects prevent proper action
of the T cells on the tumor.
In a simpliﬁed model of an immune response to a tumor,
excluding any immunosuppression, the system can be seen as a
predator–prey system. The T-cell response would fall into three
categories. If the antigenicity is high enough, the tumor will
provoke a large immune response, and the T cells will fully
remove the tumor. If the antigenicity is very low, then the T-cell
reaction will be minimal. The immune system may slow down the
tumor growth rate, but the tumor will continue to grow without
bound. At a moderate antigenicity, there may exist an equilibrium
state, where the tumor growth rate and the immune system
killing rate balance each other.
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The addition of immunosuppression adds a complex negative
feedback loop to the activation of the immune system. The tumor
not only provokes an immune response as described above,
but also promotes suppression of the immune system, which will
diminish the T-cell response. There are a number of mechanisms
for this suppression; the literature suggests that the signiﬁcant
sources of T-cell immunosuppression are Tregs (Viehl et al., 2006;
Frumento et al., 2006), TGF-b (Gorelik and Flavell, 2001; Kobie
and Akporiaye, 2003; Wojtowicz-Praga, 2003), and interleukin-10
(IL-10) (Avradopoulos et al., 1997; Hsieh et al., 2000). These
immunosuppressive elements act in different ways on the system,
and have different levels of activity at different stages of tumor
growth. The model of these interactions is presented in the
following section.

3. A mathematical model
3.1. Variables
Since the interactions between the immune system and a
tumor are highly complex, a full model which includes all the
signiﬁcant cell types and signaling molecules is unrealistic.
However, if the model is too simple, the results will be trivial
and will fail to produce the complex dynamics observed in
experimental and clinical settings.
In selecting the variables to consider in this model, several
principles were used as a guide. First, the values of the parameters
appearing in an equation must be obtainable from experimental
data which allows for a reasonable estimation of a biologically
appropriate range. Second, enough cell types and interactions
must be included to capture the short time scale dynamics of
T-cell proliferation observed in experiments. The activation and
proliferation of T cells is subject to competition between the
different T-cell types, and involves several phases which have
different characteristic time scales. Third, the immune system
must respond naturally in the absence of tumor-induced suppressive terms, as opposed to only acting reasonably when these
suppressive effects are applied.
The model presented here uses 12 biological variables: nine
cell types and three cytokines. Naturally, tumor cells are included,
and are denoted by the variable T(t), where t stands for time in
days. The heterogeneity of the interactions between tumor cells
and the immune system is an important effect that is neglected in
this model due to a lack of speciﬁc experimental data. Therefore,
in the model all tumor cells behave in the same way.
While there is no explicit spatial component to the model at
this time, tumor vasculature is accounted for by its action on
tumor growth rate and immune system access. The model
assumes that the tumor is perfused from the outside. Therefore,
immune system cells will only be able to interact with a layer of
the tumor, once the tumor becomes large compared to the
perfusion depth.
In order to investigate the effects of the T-cell response, the
model must include CD8 þ effector T cells, which directly kill
the tumor cells. In addition, CD4 þ CD25 þ Foxp3 þ regulatory
T cells are included in order to account for immunosuppression,
since they produce suppressive cytokines and also act directly to
reduce effector T-cell killing rates.
Stimulation of T cells occurs in the lymph nodes, and begins
when antigen-presenting cells (APCs) bearing tumor antigens
interact with the T cells. In this model, dendritic cells are the
chosen APCs, since they are the primary mechanism for T-cell
activation (Roitt and Delves, 2001).
A third population of T cells, CD4 þ helper T cells, is included
to assist with cytokine production and dendritic cell licensing.

58

M. Robertson-Tessi et al. / Journal of Theoretical Biology 294 (2012) 56–73

The inclusion of helper T cells as a distinct population is necessary
for two reasons. First, the helper cells license the dendritic cells,
which prevents an unrealistically rapid development of effector
T cells. Second, the helper cells are converted to Tregs by TGF-b, a
key immunosuppressive mechanism observed in experiments
(Liu et al., 2007b).
All three types of T cells are speciﬁc to the tumor antigen, and
comprise a small fraction of the total T-cell repertoire within a
host. Each of the three T-cell populations are broken into three
subpopulations. The memory T cell population (ME, MH, and MR,
all assumed to be constant) is a pool of T-cell precursors, which
are activated by dendritic cells. There is a short-lived activation
phase (AE(t), AH(t), and AR(t)) where T-cell proliferation occurs.
The fully functional T-cell phase (E(t), H(t), and R(t)) consists of
the cells that kill the tumor cells, produce cytokines, and suppress
the immune response. These subpopulations capture the different
time scales of the cellular phases, and contribute three constants
and six variables to the model.
The dendritic cell population has two subpopulations. The
unlicensed state, U(t), is a mature dendritic cell that collects
antigen from the tumor, and then interacts with helper cells. After
licensing, the dendritic cell, D(t), is free to interact with all T cells,
causing them to activate.
The T-cell and dendritic cell populations are subdivided in
order to account for the dynamic delays in activation observed in
experiments (Mempel et al., 2004). In addition, the subdivision
allows the various immunosuppressive effects which occur at
different steps in the T-cell activation sequence to be properly
included.
The selection of relevant cytokines was motivated by the
literature. IL-2, denoted by the variable C(t), is not only a key
proliferative cytokine for T cells, but also a current option for
immunotherapy (Rosenberg and Lotze, 1986; Dudley et al., 2002).
It is necessary to include IL-2 in order to include other suppressive effects, as IL-2 plays a role in balancing the ratio of Tregs to
other T cells (Setoguchi et al., 2005). For the suppressive cytokines, TGF-b and IL-10, denoted by S(t) and I(t) respectively, are
considered to be important suppressors of T-cell activity, as
described above. These molecules are produced by both tumor
cells (Gastl et al., 1993; Alleva et al., 1994; Danforth and Sgagias,
1996; Hsieh et al., 2000; Avradopoulos et al., 1997) and Tregs
(Liyanage et al., 2002; Jarnicki et al., 2006). All the molecular
concentrations in this model are expressed in ng/ml.
The subset of equations describing the response of the immune
system to antigen functions realistically in the absence of tumorinduced immunosuppression. This ensures that any tumor-associated suppressive effects are properly scaled with respect to the
innate immune response. The tumor–immune interactions and the
associated suppression caused by Tregs, TGF-b, and IL-10 are added
to this model of T-cell activation.
While other suppressive cytokines and cell types exist, these
12 variables are the important players in the evolution of the
tumor–immune system and have been described extensively in
the experimental and clinical literature.
Fig. 1 shows a detailed view of the interactions modeled in this
paper. The tumor cells produce antigen, which is collected by
dendritic cells. These dendritic cells then interact with three
T-cell types: effector T cells, helper T cells, and Tregs. The Tregs
produce suppressive molecules TGF-b and IL-10 and also directly
suppress the activity of the immune system. All three of these
T-cell types are expanded due to antigen presentation by the
dendritic cells. Tregs also expand through the conversion of
helper T cells into Tregs, which adds another feedback mechanism
to the model. The fate of the tumor therefore depends on the
outcome of the competition between cytotoxic and suppressive
effects.

Fig. 1. A diagram showing the interactions that are used in the model. Dotted
lines and gray boxes show the suppressive mechanisms.

3.2. Equations
3.2.1. Tumor cells
In the model, the evolution of tumor cells (T) is governed by
T_ ¼  
p
1

g1

T
r0 T n
1

,

 1m p 1=p  
Tn
R
1 þ k2 E
1 þk3 E 1 þ SS1
þ T

ð1Þ

g

where g1 is given by

g1 ¼ gðT 1 Þm1

ð2Þ

and Tn is given by
T
Tn ¼ 
 1n p 1=p :
T
1 þ k1

ð3Þ

The ﬁrst term on the right hand side of Eq. (1) accounts for
tumor growth. Previously, the growth law for a tumor has been
modeled in several ways, including logistic (Arciero et al., 2004;
de Pillis et al., 2005; Kuznetsov et al., 1994) and Gompertzian
(Norton, 1988) models. Experimental data for different types of
tumors under different conditions exhibit different growth
curves, so there is no universal choice in general. The growth of
tumor cells in Eq. (1) is modeled as a mixture between exponential and power law growth.
The doubling time of a tumor scales with tumor size (Skipper,
1971). This indicates that tumors do not follow a purely exponential growth law. The reason for this reduction in effective growth
rate is not fully understood. Several mechanisms have been
proposed and modeled mathematically, including limitation of
nutrient availability (Roose et al., 2007), angiogenesis (Anderson
and Chaplain, 1998), and mechanical stress (Byrne and Preziosi,
2003; Ambrosi and Mollica, 2004). Cell signaling may also play
a role.
Power law growth has shown to be a good ﬁt for breast cancer,
when the tumor is of clinical size (Hart et al., 1998). The general
equation for power law growth of a population is
T_ ¼ gT m ,

