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Abstract Blebs are cellular protrusions that are used by
cells for multiple purposes including locomotion. A mechanical model for the problem of pressure-driven blebs based on
force and moment balances of an axisymmetric shell model
is proposed. The formation of a bleb is initiated by weakening the shell over a small region, and the deformation of
the cellular membrane from the cortex is obtained during
inflation. However, simply weakening the shell leads to an
area increase of more than 4 %, which is physically unrealistic. Thus, the model is extended to include a reconfiguration
process that allows large blebs to form with small increases
in area. It is observed that both geometric and biomechanical
constraints are important in this process. In particular, it is
shown that although blebs are driven by a pressure difference
across the cellular membrane, it is not the limiting factor in
determining bleb size.
Keywords Bleb · Shell model · Force balance · Membrane
growth · Cell mechanics

1 Introduction
In this paper, we are interested in using solid mechanics to
model the cellular membrane and understand its ability to
undergo large deformations (Maugis et al. 2010; Otto et al.
2011; Collins-Hooper et al. 2012; Lew 2003; Schütz and
Keller 1998). In particular, we focus on protrusions known
as blebs (Charras et al. 2008) (see Fig. 1), which are small
spherical blisters in the cellular membrane.
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Originally, blebs were thought to be pathological in nature
as they had only been observed in apoptotic cells (Robertson et al. 1978; Mills et al. 1998; Russell et al. 1972).
More recently, they have been seen to play roles in a number of important cellular phenomena (Paluch et al. 2006;
Charras and Paluch 2008), such as cytokinesis (Hickson
et al. 2006; Boucrot and Kirchhausen 2007); cell spreading (Norman et al. 2010; Cunningham 1995); and locomotion in tumour, embryonic and stem cells (Otto et al.
2011; Blaser et al. 2006; Sahai and Marshall 2003; Fackler
and Grosse 2008; Keller and Eggli 1998; Keller and Bebie
1996).
These protrusions are driven by a pressure difference
across the cell membrane and have no apparent internal
structure during their initiation. Initially, the membrane is
attached to a supporting actin cortex through adhesion proteins. Myosin motors pull on the proteins tensioning the
membrane and pressurising the internal cytoplasm. Upon
delamination of the membrane from the cortex, cytosol is
driven into the weakened region by stress gradients, thereby
producing a spherically shaped extension (Charras 2008) (see
Fig. 2).
A number of approaches have been used to consider variations of this biological phenomena, although few note the
problem of stretching the cellular membrane more than 4 %
(Nichol and Hutter 1996; Dai and Sheetz 1999; Sheetz et al.
2006), which is a main concern of our model. Other groups
have also used elastic membranes to model bleb formation
but have modelled the cortex and cellular membrane separately, allowing consideration of the adhesions (Strychalski
and Guy 2012; Young and Mitran 2010; Lim et al. 2012).
However, in these cases, the models are restricted to oneor two-dimensional membranes. In the particular case of
Young and Mitran (2010), a Newtonian fluid interacts with
elastic structures modelling the membrane and filaments.
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Fig. 1 Scanning electron microscope image of a blebbing cell (CollinsHooper et al. 2012)