ð4Þ

where g is the growth coefﬁcient and m is the power law
exponent.
The power growth law breaks down at smaller tumor sizes,
since the doubling time approaches zero as the tumor volume
goes to zero. For this reason, it is unreasonable to use the power
law to model growth for very small tumors, since the maximum
doubling time of a tumor is physically limited by cell cycle
dynamics. Evidence has shown that large, slow-growing tumors
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with lengthy doubling times of several months will exhibit
exponential growth with short doubling times on the order of
1–2 days, when the cells are separated from the tumor mass and
cultured (Skipper, 1971). Therefore, an exponential growth law is
used at small tumor sizes. The equation for exponential growth of
a population is given by
T_ ¼ g1 T,

ð5Þ

where g1 is the exponential growth coefﬁcient.
An assumption made in this study is that a tumor with a small
power law growth coefﬁcient g will have a correspondingly small
exponential growth coefﬁcient g1 . The relationship between g and
g1 cannot be experimentally determined in vivo, since it is rare to
detect very small tumors within the human body, and even rarer
to allow them to grow large and subsequently measure their
growth properties at different sizes. Therefore, the value of g1 is
chosen so that the two growth rates match at a transition size
T1 ¼106 cells. This transition size was determined from Steele
(1977), with the value of g1 calculated by Eq. (2). The transition
between these two modes of growth is smooth; the exponent p
determines the smoothness of the transition. The parameter
g will be used as one of the two fundamental control parameters
in the model, in order to account for tumors that grow at
different rates.
The second term of Eq. (1) describes tumor cell kill by effector
cells (E), which is the only mechanism for tumor cell death in the
model. The ﬁrst fraction in this term accounts for tumor cell death
in the absence of suppressive effects. The parameter r0 is the rate
at which an effector cell kills a tumor cell. The total rate of tumor
cell killing depends on the ratio of tumor cells and effector cells.
When this ratio is high (effector cell numbers are small compared
to tumor cell numbers), each effector cell has access to many
tumor cells, and thus the killing rate is on the order of r 0 E=k2 ,
proportional to the number of effector cells. When effector cell
counts are much larger than tumor cell counts, the killing rate
saturates to a level dependent on tumor cells only (r 0 T n ), since
additional effector cells entering the system will not contribute
signiﬁcantly to the tumor cell killing rate, due to crowding effects.
The parameter k2 controls the shape of the interaction curve
when cell counts are comparable in number. Since the simulation
is not intended for small values of E or T approaching zero, the
singularity potentially caused by the term T/E is of no concern.
The variable Tn represents the number of tumor cells which are
accessible by the immune system. Poor vascularization of a
growing tumor limits the access of immune cells to the entire
tumor (Jain and Ward-Hartley, 1984; Tannock et al., 2002). For
small tumor sizes, the entire tumor is accessible to the immune
cells. As the tumor grows larger, only an outer shell of the tumor
is sufﬁciently perfused with blood vessels to allow immune cell
access (Jain and Ward-Hartley, 1984). This transition occurs at
approximately the same size as the transition in the growth law,
since both have a dependence on blood vessel perfusion depths.
In the model, Tn is used in place of T whenever the interactions are
dependent on the spatial access to the tumor cells. For example,
production of TGF-b can be expected in all functional tumor cells,
and therefore T is used for that process. The interaction of CD8 þ
effector T cells and tumor cells, however, requires physical
contact, and therefore effector cells primarily encounter the
perfused tumor mass, Tn.
The second fraction in the second term of Eq. (1) represents
the suppressive effects of Tregs and TGF-b on the cytotoxicity. The
term 1 þk3 ðR=EÞ represents the effect of Tregs (R) on the effector
cells’ killing rate (Piccirillo and Shevach, 2001). The suppression is
ratio dependent, with parameter k3 controlling the shape of the
interaction, so that increased Treg to effector T cell ratios will
decrease the tumor cell killing rate. The term 1þ ðS=S1 Þ represents
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suppression of effector cell activity due to TGF-b (S), which has
been shown to reduce the cytotoxicity of effector T cells (Thomas
and Massagué, 2005). The parameter S1 is the TGF-b concentration where killing is suppressed by half.
There is no explicit term for natural death of tumor cells;
rather, it is taken into account in the growth term. Although there
is evidence that TGF-b can promote tumor growth (Fitzpatrick
et al., 1996), this effect is not included in this study.
3.2.2. Dendritic cells
Mature dendritic cells evolve according to
aT n
lU


U_ ¼ 
dU U
1 þ MUH
1 þ II1 1 þ RR1

ð6Þ

and
_ ¼
D

lU
dD D,
1 þ MUH

ð7Þ

where U represents the number of unlicensed dendritic cells, and
D is the number of licensed dendritic cells. The ﬁrst term of Eq. (6)
describes the maturation of dendritic cells by an encounter with
tumor antigen. The antigenicity of a tumor, denoted by the parameter a, is known to vary widely among different types of tumors
(Chen et al., 1994; Kripke, 1974), and is taken as the second control
parameter in this study.
The maturation process is inhibited by Tregs and IL-10
(Larmonier et al., 2007), represented by the two suppressive
denominator terms. Following the previous discussion of effector
cells, the difﬁculty of accessing the tumor interior by immune
cells is reﬂected by the use of Tn. The model assumes that there is
a constant pool of immature dendritic cells which circulate in the
body searching for antigens. This constant is effectively included
in the parameter a.
The second term of Eq. (6) and the ﬁrst term of Eq. (7) account
for the licensing of dendritic cells upon encounter with helper
T cells. This licensing process depends on the ratio of the two cell
types. For small numbers of dendritic cells, licensing helper T cells
are abundant, and the process goes as lU. For high numbers of
dendritic cells, the rate is limited by the availability of helper
cells, so the licensing is on the order of lM H . Eqs. (6) and (7) both
include terms to account for cell death or deactivation after a
characteristic time period, given by dU and dD .
3.2.3. Memory T cells
All three types of T cells in the model are activated in the same
basic way. The memory cells enter a brief activation phase where
proliferation is rapid, and then they become fully functional
T cells. The total memory population M is deﬁned by
M  M E þM H þ MR ,

ð8Þ

where the right hand terms are the constant populations of
effector memory T cells, helper memory T cells, and Treg memory
cells, respectively.
3.2.4. CD8 þ effector T cells
CD8 þ effector T cells follow

a1 ME
dA AE
A_E ¼
1 þk4 M
D

ð9Þ

and
E_ ¼ 

a2 AE C


dE E:
1 þ SS2 ðC 1 þ CÞ

ð10Þ

The ﬁrst term of Eq. (9) activates the effector memory cells, in the
presence of mature licensed dendritic cells. Again, this process is
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ratio-dependent. As dendritic cell numbers increase, the term
saturates to a1 M E . The second term describes the expiration of the
activated phase of these cells.
The ﬁrst term of Eq. (10) gives the proliferation of CD8 þ
effector cells. This depends on the presence of activated cells and
the proliferative cytokine IL-2 (C). As IL-2 increases, the level of
proliferation reaches a maximum of a2 AE in the absence of
suppression. TGF-b (S) suppresses T-cell proliferation (Thomas
and Massagué, 2005; McKarns and Schwartz, 2005); the parameter S2 is included to account for this effect. The second term
accounts for effector cell death or inactivation, with parameter dE .

and the ﬁnal terms represent the removal from the system with
characteristic times tS and tI .
For convenience, all 12 equations are collected here.
T_ ¼  
p
1

g1

A_H ¼

a3 MH
1 þ k4 ðU M
þ DÞ

dA AH

ð11Þ

and

a4 AH C
a7 HS
_ ¼

dH H:

H
S
S
3 þS
1 þ S2 ðC 1 þ CÞ

3.2.6. CD4 þ CD25 þ Foxp3 þ regulatory T cells
Tregs follow a similar pair of equations

a5 MR
A_R ¼
dA AR
1 þ k4 M
D

ð13Þ

and

a6 AR C
a7 HS
þ
dR R:
R_ ¼
ðC 1 þCÞ S3 þS

ð15Þ

The ﬁrst term of Eq. (15) represents the production of IL-2 by
the activated helper cells. This production is inhibited by TGF-b
(Thomas and Massagué, 2005; McKarns and Schwartz, 2005) and
IL-10 (Taga et al., 1993; de Waal Malefyt et al., 1993). The second
term represents the removal of IL-2 from the system, with
characteristic time tC .
TGF-b and IL-10 are produced by both tumor cells and Tregs,
and follow

tS

ð16Þ

and
I
I_ ¼ p3 R þ p4 T :

tI

ð19Þ

ð20Þ

ð21Þ

E_ ¼ 

a2 AE C

dE E,
1 þ SS2 ðC 1 þ CÞ

ð22Þ

A_ H ¼

a3 MH
dA AH ,
1 þk4 ðU M
þ DÞ

ð23Þ

a4 AH C
a7 HS

dH H,

1 þ SS2 ðC 1 þCÞ S3 þS

ð24Þ

_ ¼
H

a5 MR
A_ R ¼
dA AR ,
1 þk4 M
D

ð25Þ

a6 AR C
a7 HS
R_ ¼
þ
dR R,
ðC 1 þ CÞ S3 þ S

ð26Þ

pC AH
C

 ,
C_ ¼ 
tC
1 þ SS4 1 þ II2

ð27Þ

S
S_ ¼ p1 R þ p2 T ,

ð28Þ

I
I_ ¼ p3 R þ p4 T ,

ð29Þ

ð14Þ

3.2.7. Cytokines and molecules
The proliferative cytokine IL-2 is produced by activated helper
cells, and the concentration is given by

S
S_ ¼ p1 R þp2 T

a1 ME
dA AE ,
A_ E ¼
1þ k4 M
D

tS

The principal difference here is that Treg proliferation is not
suppressed by TGF-b, in contrast to the other T-cell populations.

pC AH
C

 :
C_ ¼ 
tC
1 þ SS4 1 þ II2

lU
dD D,
1 þ MUH

ð12Þ

These two equations differ from those for the effector T cells in
two ways. First, the activation of memory helper cells can be
prompted by both licensed and unlicensed dendritic cells (Smith
et al., 2004). Second, helper T cells can be converted into Tregs in
the presence of TGF-b (Liu et al., 2007b), and this is represented
by the second term in Eq. (12). As TGF-b increases, the rate of
change from helper cells to Tregs saturates at a7 H.

ð18Þ

g

aT n
lU


U_ ¼ 
dU U,
I
1 þ MUH
1 þ I1 1 þ RR1
_ ¼
D

3.2.5. CD4 þ helper T cells
Helper T cells follow a similar activation path as effector T cells

T
r0 T n
1

,

 1m p 1=p  
Tn
R
T
1
þ
k
1 þ SS1
1
þk
2 E
3E
þ

ð17Þ

The ﬁrst terms of each equation represent the production by
Tregs, the second terms represent production by tumor cells,

tI

where

g1 ¼ gðT 1 Þm1

ð30Þ

and
T
Tn ¼ 
 1n p 1=p :
1 þ Tk1

ð31Þ

This is a system of 12 ODEs with 41 parameters. The model has
two control parameters g and a representing, respectively, growth
rate and antigenicity of the tumor. The remaining 39 parameters are
given in Tables 1–4, following the analysis given in the next section.

4. Parameter estimation
The model of tumor–immune interactions given in Eqs. (18)–(31)
was constructed so that the parameters could be derived from the
literature. Although in vivo data for one type of cancer growing in
one species would be the optimal method of acquiring the necessary
parameters, such a comprehensive data set does not exist. Therefore,
parameters come from a diverse set of experiments. Whenever
possible, experiments using human in vivo measurements were
used, but a number of parameters are only feasibly measured in vitro
or in murine models. It is noted that parameters measured in vitro
are sometimes different than the values in vivo, and therefore this is a
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Table 1
Parameter values for tumor progression, Eqs. (18), (30), and (31).

Table 4
Parameter values for IL-2, TGF-b and IL-10 concentrations, Eqs. (27)–(29).

Parameter

Value

Units

References

Parameter Value

g

100–1000

cell1  m day  1

Friberg and Mattson (1997)
Iwashita et al. (1998)
Jackson et al. (1984)
Peer et al. (1993)

g1

0.1–1
106

day  1
cell

pC
p1
p2
p3
p4
I2

Jain and Ward-Hartley (1984)
Diefenbach et al. (2001)
Dudley et al. (2002)
Thomas and Massagué (2005)
Jain and Ward-Hartley (1984)
Steele (1977)
Dudley et al. (2002)
Piccirillo and Shevach (2001)
Thomas and Massagué (2005)

T1
m
n

Steele (1977)
Hart et al. (1998)

1
2
2
3

p
r0

3
0.9

day  1

k1

100

cell1  n

k2
k3
S1

1.2
11
3.5

ng ml  1

Table 2
Parameter values for dendritic cell expansion, Eqs. (19) and (20).
Parameter

Value

Units

References

a

10  5–105
0.5
0.14
0.5
0.4
2  107

day  1
day  1
day  1
day  1
ng ml  1
cell

Smith et al. (2004)
Liu et al. (2007a)
Liu et al. (2007a)
Larmonier et al. (2007)
Larmonier et al. (2007)

l
dU
dD
I1
R1

Table 3
Parameter values for T-cell expansion, Eqs. (21)–(26).
Parameter

Value

Units
1

a1
a2
a3
a4
a5
a6
a7

23
16
9.9
1.9
5.1
2.1
0.022

day
day  1
day  1
day  1
day  1
day  1
day  1

M

107

cell

k4
C1
S2

0.33
0.3
2.9

ng ml  1
ng ml  1

S3

1.7
0.2
1.0
0.1
0.1

ng ml  1
day  1
day  1
day  1
day  1

dA
dE
dH
dR

References
Mempel et al. (2004)
Mempel et al. (2004)
Mempel et al. (2004)
Mempel et al. (2004)
Mempel et al. (2004)
Mempel et al. (2004)
Woo et al. (2001)
Liyanage et al. (2002)
Wolf et al. (2003)
Liu et al. (2007b)
Arstila et al. (1999)
Harty and Badovinac (2008)
Mempel et al. (2004)
Thomas and Massagué (2005)
Thomas and Massagué (2005)
McKarns and Schwartz (2005)
Liu et al. (2007b)
Mempel et al. (2004)
Yates and Callard (2001)
Yates and Callard (2001)
Yates and Callard (2001)
Vukmanovic-Stejic et al. (2006)

source of error in the model. However, as more in vivo measurements
become available in the future, the model can be updated to reﬂect
this new information.

4.1. Parameter values for tumor progression
Table 1 shows the parameter values for Eqs. (18), (30), and (31).
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Units

References

1.7  10  5
1.8  10  8
1.1  10  7
1.4  10  8
1.3  10  10
0.75

ng ml  1 cell  1 day  1
ng ml  1 day  1 cell  1
ng ml  1 day  1 cell  1
ng ml  1 day  1 cell  1
ng ml  1 day  1 cell  1
ng ml  1

S4

0.9

ng ml  1

tC

0.08

day

tS
tI

0.07
0.05

day
day

McKarns and Schwartz (2005)
Liyanage et al. (2002)
Danforth and Sgagias (1996)
Liyanage et al. (2002)
Gastl et al. (1993)
Taga et al. (1993)
de Waal Malefyt et al. (1993)
Thomas and Massagué (2005)
McKarns and Schwartz (2005)
Skog et al. (2001)
Konrad et al. (1990)
Lotze et al. (1985)
Wakeﬁeld et al. (1990)
Le et al. (1997)

4.1.1. Determination of tumor growth parameters
In this study, the growth law for large tumors is chosen to be a
power law, based on experimental evidence (Hart et al., 1998).
Small tumors follow exponential growth. The transition is
matched at a transition size of T1 ¼106 cells, and is smoothed by
the exponent p, estimated from growth curves presented in Steele
(1977). Variation of p does not signiﬁcantly affect the results of
the model. The value of p determines the size of the transition
zone from exponential to power law growth. The choice of p ¼3
corresponds to a transition zone of about 2 orders of magnitude in
tumor size. This means that below a size of 105 cells, the tumor is
growing exponentially, above 107 cells, the tumor is following the
power law, and between 105 and 107 cells, the tumor transitions
smoothly between these two growth laws.
The value of m ¼0.5 is taken directly from Hart et al. (1998).
With the choice of m, the growth coefﬁcient g can be calculated
for a given tumor by measuring the doubling time td and initial
detection size Td. The growth coefﬁcient is given by