The membrane model depends on a wave equation coupled to various intercellular forces, which leads to blebs
with non-spherical-like geometries and non-local interactions.
The model by Tinevez et al. (2009) is based on axisymmetric, non-growing solid mechanics. Through this, they are able
to theoretically explain experimental correlations between
bleb size and membrane tension. However, they assume
linear stress–strain constitutive equations, which only hold
under small deformations, and further, they neglect mechanical bending effects.
A full three-dimensional particle-based computational
simulation of cellular membrane has been created by Spangler et al. (2011). Here, a triangulated mesh of particles coupled by springs forms the actin cortex, whilst further springs
are added to create adhesion bonds between the membrane
and the cortex. Not only are they able to produce bleb-like
protrusions once the adhesions have been ablated, but they
also demonstrate that if the membrane area is bigger than the
cortex area on which it is attached, then the bleb morphologies are energetically favourable.
Although single blebs can be nucleated by laser (Tinevez
et al. 2009), it is often observed that cells are able to produce
multiple blebs that appear over the entire cell. We assume that
all blebs are approximately identical, and thus, in this paper,
we focus on the formation of a single bleb along the axis of
Fig. 2 The main physical
process leading to a blebbing
cell
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symmetry. The influence that a bleb exerts on another bleb
is outside the scope of this model. Critically, the mechanical system we construct depends only on force and moment
balances. Further, due to our assumption of axisymmetry, we
are able to consider influences that only exist when a threedimensional structure is considered. The membrane and cortex are idealised as an axisymmetric elastic shell that surrounds pressurised cytosol (Evans 1983). The stress–strain
equations in our framework are derived in complete generality, allowing any relation to be postulated. In our case, we
consider functional dependencies that arise from large deformation theory in order to capture the considerable change in
morphology that occurs when a bleb is formed. Moreover, we
include a description of membrane bending and show that it
plays an important role in the formation of neck regions that
connect the membrane protrusions to the cell body. Assuming constant volume [as suggested by Charras et al. (2008)],
the shell is weakened locally to model the delamination of
the membrane from the cortex. Although this system is able
to produce bleb-like structures in order to do so, we see that
the shell has to stretch much more than 4 %. Thus, to make
the model more physically accurate, membrane growth is
included by allowing the reference configuration to update
and reconfigure in order to maintain a strain of <4 %. How
this extra membrane is produced is not suggested; however, it
is possible that wrinkles in the membrane are able to unfurl,
dramatically increasing the amount of membrane available
(Hallett et al. 2008; Hallett and Dewitt 2007), or the membrane can be produced through a combination of endo- and
exo-cytosis (Charras et al. 2008).
We begin in Sect. 2 by deriving a system of ODEs that
characterise the force balance of the shell. In Sect. 3, we
demonstrate the ability of the system to produce solutions
over pertinent ranges of parameter values. Further, we compare these results with a purely geometrical model involving
two coupled spheres (Hu 2009) (recapitulated in “Appendix”), demonstrating that the two spheres model is only a
good comparison to the mechanically dependent problem in
certain parameter regimes.
In Sect. 4, we expand upon our basic model with the
inclusion of membrane growth. This allows us to maintain a
membrane area stretch of <4 % whilst producing realistically
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sized blebs, thereby increasing the range of validity of our
model. In Sect. 5, we compare the growing and non-growing
model results. Finally, in Sect. 6, we draw conclusions and
highlight experimental results that can be understood within
the framework of our model.

(a)

2 The mechanical model

(b)

We begin by considering an axisymmetric elastic shell
(which, by definition, is able to support bending stresses) surrounding a pressurised incompressible fluid. The shell stiffness can be reduced in certain regions of the membrane to
model the initiation of bleb-like structures. We do not consider the expansion phase dynamically. Instead, we use the
fact that bleb equilibration is very fast (on the order of seconds) to justify the use of an adiabatic approximation, in the
sense that, as the weakening occurs, the cell rapidly reaches
a static equilibrium. The following derivation of the axisymmetric elastic shell is adopted from those found in (Evans and
Skalak 1980; Tongen et al. 2006; Goriely and Tabor 2006,
2003a,b; Goriely et al. 2005) and forms the mechanical basis
of the subsequent bleb models.

(c)

Fig. 3 Geometry of the problem. a A y − z plane view of the curve
that is to form the surface of revolution. b A three-dimensional view of
the surface. c Linking derivatives to geometric variables

2.1 Kinematics
The basic geometric set-up is illustrated in Fig. 3. The surface, S, is generated by revolving the curve, C, about the z
axis. The curve, C, is parameterised by the material coordinate 0 ≤ σ ≤ L, which is the arc length in the reference
configuration, and thus, σ = 0 denotes the right-most point
at which C intercepts the z axis.
In addition to the normal Euclidean basis, ex , e y and ez ,
we define a right-handed local basis, es , eφ and n, on the
surface S: es is tangent to the curve C and points in the direction of increasing σ ; n is the outward pointing normal to the
surface S; and eφ is perpendicular to both es and n and points
in the direction of increasing φ.
The exact form of the curve, C, and hence the surface,
S, can be described through two variables, y and θ , which
depend on σ . Here, y(σ ) is the distance between the surface
and the z axis along the e y direction and θ (σ ) is the angle
between the normal of C at σ, n(σ, φ) and the z axis. The
arc length along C, s(σ ), is measured from the intercept of
the curve with the z axis such that s(0) = 0. Two further
important measures of the geometry of the surface are introduced. These are the principal curvatures, κs and κφ , of a
surface (Pressley 2010). In the current axisymmetric form,
the curvatures have the explicit form
κs =