g¼

T 1m
d
ð21m 1Þ:
t d ð1mÞ

ð32Þ

Assuming a detection size of Td ¼ 109 cells, a growth exponent
m¼0.5, and using the range of doubling times given in Friberg
and Mattson (1997), Iwashita et al. (1998), Jackson et al. (1984),
and Peer et al. (1993) for various cancer types, the biological
range of the growth coefﬁcient is approximately 100 o g o 1000,
where the units of g are given in Table 1.
For the range of values for g determined above, this gives a
corresponding range for g1 between 0.1 and 1, using Eq. (30).
Equivalently, this gives a range of cellular doubling times
between 0.7 and 7 days, which is a biologically reasonable range
for cell cycle durations.
4.1.2. Determination of effective tumor size parameters
The parameters n and k1 determine the effective tumor size,
with respect to the immune system accessibility. Experimental
evidence shows that growing tumors exhibit a perfusion depth of
approximately 500 mm (Jain and Ward-Hartley, 1984), suggesting
that a tumor of up to 1 mm in size is fully accessible to the
immune system. Once the tumor crosses this threshold, only an
outer shell of tumor cells will be accessible. The effective tumor
size is therefore equal to T when the tumor is small, and
proportional to the surface area (T2/3) when the tumor is large.
The parameter n is 2/3, and the parameter k1 is chosen so that the
transition between these two regimes occurs at 1 mm in size, or
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106 cells. As with the tumor growth law, the exponent p is used to
smooth the transition from T to Tn.
4.1.3. Determination of tumor cytotoxicity parameters
The parameters r0 and k2 were taken from in vitro T-cell lysis
data presented in Diefenbach et al. (2001), Dudley et al. (2002),
and Thomas and Massagué (2005). The level of tumor cell lysis at
high T-cell to tumor cell ratios was used to estimate a value for r0.
Since 20–60 percent of tumor cells are killed after 4 h, the range
of killing rates is approximately 1.5–8 cells per day. However, the
value used in the study was chosen more conservatively, since
the effector cells have to migrate to the tumor site, diffuse into
the tumor, and lyse the cells. In the absence of a compartmentalized model, this parameter has to incorporate these effects.
Transit time for effector T cells to move from the lymph node to
the tumor site can take many hours (von Andrian and Mackay,
2000), and it is likely that a sizeable fraction of the cells do not
ﬁnd the tumor. Once the cells arrive at the tumor, they must
diffuse through the tumor, a process which also may last for
several hours (Boissonnas et al., 2007). Finally, the cytotoxic
interactions between the CTL and the tumor can last from 2 to
8 h (Waterhouse et al., 2006; Breart et al., 2008). From the data
cited above, r0 was estimated to be approximately 0.9. Parameter
k2 was chosen so that the shape of the lysis curve was approximated at different E/T ratios.
4.1.4. Determination of immunosuppressive parameters
The value of k3 was estimated so that the dependence of
suppression on the R/E ratio matched the data given in Piccirillo
and Shevach (2001). The suppression of tumor cell killing by
TGF-b was calculated from the data (Thomas and Massagué,
2005) that measured the effectiveness of tumor lysis in the
presence and absence of 100 pM (4.5 ng/ml) TGF-b. The parameter S1 represents the concentration at which lytic capability is
cut by half. Since 4.5 ng/ml suppressed the cytotoxicity by a little
more than half, the value of 3.5 ng/ml was chosen for S1.
4.2. Parameter values for dendritic cell expansion
Table 2 shows the parameter values used in Eqs. (19) and (20).

experiments measuring the turnover of dendritic cells that had
been primed with antigen (Liu et al., 2007a). The parameter dD ,
which represents the expiration of antigen presentation of the
licensed dendritic cells, was calculated using dendritic cell
dynamics measured in Mempel et al. (2004), described in
Section 4.3.1.
4.2.2. Determination of dendritic cell immunosuppression
parameters
The suppression of dendritic cell maturation by IL-10 and Treg
cells was calculated from experiments in Larmonier et al. (2007).
Expression of the maturation marker Interleukin-12 (IL-12) was
measured in dendritic cell cultures. IL-10, TGF-b and Tregs all
partially abrogated the maturation process. The data for TGF-b
were not sufﬁcient to establish a suppressive term in Eq. (19), but
parameters I1 and R1 for IL-10 and Tregs were calculated based on
the concentrations at which the maturation markers were
expressed at half-normal levels.
4.3. Parameter values for T-cell expansion
Table 3 shows the parameter values used in Eqs. (21)–(26).
4.3.1. Determination of T-cell activation and proliferation
parameters
The parameter k4 relates to the number of T cells that can
interact with a dendritic cell at any given time. This value can
vary between 3 and 8, and here it is assumed to be approximately
5 (Romani et al., 1989; De Boer and Perelson, 1994); k4 therefore
controls the shape of the activation curve of T cells as the ratio of
dendritic cells to T cells varies.
With the selection of k4, the parameters relating to CD8 þ
T-cell activation and proliferation were calculated by separating
the equations relating to these populations and ﬁnding parameters which resulted in the dynamics outlined by Mempel
et al. (2004), assuming that T cells expand about 3–4 orders of
magnitude upon encounter with antigen (Harty and Badovinac,
2008). Brieﬂy, 5  105 dendritic cells (D) and zero effector T cells
(AE and E) were used as initial conditions in the simpliﬁed model
shown in Eqs. (33)–(35).
_ ¼ dD D,
D

4.2.1. Determination of dendritic cell maturation and
licensing parameters
The value of the parameter a, which represents the antigenicity of a tumor, exhibits signiﬁcant variation between different
tumor types (Kripke, 1974). To account for the large intertumor
heterogeneity in both growth rate and antigenicity, ranges of
values are used for these parameters. Unlike the growth parameter, where cell cycle times and tumor growth measurements
can guide the selection of an appropriate range, the antigenicity
is more difﬁcult to determine. In this work, the upper limit for
antigenicity was chosen based on dendritic cell numbers. There is
no inherent limitation in the model that prevents unlimited
dendritic cell expansion; therefore, the upper limit of 105 for
antigenicity is chosen because dendritic cell counts in the model
are maintained at biologically reasonable levels for antigenicities
up to this value. There is no expected lower limit for antigenicity,
since theoretically a tumor may not elicit any immune response
at all. Below a value of a¼10  5, however, the immune response is
so low that further reduction of the antigenicity parameter does
not offer qualitatively different results.
Data from Smith et al. (2004) provided the parameter l.
Dendritic cells licensed by T cells begin to appear after 24 h,
so we estimate licensing rate to be approximately 0.5 per day. The
death rate of mature dendritic cells, dU , was taken from

A_ E ¼

a1 M
dA AE ,
1þ k4 M
D

E_ ¼ a2 AE dE E:

ð33Þ
ð34Þ

ð35Þ

These three equations are equivalent to Eqs. (20)–(22) from
the full model, modiﬁed so that there is no source of dendritic
cells, ample concentration of IL-2, and no TGF-b. The value of M
was set to 104 cells. This simulation was used to determine
parameters dD , a1 , dA , a2 and dE . The activation stage lasts between
20 and 24 h (Mempel et al., 2004), followed by proliferation into
full effector cells.
The value of M used in the simulations was 107 cells. The
number of different antigen-speciﬁc T cells in the human body
has been estimated to be approximately 106–107 clones (Arstila
et al., 1999). Given a total T-cell population of 1011 cells, this
suggests that there are approximately 104–105 T cells that are
speciﬁc to each antigen. After encountering an antigen, naive cells
expand into memory cells, and this expansion can be as large as
four orders of magnitude (Harty and Badovinac, 2008). Therefore,
the memory cell population speciﬁc to an antigen is on the order
of 107–109 cells. We have chosen constant M to be on the lower
end of this range, to be conservative. The value of this constant
does not have a signiﬁcant effect on the long-term behavior of the

M. Robertson-Tessi et al. / Journal of Theoretical Biology 294 (2012) 56–73

tumor growth. Order-of-magnitude changes only had a minimal
quantitative effect. Simulations performed with a time-varying M,
by starting M at 104 cells and increasing to 107 over the course of
a few weeks to simulate naive to memory transition, also showed
little effect.
The typical ratio of CD4 þ to CD8 þ T cells in a healthy
individual is approximately 2:1 (Taylor et al., 1989). This is
reﬂected in the 2:1 split of these cells in the breakdown of the
constant M into M H ¼ 0:6 M and M E ¼ 0:3 M. The remaining part
of the memory cell constant is occupied by M R ¼ 0:1 M. In a
typical expansion, CD4 þ T cells will expand about one-fourth as
much as CD8 þ T cells (Haring et al., 2001). The parameters a3 , a4 ,
and dH were selected so that the ﬁnal ratios were approximated
during expansion.
Tregs occupy between 3 and 10 percent of the T-cell compartment during normal immune reactions (Seddiki et al., 2006). In a
normal immune response, Tregs are assumed to expand with similar
rates as helper cells, while maintaining the same ratio. The parameters a5 , a6 and dR were selected so that Treg expansion followed
these constraints. In cancer patients, it is known that Treg percentages are increased to as much as 20–30 percent (Woo et al., 2001;
Liyanage et al., 2002; Wolf et al., 2003). This effect is accounted
for by conversion of helper T cells into Tregs, as described in
Section 4.3.2.
The parameters C1 and S2, which control the saturation of
T-cell proliferation by IL-2 and TGF-b respectively, were calculated from experiments in Thomas and Massagué (2005) and
McKarns and Schwartz (2005). The concentrations which produced half-maximal proliferation were estimated from the data
showing T-cell proliferation for different concentrations of IL-2,
and also in the presence or absence of TGF-b.

4.3.2. Parameters for conversion of helper T cells into Tregs
The parameters for the conversion of helper T cells into Tregs
are based on systemic levels of TGF-b (Wakeﬁeld et al., 1990;
Desser et al., 2001; Liu et al., 2007b) and Treg to T-cell ratios in
cancer patients (Woo et al., 2001; Liyanage et al., 2002; Wolf
et al., 2003). With the tumor established in the model, the
parameter a7 was chosen so that Treg levels were in agreement
with R/E ratios seen in vivo, for a given tumor size.
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4.4.2. Determination of molecular clearance rates
The clearance time of IL-2, tC , was estimated from human
in vivo data given in Skog et al. (2001), Konrad et al. (1990), and
Lotze et al. (1985). The values for the half life of IL-2 in the human
body ranged from 0.02 to 0.17 days. A representative value of 0.08
days was chosen. The same method was used to estimate
clearance times for TGF-b and IL-10 using the references shown
in Table 4.
4.4.3. Determination of S4 and I2
Suppression of IL-2 production by TGF-b was calculated from
experiments in Thomas and Massagué (2005) and McKarns and
Schwartz (2005). IL-2 production for a given concentration of
TGF-b was used to calculate the concentration of TGF-b which cut
the IL-2 production in half.
IL-10 suppression of IL-2 production is given in Taga et al.
(1993) and de Waal Malefyt et al. (1993) for two different
concentrations of IL-10. These data were ﬁt and the concentration
of IL-10 that caused the IL-2 production to be halved was
estimated to be 0.75 ng/ml.

5. Results and discussion
5.1. Main qualitative behaviors
The system of ODEs was solved numerically using MATLAB
(published by Mathworks, Natick, MA). For a given set of immune
system parameters, the effectiveness of the immune system
against the tumor depends on the two control parameters, tumor
antigenicity and tumor growth rate. Fig. 2 shows the results of the
model for various values of the growth rate and antigenicity.
The horizontal axis represents increasing tumor antigenicity, and
the vertical axis represents increasing tumor growth rate. The axis

4.4. Parameter values for IL-2, TGF-b and IL-10 concentrations
Table 4 shows the parameter values for Eqs. (27)–(29).

4.4.1. Determination of molecular production rates
Production of IL-2 by helper T cells was determined from
in vitro experiments given in McKarns and Schwartz (2005).
Brieﬂy, helper T cells were cultured at a concentration of
105 cells/ml, with the appropriate activation factors. The concentration of IL-2 after 24 h was found to be 1 ng/ml. Assuming that
the production did not saturate in 24 h, the production rate of IL-2
was 10  5 ng/cell per day. The production of IL-2 is relevant in the
lymph nodes where T-cell activation occurs. Given a typical
lymph node size of 0.6 ml (Kim et al., 2002), the production rate
with respect to concentration is 1.7  10  5 ng/ml per cell per day.
Production rates for IL-10 and TGF-b by Tregs and tumor cells
were calculated in similar fashion, from in vitro data given in
Liyanage et al. (2002), Danforth and Sgagias (1996), and Gastl
et al. (1993). In the absence of a spatially-resolved compartmental
model, it should be noted that these production parameters will
necessarily be rough average estimates, since the concentration of
these cytokines will vary spatially due to heterogeneous production rates, diffusion, and autocrine and paracrine effects.

Fig. 2. The long-term behavior of a tumor. Control parameters are the antigenicity
a, on the horizontal axis, and tumor growth rate g, on the right-hand vertical axis.
The left-hand vertical axis shows the time it takes the tumor to reach 1011 cells in
the absence of any immune system killing. The area marked Growth consists of
tumors that grow without bound, Removal denotes complete cure of the tumor by
the immune system (i.e., T goes below one cell), and Control denotes maintenance
of the tumor at either a stable ﬁxed point or a stable limit cycle. The dashed lines
in the Growth area show the time it takes for the tumor to reach 1011 cells. The
dotted lines in the Control area show the values of the ﬁxed points. The lighter
gray area in the Control section denotes tumors which display a stable limit cycle,
and contours passing through this region give the value of the central unstable
ﬁxed point. The darker gray area accounts for tumors which grow to stable ﬁxed
points. Circled letters refer to simulations shown in Figs. 6 and 7.
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labels on the left show the time it would take a tumor to reach
1011 cells (representing a lethal volume) in the absence of any
immune system response (i.e., setting parameter r0 ¼0). The axis
labels on the right show the corresponding values of the control
parameter g. Long-term behavior of the tumor was determined
for the ranges of the two control parameters shown on the axes,
using ﬁxed point analysis (described in Section 5.3). The longterm behavior of the tumor has three possible outcomes: tumor
removal, considered to occur when the value of T falls below
1 cell; tumor control, which occurs if the tumor is bounded,
reaching either a stable ﬁxed point or a stable limit cycle; or
unbounded growth. The initial conditions for all simulations were
T0 ¼1 cell; other cell populations were set to zero, except for E and
D, which were set to a small value (10  5) to avoid singularities.
Since the values of D and E rapidly increase, there is no potential
for division-by-zero errors in the simulations. Initial conditions
for the cytokines were set to zero.
The area marked Control represents the tumors that either
reach a steady state greater than one cell or oscillate around a size
greater than one cell. The immune system killing rate and the
tumor growth rate in Eq. (18) reach an equilibrium. The dotted
contour lines in Fig. 2 within the Control section show the
equilibrium size of the tumor for a given combination of growth
rate and antigenicity. For some parameter values, represented by
the darker gray area, the tumor reaches a stable ﬁxed point. The
lighter gray area shows tumors that oscillate within a stable limit
cycle (see Section 5.3).
The stable size of the tumor is always between 1 cell and about
108 cells. Fixed points with tumor sizes greater than 108 cells
were not observed for any growth rate or antigenicity. This region
of stability at a small volume can be viewed as a mechanism by
which a tumor can remain dormant for a period. However, it is
important to note that the model is deterministic, so that a steady
state in the model will persist forever. In the biological situation,
conditions are constantly changing, due to tumor cell mutations,
health of the host, and other factors. These random effects can
destabilize an equilibrium and cause the tumor to begin to grow
or be removed.
The area marked Removal in Fig. 2 represents the tumors that
are removed by the immune system. These tumors are slowergrowing and more antigenic, and the immune system is able to
kill the tumor cells faster than the tumor is able to grow.
Suppression is limited, since Tregs, TGF-b levels, and IL-10 levels
never become signiﬁcant, and the size of the tumor is never large
enough to prevent immune cell access to the interior. This region is
a subset of the control region: if tumor cells were permitted to exist
at a value of a fraction of one cell, they would eventually reach a
stable point as well. It is important to note that the boundary of the
region of removal is therefore the contour of equilibrium for 1 cell.
Given that stochastic effects begin to dominate the dynamics of cell
interactions when tumor cell numbers become low, the border of
this region is illustrative, rather than being a precise boundary for
tumor eradication.
The area marked Growth in Fig. 2 shows the tumors which
grow without bound, eventually reaching a detectable size
(109 cells and greater). The dashed lines in the growth section
represent contours of the time needed for the tumor to reach 1011
cells in size. On the left side of the ﬁgure, for log a¼  5, the
contour lines essentially reach the values determined by free
tumor growth shown on the left-hand axis, indicating that for
antigenicities less than this value, the immune system has no
signiﬁcant effect on tumor growth. As antigenicity is increased,
the immune system does slow down tumor growth within the
Growth region, up to the optimal value of about log a ¼  1.5.
Further increases in the antigenicity beyond this level will cause
the tumor to grow faster than at the optimal antigenicity.

Tumors with high growth rates escape because they grow
faster than the immune system can kill them. Of interest is
the region of growth to the right of the control peak (point B).
Even though the antigenicity is higher at point B than within
the peak of the Control region, the tumor grows without bound.
In a linear system, increasing the antigenicity would result in an
increased response of the immune system, and therefore a more
favorable tumor outcome. However, these highly antigenic tumors in
the region near point B escape because they promote a large increase
in Treg populations and TGF-b levels and thus suppress the immune
system, despite the high antigenicity. This non-linear and nonmonotonic relationship between antigenicity and immune system
effect could have important applications in immunotherapies which
modulate the effective antigenicity of the tumor. Section 5.5 shows
the application of dendritic cell therapy.

5.2. Immunosuppressive effects of TGF-b, converted Tregs, and IL-10
Fig. 3 shows the long-term behavior of the tumor when TGF-b
is removed from the system, by setting the value of S to zero. This
has two effects on the system: the direct suppressive effects of
TGF-b are removed, and the conversion of helper cells to Tregs is
stopped. These are the two mechanisms responsible for the
existence of the optimal antigenicity peak evident in Fig. 2. When
these mechanisms are removed, the ﬁxed point contours continuously increase towards an asymptotic value, rather than
displaying a peak. As expected, the Control region expands
signiﬁcantly, since much of the immunosuppression has been
removed. However, the lower portion of the ﬁgure, corresponding
to slower growing tumors, is minimally impacted by the change.
Tumors which are removed and those which are maintained at a
small volume of T o 106 cells exhibit very similar dynamics as in
Fig. 2. This is expected, because conversion of helper cells to Tregs
depends on TGF-b, and the level of TGF-b at small tumor sizes is
negligible.
Fig. 4 shows the long-term tumor behavior when only the
conversion of helper cells to Tregs by TGF-b has been disabled by
setting the parameter a7 to zero. The direct suppressive effects of
TGF-b remain in effect. The upper Control region has expanded in
this ﬁgure as well. The peak associated with an optimal antigenicity persists, though shifted to the right about one order of
magnitude in antigenicity.