∂θ
∂s

and

κφ =

sin(θ )
.
y

(1)

Finally, from Fig. 3c, we see that the derivatives of y and s
along C satisfy
∂y
= cos(θ )
∂s

and

∂z
= − sin(θ ).
∂s

(2)

Next, we consider a deformation with respect to a reference configuration. The new axisymmetric configuration
is completely defined by considering the stretching of the
geometric coordinates (see Fig. 4). The radial stretch ratio,
λφ =

y
,
yrc

(3)

is the axisymmetric deformation, where yrc is the vertical
coordinate of the reference configuration. The stretch ratio,
λs =

∂s
,
∂σ

(4)

measures the local stretching of the body coordinates with
respect to arc length.
Finally, we define the unstressed reference configuration
of the cell to be a sphere, centred at the origin with radius ρ;
thus, σ ∈ [0, ρπ ] and
λφ =

y
.
ρ sin(σ/ρ)

(5)

Later, in Sect. 4, the reference configuration, and therefore
its arc length, will be able to evolve. This means that the

123

466

T. E. Woolley et al.

where ΔP = Pi − Pe and ∂tφ /∂φ = 0 by axisymmetry. By
resolving in the normal and tangential directions, we obtain


∂ (qs y)
= y ΔP − ts κs − tφ κφ ,
∂s
∂ (yts )
= tφ cos(θ ) + qs yκs .
∂s

(8)
(9)

The moment balance equation is similarly constructed and
leads to

Fig. 4 Linking the reference and solution curves

∂ (m s y)
= m φ cos(θ ) − qs y.
∂s

(10)

To see that an adiabatic approach is valid, we use the fact
that on the observed timescales of bleb expansion, inertial
effects are many orders of magnitude less than the dominant
terms in the force balance. This can be seen in terms of the
following estimation argument. The acceleration component
of the force will scale as
da
Fig. 5 Small section of the membrane on which the stresses are defined

interval for σ will constantly be updated based on the previous solution.
2.2 Mechanics
We now consider the stresses and moments acting on a small
patch of the shell surface of size ds along es and ydφ along
eφ , which represents the cellular membrane (see Fig. 5). We
assume that the body is in equilibrium and balance forces
that are acting in the same direction using geometric links
between the curvilinear and Euclidean bases. Here, Pi and Pe
are the internal and external pressures acting upon the membrane, respectively. They act normally to the shell surface.
The line stresses, ts and tφ , act along es and eφ , respectively.
The normal shear stress, qs , acts along n, and m s and m φ are
the moments about the eφ and es axes, respectively. Note that
these are the only possible non-vanishing moments compatible with axisymmetry. By balancing forces and taking the
limit as ds and dφ tend to zero, we obtain

∂ 2 z(0)
,
∂t 2

(11)

where d is the density per unit area of the bleb membrane, a is
the blebbed arc length, and ∂ 2 z(0)/∂t 2 is the radial acceleration. Using order of magnitude scales such that the cortexmembrane composite shell has a density of water, 103 kg/m3 ,
a width of (less than) 10−1 µm, a length scale of 1–2 µm, and
a maximum acceleration of the order 1–2 µm/s2 Eq. (11) has
a magnitude of 10−15 kg/s2 . This can be compared against the
force terms in the right-hand side of equation Eq. (8), which
has at least a magnitude of yΔP ∼ 10−6 kg/s2 . This demonstrates that the system perturbations regulating bleb evolution, which are de facto on the timescale of bleb dynamics,
are very slow relative to the inertial response timescales.
2.3 Constitutive laws
Using large deformation theory, we relate components of the
material strain tensor, ess and eφφ , to the extension ratios
(Evans and Skalak 1980):

1 2
λs − 1 ,
ess =
(12)
2

1 2
λφ − 1 .
eφφ =
(13)
2



∂ (yts es ) ∂ tφ eφ
∂ (yqs n)
+
−
= 0, (6)
(Pi − Pe ) yn +
∂s
∂φ
∂s

These are then linearly related to the surface tensions (Skalak
et al. 1973),
ts = Aess + Beφφ ,

(14)

which can be expanded to give

tφ = Bess + Aeφφ ,

(15)