Fig. 3. Tumor responses to the immune system, without conversion of helper cells
to Tregs (parameter a7 ¼ 0), and without TGF-b suppression. In contrast with
Fig. 2, an optimal antigenicity no longer exists. See caption of Fig. 2 for explanation
of regions.
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Fig. 4. Tumor responses to the immune system, without conversion of helper cells
to Tregs (parameter a7 ¼ 0). See caption of Fig. 2 for explanation of regions.

Fig. 5. Tumor responses to the immune system, without the direct effects of TGF-b
suppression. Conversion of helper T cells to Tregs remains active. See caption of
Fig. 2 for explanation of regions.

The effect of TGF-b suppression on the system is shown in Fig. 5,
where the direct suppressive effects of TGF-b have been disabled by
removing the suppressive terms associated with parameters S1, S2,
and S4 in Eqs. (18), (22), (24), and (27). Conversion of helper T cells
into Tregs is still active for this ﬁgure. The upper Control area is
expanded in this case. The existence of an optimal antigenicity
persists for tumors that reach a stable size between 106 and 109
cells. Larger stable tumors can be reached when the antigenicity is
high, in contrast to Figs. 2 and 3 where these tumors would grow
without bound. These high-stability points do not exhibit an optimal
antigenicity proﬁle. As with Fig. 4, the lower portion of the ﬁgure for
small tumor sizes and removed tumors remains unchanged, due to
minimal TGF-b suppression at these levels.
For the production rates of IL-10 found in the literature, IL-10 has
a minimal suppressive effect in the model. The production rates of
IL-10 would need to be increased by over two orders of magnitude
to see a difference in suppression comparable to that seen with
Tregs and TGF-b. This is not consistent with experimental evidence
showing that for some types of cancer, IL-10 has a signiﬁcant
effect on immunosuppression (Avradopoulos et al., 1997). The
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secretion of IL-10 in these cancers may be higher than estimated
in this study. It is also possible that IL-10 acts locally in a paracrine
fashion, rather than systemically, in which case the magnitude of
suppression would be underestimated in the model. This question
could be further investigated in a spatially-distributed model.
The importance of various suppressive effects at different
stages of tumor growth can be quantiﬁed. The overall killing rate
of tumor cells by effector T cells is given by the second term of
Eq. (18). The unsuppressed rate, r0 is altered directly by three
factors: the presence of Tregs, the presence of TGF-b, and the
limitations of access to the interior of the tumor due to poor blood
vessel perfusion. By calculating the killing rate with and without
each of these suppressive effects in place, the relative strength of
each effect can be quantiﬁed.
The tumors marked at points A and B in Fig. 2 take the same
amount of time to reach 1011 cells but exhibit different suppression proﬁles. Fig. 6 shows the results of a simulation for a tumor
with parameters g ¼ 333 and log a¼  4.2, corresponding to
point A.
Fig. 6a shows the populations of tumor cells, effector T cells,
and Tregs. With such low antigenicity, the number of T cells never
becomes large enough to ﬁght the tumor effectively. Fig. 6b
shows how the T cell population is divided between helper cells,
effector cells, and Tregs. As the tumor grows, it recruits more
Tregs, primarily by producing TGF-b which converts the helper
cells. The fraction of Tregs increases steadily with tumor size, as
seen in clinical settings (Woo et al., 2001; Liyanage et al., 2002;
Wolf et al., 2003).
Fig. 6c shows the fraction of Tregs that is naturally expanded
from the memory population, and the fraction that is derived
from helper cells. Fig. 6d shows the suppressive effects that are
acting to prevent tumor cell killing. The solid line represents the
relative tumor kill rate due to all suppressive effects, where a
value of 1 would indicate that there is no suppression of the
killing rate. The three other traces show the contribution to this
suppression by Tregs, TGF-b, and tumor access limitation (Tn). For
this growth rate and antigenicity, Tregs exert increasing suppression with increasing tumor size, but the primary reason that the
tumor escapes is that the effector T cell numbers are too low to
provide a signiﬁcant tumor cell kill. TGF-b suppression is only
signiﬁcant when the tumor is large. Limited access to the interior
of the tumor does not signiﬁcantly affect the immune system
response, because tumor-to-effector cell ratio is large, regardless
of access limitations. The effector cells that are present are
insufﬁcient to battle the accessible tumor cells, regardless of
access to the interior. This tumor still escapes when the TGF-b
suppression is removed, as shown in Fig. 5.
By contrast, Fig. 7 shows the results of the model for a tumor
with parameters g ¼ 574 and log a ¼1. This corresponds to
the point labeled B in Fig. 2. In this case, the Tregs expand
very quickly, and immediately suppress T-cell killing. T-cell
numbers are very high, but limited access to the center of the
tumor also limits the immune system efﬁcacy, as seen in the
suppression plot (Fig. 7d). Treg suppression is enhanced by
early conversion of helper cells into Tregs. Although the high
antigenicity causes large numbers of effector T cells to develop,
there are also large numbers of helper T cells, which in turn
become Tregs through TGF-b mediated conversion. This enhances
Treg suppression of tumor cell killing. If the TGF-b suppression were removed or Treg suppression were to be reduced,
this tumor would be controlled, instead of growing without
bound.
In order to achieve the optimal immune response, the antigenicity has to be large enough to provoke a signiﬁcant immune
response, but not so large that the suppressive effects overwhelm
the cytotoxic ability of effector T cells.
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Fig. 6. Simulation of tumor growth for log a¼  4.2 and g ¼ 333, corresponding to point A in Fig. 2. (a) Cell populations over time, (b) T cell fractions, (c) Treg origination,
and (d) suppression of tumor cell killing rate.

Tregs and TGF-b appear to have the most signiﬁcant suppressive effect on tumor cell killing, consistent with experimental
evidence showing the importance of these suppressive factors
(Gorelik and Flavell, 2001; Viehl et al., 2006; Frumento et al.,
2006; Kobie and Akporiaye, 2003; Wojtowicz-Praga, 2003), with
Tregs particularly acting in the early stages of tumor growth.
IL-10 had a limited qualitative effect on tumor outcomes in the
model, for the production rates derived from the literature. In all
cases, TGF-b does not appear to have a signiﬁcant suppressive
effect until the tumor is large, 107 cells or more. TGF-b-induced
conversion of helper cells into Tregs also becomes signiﬁcant
primarily above this threshold.
The lack of access to the center of the tumor by the effector
cells is a signiﬁcant factor limiting the tumor cell killing when
effector cell numbers are high. This could limit the effectiveness
of adoptive immunotherapies which increase T-cell numbers
and dendritic cell-based therapies which promote dendritic cell
activity, since they cannot easily penetrate the tumor interior,
therefore limiting the effect of additional cytotoxic cells.
5.3. Fixed point analysis
Numerical simulations using the model show the existence of
ﬁxed points, as well as stable limit cycles. These are observed
within the biologically reasonable range of values for the variables, speciﬁcally tumor sizes between 1 cell and 108 cells.

Numerical analysis of ﬁxed points was performed. Fixed points
were found by using a root solver in Mathematica (published by
Wolfram Research, Champaign, IL), and the eigenvalues of the
Jacobian of the matrix of equations were examined to determine
the type and stability of the ﬁxed points.
Fig. 8 shows bifurcation diagrams for several values of the
antigenicity, using the tumor growth rate as the bifurcation parameter. The vertical axis shows the number of tumor cells on a log
scale. For a tumor with low antigenicity (Fig. 8a), the stable branch
(solid line) and the unstable branch (dotted line) annihilate at a low
growth rate. Tumors which grow slower than this value will reach
the stable equilibrium branch, while tumors that grow faster will
escape without bound, since the zero solution is unstable.
As the antigenicity is increased (Fig. 8b), the stable branch
moves lower and becomes a stable limit cycle (dashed line) for a
certain range of growth rates. Tumors in this parameter regime
exhibit oscillatory behavior. It is possible that the oscillations may
cause the tumor to be smaller than one cell at the minima of each
cycle, therefore effectively curing the tumor, but this effect does
not signiﬁcantly affect the analysis of the tumor dynamics. The
oscillations are small enough that the Removal region of Fig. 2
would be only slightly larger than shown if the oscillatory nature
of these tumors were considered when determining if the tumor
was cured or controlled.
A further increase in antigenicity (Fig. 8c) leads to the development of two lobes in the bifurcation diagram. Slower growing
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Fig. 7. Simulation of tumor growth for log a¼ 1 and g ¼ 574, corresponding to point B in Fig. 2. (a) Cell populations over time, (b) T cell fractions, (c) Treg origination, and
(d) suppression of tumor cell killing rate.

tumors will reach the lower stable branch. Tumors growing faster
than the growth rate at the lower bifurcation point will reach the
upper stable branch instead.
The lower branch continues to descend on the diagram with
increasing antigenicity, and eventually will cross into the cure
boundary of one tumor cell (Fig. 8d). Until this level antigenicity is
reached, there is no mechanism for complete tumor removal by the
immune system.
This behavior continues with increasing antigenicity until the
upper stable lobe no longer extends beyond the lower lobe
(Fig. 8e). Since the lower stable branch has moved below the
cure boundary of one tumor cell, and the upper stable branch is
inaccessible from an initial condition of one cell, the dynamics
only allow for two options. If the growth rate is less than the
lower-lobe bifurcation point (approximately g ¼ 435) then the
tumor will be removed. If the growth rate is higher, it will grow
without bound. There is no stable control of the tumor, since the
ﬁxed points are either below one cell or inaccessible to a growing
tumor. Mathematically, it is of interest to note that tumors which
are removed do not go to zero size in the simulation. If the
condition for tumor cure were removed from the simulation, all
cured tumors would reach a stable ﬁxed point or limit cycle with
values less than one cell.
Further increases in antigenicity beyond Fig. 8f do not signiﬁcantly affect the dynamics. Tumors either grow without bound

or are removed by the immune system. The bifurcation point
stabilizes with respect to antigenicity, as seen by the horizontal
boundary between the Removal and Growth regions on the right
side of Fig. 2. This phenomenon occurs because the immune
system saturates at such high antigenicities, and therefore only
the growth rate determines the long-term behavior of the tumor.
If the analysis is performed with different initial conditions
(T0 ¼105, for example), then the upper stable branch that is
inaccessible to a small tumor at high antigenicities may be
reached. Although this branch does not affect the dynamics of
tumor started from one cell, it may have an implication for
modeling of experiments where a tumor is implanted or injected
into a host. In addition, tumors are known to change phenotypes
over the course of their growth due to continual mutation and
selection, and therefore the dynamical path may lead to one of
these stable branches due to changing parameter values over
time. However, in the present work we restrict our study to
tumors grown from one cell with ﬁxed parameters.
5.4. Behavior of small tumors in the limiting case
Since a tumor behaves differently at small sizes than at large
sizes, both with respect to growth law and immune system
accessibility, the model can be examined in the limiting case as
T 5 T 1 , where T1 is the transition size between growth laws.
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Fig. 8. Bifurcation diagrams for various antigenicities. Solid lines indicate stable ﬁxed points, dotted lines indicate unstable ﬁxed points, and dashed lines indicate the
unstable ﬁxed points within a stable limit cycle.

For small tumors, TGF-b production is negligible, so Eq. (18)
can be written as
T_ ¼ g1 T

r0 T
1
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The ﬁxed point of this equation occurs when T_ ¼ 0, or when
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where g1 was replaced using Eq. (30). The primary interest of
modeling cancer is to ﬁnd regimes where the tumor diminishes in
size. For small tumors, this occurs whenever
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Since the right-hand side of Eq. (38) is always greater than 1,
if the exponential growth rate gðT 1 Þm1 is higher than the killing
rate r0, there is no possibility that the immune system can reduce
the tumor burden. For the parameters used in this analysis given
in Tables 1–4, tumors with growth rates g 4 900 will always grow
to a large size.
For tumors with g o 900, the behavior of the tumor will
depend on the right-hand side of Eq. (38). A failure of the immune
system to clear a tumor is either due to insufﬁcient numbers of
effector cells for a given tumor size, leading to a large value for
the ﬁrst term on the right-hand side, or high Treg ratios, leading
to a high value for the second term. These are the two mechanisms represented respectively by points A and B in Fig. 2. The
tumor with low antigenicity at point A escapes because of
decreased T-cell stimulation, so the ﬁrst term on the right side
of Eq. (38) dominates. For the highly antigenic tumor at point B,
the T/E ratio is very low, since T cells are highly stimulated by the
tumor. However, the second term begins to dominate, since Tregs
ratios become saturated with increased antigenicity. In between
these two regimes lies the optimal region, where the right hand

Fig. 9. Solutions of Eq. (37) for ﬁxed values of R/E. For a given R/E ratio,
combinations of ðlogðE=TÞ, gÞ that fall above the curve will lead to tumor growth,
and combinations below the curve will lead to tumor removal. The curve for
R/E ¼0.1 approaches the dotted asymptote shown at g ¼ 435, which corresponds
to the sharp upper edge of the transition from removal to growth in Fig. 2.

side of Eq. (38) is minimized, and the killing rate has the greatest
advantage over the growth rate.
Fig. 9 shows solution curves of Eq. (37) assuming that the ratio
R/E remains constant. For any given constant ratio R/E, a choice of
the parameter g and asymptotic ratio T/E characterizes a unique
point (logðE=TÞ, gÞ. If this point is above the corresponding curve,
the dynamics of the system will lead to unbounded tumor
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growth, whereas a point below the curve will lead to tumor
removal.
As discussed in Section 5.1, for high antigenicities there is a
sharp transition between tumors that are cured and tumors that
grow to a large size, greater than T1 ¼106 cells. This is because E/T
ratios are large in this regime, making the ﬁrst term on the right
side of Eq. (38) insigniﬁcant. The dynamic of the tumor is therefore determined by the ratio of Tregs to effector cells. For high
values of antigenicity, the ratio of Tregs to effector T cells will
approach 0.1, since Treg conversion from helper cells is negligible
when a tumor is small. The contour for R/E ¼0.1 in Fig. 9
approaches a g value of about 435 for high E/T ratios (dotted line
in Fig. 9). This effectively sets an upper limit for the growth rate of
a tumor that can be fully removed or controlled at a small size by
the immune system, and corresponds to the sharp boundary
between the Removal and Growth areas on the right side of
Fig. 2. It also matches the value of the lower bifurcation point in
Fig. 8f.
5.5. Dendritic cell therapy
Dendritic cell therapy is performed by removing APCs from the
patient, pulsing the cells with the tumor-speciﬁc peptide in vitro,
and then inserting these cells back into the patient (Fong and
Engleman, 2000). This therapy is meant to bypass the need for
dendritic cells to acquire peptide from the tumor, a process which
is highly suppressed by most tumors. Once the dendritic cells
migrate to the lymph nodes, they can activate T cells. The number
of DCs injected into a patient is between 106 and 107 cells
(Brossart et al., 2000). The therapy can be administered repeatedly, and toxicity is minimal.
At the time of each treatment cycle in the simulation, the
number of unlicensed dendritic cells (U) is increased by 5  106
cells. The schedule used in the simulations is a series of dendritic
cell injections spread 14 days apart, corresponding to the treatments given in Brossart et al. (2000). Since the treatment has low
toxicity, it can presumably be continued indeﬁnitely, and in
clinical trials it was terminated only when the tumor showed
progressive growth.
Fig. 10 shows three cases of dendritic cell therapy for a tumor
with antigenicity of log a ¼  4. A log-scale plot shows the tumor
cell count, the effector T-cell count, and the Treg cell count from
just before treatment to just after. The rectangular pulses show
the time points when dendritic cells were administered in the
simulation. In all cases, the number of effector cells and Tregs
increases after the ﬁrst dose of therapy. However, the outcomes
are different.
At a slow tumor growth rate of g ¼ 150, shown in the top
panel, it would take 15 cycles of treatment to fully remove a
tumor, corresponding to 7 months of therapy. This assumes that
the tumor does not develop a resistance to the treatment, which
is possible over that time period. Tumors which grow faster than
this rate would naturally require further extensions of treatment
to attain a cure. Tumors with growth rates of up to g ¼ 350 can be
removed by continuous therapy. It is of interest to note that the
interval chosen of 14 days is optimal; shortening or lengthening
this interval extends the time needed to remove the tumor (not
shown). This suggests that the beneﬁts of therapy can last up to
2 weeks after treatment, which is in agreement with the timescales of T-cell expansion and decay.
If the tumor has a growth rate between 350 o g o 500, then the
treatment will fail to remove the tumor, even if the cycles are
administered indeﬁnitely. The central panel of Fig. 10 shows this
case, where two years of therapy are applied to a tumor with
growth rate g ¼ 370. Indeﬁnite treatment at these growth rates
will cause the tumor to be maintained at a small size, close to 106