∂ (yts )
es − yts κs n − tφ yκφ n
∂s
∂y
∂ (yqs )
∂n
n − qs y ,
−tφ es −
∂s
∂s
∂s

0 = ΔP yn +
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(7)

where A and B characterise the elastic properties of the
membrane and can vary with σ . Substituting Eqs. (12)
and (13) into Eqs. (14) and (15) and remembering λφ =
y/ (ρ sin(σ/ρ)), it follows that
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2
y
ts = A
+μ
− (1 + μ) ,
ρ sin(σ/ρ)

2

y
tφ = A μλ2s +
− (1 + μ) ,
ρ sin(σ/ρ)


λ2s

(16)
(17)

where μ = B/A is a measure of relative extensibility of
the membrane in the azimuthal and longitudinal directions.
Note that although we use large deformation theory throughout this work, this constitutive framework is only needed in
the mechanical case when the reference configuration is not
remodelled, as in this situation, large strains occur. In the later
case when the reference configuration is updated to maintain
an area increase of <4 % a linear constitutive relationship
would be an appropriate approximation.
Finally, we need to specify constitutive relationships
for the bending moments. Here, the bending moments are
assumed to be isotropic and proportional to the mean surface
curvature, i.e.,
m φ = m s = M(κs + κφ − K 0 ),

(18)

where K 0 is the initial mean curvature, and M is the bending
modulus.
2.4 The ODE system
Collecting all of these equations together and using Eq. (4)
to convert from the variable s to σ , we arrive at the following
system of seven ODEs:
∂y
∂σ
∂θ
∂σ
∂z
∂σ
∂s
∂σ
∂ts
∂σ
∂qs
∂σ
∂κs
∂σ
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the biological phenomenon of the membrane delaminating
from the cortex. To account for this, we give the parameter
A a tanh profile of the form



A−
1
1−
A(σ ) = A+ 1 +
2
A+




× tanh (σ − σ̂ )β − 1 .
(26)
Explicitly, A+ and A− determine the stiffness of the shell
away from, and close to, the bleb region, respectively, σ̂ controls the amount of membrane that is weakened, and finally,
β defines the length scale over which delamination occurs.
Due to the adhesion acting over a very small length scale, we
expect the transition between the stiff and softer sections of
the cell to be very quick, and thus, throughout all the simulations, we use β = 20 µm−1 .
Before we prescribe boundary conditions, we notice that
this system of ODEs admits a first integral. Indeed, fixing
ΔP to be constant and using Eqs. (19), (20), (23) and (24),
we are able to eliminate tφ and κs to produce the constraint


y2
∂
∂y
2
ΔP
− κφ y ts − q s y
.
(27)
0=
∂s
2
∂s
This equation encapsulates the result that the balance of
forces in the ez direction is the same everywhere on the shell.
Noting that since the cell cuts the z axis at the front (and back)
of the cell, then y = 0 at s(0) (and s(ρπ )), and so, by continuity,

(24)

ΔP y
= qs cos(θ ) + κφ yts .
(28)
2
Observe that, in the case when bending is not supported, i.e.,
qs = 0, Eq. (28) reduces to Laplace’s law for an axisymmetric membrane.
Equations (16) and (28) allow us to eliminate ts completely, thus reducing the number of dependent variables
from seven to six. This number can further be reduced by
noticing that Eqs. (21) and (22) decouple from the system,
leaving only four equations in (y, θ, qs , κs ), which need to
be solved as a boundary value problem (BVP). The remaining two equations constitute an initial value problem once
the BVP is solved.

(25)

2.5 Boundary conditions

= λs cos(θ ),

(19)

= λ s κs ,

(20)

= −λs sin(θ ),

(21)

= λs ,



cos(θ ) 
= λs
tφ − ts + κ s q s ,
y


cos(θ )
= λs ΔP − κφ tφ − κs ts − qs
,
y


 qs
cos(θ ) 
= λs
κφ − κs −
.
y
M

(22)
(23)

For clarity, we repeat that the first four Eqs. (19)–(22) are
derived from the geometry of the shell, Eqs. (23) and (24)
stem from the force balance, and Eq. (25) arises from the
moment balance. Together with Eqs. (16) and (17), Eqs. (19)–
(25) constitute a closed system of equations that can be solved
on the interval σ ∈ [0, ρπ ], once appropriate boundary conditions have been prescribed.
Protrusions are generated in the model by weakening the
membrane within a small region near σ = 0. This mimics