Fig. 10. The effects of dendritic cell therapy are shown for three different tumors.
The rectangular pulses show the therapy intervals. The tumor growth rate is
g ¼ 150 in the top panel, g ¼ 370 for the central panel, and g ¼ 550 for the bottom
panel. Slow growing tumors can be cured with extended dendritic therapy,
moderately growing tumors can be maintained at a small size as long as treatment
continues; and fast growing tumors will escape the therapy regardless of
treatment prolongation.

for the example shown; if the treatment is abandoned, the tumor
will grow once again. It should be noted that the steady-state size
may be below the level of detection, and therefore a full clinical
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response maybe seen, despite persistence of a small mass of
tumor cells.
Interestingly, when treatment is abandoned, the population
count of the short lived effector T cells falls much quicker than the
more stable Tregs, and this causes a period where Tregs outnumber effector cells, until this transient behavior is damped out.
During this period, the suppression due to Tregs is very great due
to the enhanced R/E ratio, and therefore effector T cell cytotoxicity
is lower. This results in faster tumor growth during this period
than would be normal in the absence of treatment. Although
there are no known in vivo measurements of Treg populations
following the abandonment of dendritic cell treatment, the model
suggests that the transient nature of the population sizes immediately following treatment can have an effect on subsequent
tumor progression. Perhaps a step-down of dendritic cell doses
would be of beneﬁt after prolonged dendritic cell therapy, to
avoid an immunosuppressed period.
For growth rates greater than g ¼ 500, the tumor will escape
treatment, regardless of how long the treatment is administered.
There may be an initial period of tumor reduction from the
treatment, but after a few cycles the tumor escapes and grows
without bound. This case is shown in the bottom panel of Fig. 10,
for a tumor with g ¼ 550. The ﬁrst three treatments appear
promising, causing a slight reduction in tumor burden. However,
after the fourth treatment, the tumor begins to progress again,
and further administrations of the therapy do not halt progression. The tumor progresses more slowly during the treatment as
opposed to when the treatment is abandoned, but the long term
outcome will be the same. The reason for the initial reduction in
tumor burden is that the effector T cells react faster to the inﬂux
of DCs than the Tregs do. After a few cycles, the Tregs have caught
up to the effector cells, and the immunosuppression that they
cause is restored.
Changing the amount of dendritic cells has a signiﬁcant effect
on the outcome of treatment. Although it would seem that
increased dendritic cell transfusion would always result in
increased immune response, this is not the case. Fig. 11 shows
the effect of varying the amount of dendritic cells transferred
during therapy for a tumor with growth rate of g ¼ 370 and
a ¼10  4. In the top panel, 106 dendritic cells are transferred. The
tumor growth is stopped for a few cycles, but then the tumor
escapes the therapy and continues to grow. In the central panel,
twice as many cells (2  106) are administered. In this case, the
tumor is gradually reduced in size with each application of
therapy. If the therapy were to continue, this tumor would be
removed. The bottom panel shows the results when 3  106 cells
are administered. In this case, the tumor is reduced and maintained at a small size, but is never removed by the therapy.
This result suggests that immunotherapies may have optimal
values that are not the maximum tolerated dosage. This effect
could be tested in murine models if identical tumor cell lines
were implanted into animals receiving different doses of dendritic
cell therapy. The results also suggest that immunotherapies may
be very sensitive to the conditions of the host at the time of
treatment. This may be a factor in the heterogeneous response of
clinical patients that receive immunotherapy treatments, and
suggests that better markers of immune status may be necessary
in order to optimize a particular immunotherapy.
5.6. Comparison with other models

Fig. 11. The effects of dendritic cell therapy are shown for three different cell
transfer amounts. The tumor growth rate is g ¼ 370 and the antigenicity is
log a ¼  4. Therapy is administered for 2 years. 106 cells were administered on
each dose in the top panel, 2  106 cells in the central panel, and 3  106 cells in
the bottom panel. The tumor in the central panel would be cured if therapy were
to continue.

A number of models of tumor–immune interactions have been
published in the literature. The goal of the present study is to
examine the effect of immunosuppression in the immune
response against a tumor. Although several models have examined
different individual aspects of immunosuppression, as described

below, the authors believe that the present model is a step towards
understanding the interactions between multiple suppressive
mechanisms, which have not been previously modeled to our
knowledge. In particular, the interactions between TGF-b and Tregs
have not been explicitly studied.
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Arciero et al. (2004) examined the effects of TGF-b suppression
on T-cell response. The mathematical model showed that tumors
producing TGF-b were more likely to escape the immune system.
The results of this paper are in agreement with that result, in that
increased TGF-b causes increased suppression and reduced
immune function. This work goes further and suggests that
TGF-b primarily plays a role in fast growing, antigenic tumors,
and is the main factor contributing to the existence of an optimal
antigenicity, as discussed in Results section. Therefore, not only
does reducing TGF-b have the potential to reduce suppression,
but it also may alter the target antigenicity for therapies that
attempt to modulate this parameter, such as the dendritic cell
therapy presented here. By itself, the dendritic cell therapy results
suggest that the system is sensitive to the numbers of cells
transfused in each dose. Given the heterogeneity observed among
tumors and immune cells, it is a challenge to ﬁnd this optimum in
a clinical setting. However, if TGF-b is reduced, the optimum
antigenicity may be reduced or removed, allowing a more monotonic relationship between the dendritic cell dose and immune
response, for example.
Leon et al. (2007) have modeled Tregs and their effect on T-cell
response. The approach to Treg expansion in that study is
different than the method used in the present paper, and other
important suppressive elements such as TGF-b are not included.
In addition, the conversion of helper T-cells into Tregs was not
addressed in the Leon model. That study found two modes of
unbounded tumor growth, one where the Tregs exert suppression
on the effector cells, and one where the Tregs have a minimal
effect. These regimes, while qualitatively corresponding to the
dynamics observed for points B and A, respectively, are not
distributed in the growth-antigenicity parameter space in the
same way that was found in this paper. In the present work,
the antigenicity of the tumor affects the immune response in a
distinctly non-linear fashion, suggesting that there is an optimal
antigenicity for maximal immune response. This has direct
implications for some immunotherapies which have the net effect
of altering the antigenicity of the system. The existence of an
optimal dose for dendritic cell therapy presented here is a speciﬁc
prediction which can be tested experimentally.
The model of de Pillis et al. (2005) examined T-cell interactions
with natural killer cells. Multiple regimes of tumor growth,
control, and removal were found. The importance of natural killer
cells in that work suggests that interactions between other
immune cell types have an effect on the response. However, the
model did not include any suppressive effects, which were the
primary focus of this work. Subsequent models by De Pillis et al.
(2006, 2007) have examined the effect of treatment on the model
of tumor–immune interactions. An extension of the model presented here to include the effects of chemotherapy and additional
immunotherapy is the subject of future work.

6. Discussion
The mathematical model developed here integrates the primary suppressive mechanisms involved in the T-cell response,
and quantiﬁes the importance of the different suppressive effects
at different stages of tumor growth. Regulatory T-cells appear to
have a signiﬁcant effect on suppression at all stages, while TGF-b
has an effect that scales with tumor size. In addition, the
limitations of access to the interior of a large tumor can be a
signiﬁcant factor in limiting the effect of the immune system.
IL-10 had the least signiﬁcant suppressive effect, although tumors
producing high IL-10 values may exhibit different dynamics.
Tumors with different growth rates and antigenicities provoke
different immune responses. Although a simple immune response
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model would predict that greater antigenicity would always lead
to greater immune response against the tumor cells, the model
presented in this work shows that there is an optimal antigenicity
for fast growing tumors. If a fast-growing tumor is minimally
antigenic, then there is only a small immune response; if it is
highly antigenic, there may be not only a large immune response,
but also a large suppressive response by Tregs and TGF-b.
In between these two regimes, the immune response may be
large enough to affect the tumor, but avoid excessive promotion
of Tregs and other suppressive effects.
It would be of interest to expand the scope of the model to
include a spatial element, and also compartmentalize the various
interactions between cells. At the moment, the model simulates
a well-mixed system, except for the access limitations due to
vasculature already described. Since T-cell priming and expansion
happens away from the tumor in the lymph nodes, this will affect
the dynamics of the system. In addition, suppressive effects
would be different at the tumor site than in the lymph nodes,
and Treg populations in the tumor may be much greater in
number than in the lymphatic system. However, estimating
the parameters for these more detailed interactions presents a
challenge beyond the scope of this initial model.
An additional extension that would be beneﬁcial for understanding T cell expansion in vivo would be the inclusion of the
entire T cell compartment. T cell homeostasis, by which the total
number of T cells is controlled in the body, is thought to play a
role in the expansion rates of different T-cell types (Jameson,
2002).
Understanding the key processes in tumor–immune interactions will be critical to the development of effective therapies, for
identiﬁcation of targets, and for optimization of dosing and
schedule. The model presented here takes a step towards demonstrating the effects of Tregs and TGF-b on various classes of
tumors, and further extensions of the model will be used to
examine how treatments interact with this system.
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