Having reduced the number of equations in the system, we
set y = 0 at σ = 0 and πρ and θ = 0 and π at σ = 0
and πρ. Thus, we have four boundary conditions and four
unknown variables, producing a correctly posed problem.
However, the geometric singularities at σ = 0 and πρ cause
numerical integrators to have difficulty when converging near
these points. In order to maintain control over the regularity
of the solution at these points, we perturb the solution interval
away from the singularities and use Eqs. (19)–(25) to produce
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consistency equations that need to be satisfied at each end of
the shell.
We consider a solution interval to be σ ∈ [ , πρ − ].
We then Taylor expand the ODE system close to σ = 0 and
σ = πρ using expansions of the form
y 0 = y00 + σ y10 + σ 2 y20 + . . . ,

(29)

and
y ∞ = y0∞ + (πρ − σ )y1∞ + (πρ − σ )2 y2∞ + . . . ,

(30)

respectively. The other variables, θ, qs and ks , have similar
perturbation expansions. To first order, we satisfy the desired
boundary conditions as stated above; thus, y00 = y0∞ = 0 =
θ00 and θ0∞ = π . By considering Eq. (28), we also note that
to first order, qs is zero at the boundaries.
Upon substitution of these expansions into the ODE system, we find that there is a term of order O( −1 ) in Eq. (25).
To eliminate this singularity, we must enforce the condition
0 y 0 . Similarly, when σ = πρ − , we find that
θ10 = κs0
1
∞
∞ y ∞ . At order O( 0 ), we find y 0 = λ0 . Using
θ1 = κs0
1
1
s0
Eqs. (16) and (28), we can derive the form of λ0s0 , from which
we find that y10 is given implicitly by the following cubic:
 3
0
(1 + μ) y10
κs0


P
0
0
+ κs0 A(0)(1 + μ) y10 + qs1
−
= 0.
(31)
2
By construction, we take the root, y10 , that connects continu0 = 0. The
ously to the real, positive root that exists when qs1
condition at the opposite edge is similar except that the sign
0 term is now negative, and we evaluate the stiffof the qs1
ness parameter, A, at σ = πρ. In summary, the prescribed
boundary conditions are
y( ) = y10 ,
0 0
y1 ,
θ ( ) = κs0

y(πρ − ) = y1∞ ,

∞ ∞
y1 ,
θ (πρ − ) = π − κs0
0 , κ ∞ , q 0 and q ∞ are found implicitly as
where y10 , y1∞ , κs0
s0
s1
s1
part of the BVP, using Eq. (31) and its analogue derived at
σ = πρ − .

3 Results of mechanical model
We first consider the mechanical response of a cell membrane
undergoing localised weakening. This weakening occurs by
letting the stiffness parameter, A, in Eqs. (16) and (17) that
vary according to Eq. (26). We use the pressure difference,
ΔP, as a Lagrange multiplier in order to keep the cell volume
constant (Charras et al. 2008). Thus, as a protrusion develops
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and grows, the rest of the cell body contracts to compensate
and the pressure difference drops.
As for the other parameters, we vary them over physically realistic values as suggested in the literature (Dai and
Sheetz 1999; Pozrikidis 2001; Collins-Hooper et al. 2012;
Keller and Eggli 1998). In particular, we frequently use an
initial pressure difference of 10 Pa, a bending stiffness of
M = 10−2 pNµm, μ = 0.5 and a cell reference configuration radius of ρ = 5 µm. From these values and formula
(53) derived in “Appendix,” we infer that A+ = 103 pN/µm.
The Young’s modulus, E, can be approximately related to the
stiffness parameter A through the relation A ≈ Eh, where h is
the width of the shell. Using h = 0.1 µm as an order of magnitude size of the shell, then we see that E = 104 Pa, which
is consistent with biological material properties (Ashby et
al. 1995). One of the primary simulated results of interest is
the cell profile, and so, in a number of figures, extension of
the bleb is used as a measure of cell deformation. The extension is important when considering bleb-based motility, as it
has been shown that such motion is greatly retarded if blebs
are too small or too big (Otto et al. 2011). Bleb extension
is calculated by subtracting the diameter of the unweakened
cell from the total width of the weakened cell, which is the
distance along the z axis separating the points at σ = and
σ = ρπ − .
In Figs. 6 and 7, we see the effects of gradually decreasing
the stiffness near σ = 0. The majority of the shell is fixed with
a value of A+ = 103 pN/µm, and thus, for a large range of
values for A− , there is no significant change in bleb volume or
pressure difference. As noted in the figure, the stiffness must
be dropped until it is of the order 1 pN/µm before sizeable
blebs are observed. As the stiffness is decreased further, the
cell profile begins to change considerably, eventually leading
to the extension of a neck region linking two approximately
spherical shapes, as reported in the literature (Charras 2008;
Charras et al. 2008; Tinevez et al. 2009; Fackler and Grosse
2008). Further, we note that during the formation of these
blebs, there is very little change in the radius of the cell
body.
Notably, altering certain parameters in the simulations is
seen to have a very little effect on the cell’s morphology
(Fig. 7a). In particular, decreasing the bending stiffness, M,
of the shell by five orders of magnitude has little influence on
the final bleb volume. This provides an a posteriori illustration that the bending stiffness of the cell is too small to have
any discernible effect on bleb volume and can potentially be
ignored in later models. Similarly, although alterations in the
isotropy parameter, μ, have a large effect on the relationship between volume and shell stiffness, it has qualitatively
negligible effects on pressure difference (see Fig. 7b).
We continue to look at the effect of dropping the shell stiffness in Fig. 7b, where we record the response of the pressure
difference. As discussed, the pressure difference is used as a
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(a)

20

Bleb volume in μm3

Style

Fig. 6 As the membrane is weakened, the bleb becomes more
pronounced. Parameters are either shown in the figure or A+
= 103 pN/µm, σ̂ = 1 μ = 0.5, M = 10−2 pNµm, the initial pressure difference was ΔP = 10 Pa, and the values of A− are given in the
figure and have units pN/µm. The inset of the figure shows the surface
of revolution generated when A− = 1.273 pN/µm
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Colour
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A− in pN/μm

(b)

10

Style

8

Δ P in Pa

Lagrange multiplier to enforce volume conservation. Clearly,
we can see that blebs are able to reduce the pressure difference across the membrane, a property that has been noted in
physical cells and used as an experimental tool (Tinevez et
al. 2009; Dai and Sheetz 1999).
In Fig. 8, a purely geometric model (derived in “Appendix”) (Hu 2009) is compared with simulations of the model
derived in this work. Although in Fig. 7b, it was noted
that altering the values of M and μ had little effect on the
relationship between the pressure difference and the elastic properties of the membrane; here, we observe that, in
extreme parameter regimes, they are able to influence the
bleb profiles. Figure 8a demonstrates this possibility: towards
the upper end of the physically allowable values of μ, the
extension for a given bleb volume is underestimated by
the geometric model for large values of M, whereas the
opposite is observed when M is reduced (Fig. 8b). These
effects are confirmed in Fig. 8c, d, where we see that a
neck region is able to form because of the larger bending
modulus.
Further, for larger values of μ, the pressure has to overcome line tensions in the azimuthal and longitudinal directions. This means blebs of comparable volume are obtained
for smaller values of A− . This reduced stiffness means that
the bleb can extend further, as illustrated in Fig. 8a, c. This
corroborates what was seen in Fig. 7a, which demonstrates
that μ has a significant effect on the relationship between the
bleb volume and A− .
Finally, although Fig. 9a demonstrates the unsurprising
relationship that, as the initial internal pressure decreases
so does the maximal bleb extension, Fig. 9b illustrates the
unforeseen non-monotonic relationship between bleb extension and the arc length of the weakened region. This demonstrates that blebs of the same extension can be obtained with
both small and large neck apertures. It also suggests that the
amount of membrane that delaminates from the cortex must
be carefully controlled by the cell to optimise bleb size.
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μ=0.9
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Fig. 7 As the membrane is weakened, the bleb volume becomes larger
causing the pressure difference to decrease, in order to maintain a constant volume. Note that the M = 10−1 and 10−5 pNµm curves are
nearly on the top of one another. Parameters are either shown in the
figure or A+ = 103 pN/µm, σ̂ = 1 μ = 0.5, M = 10−2 pNµm, and
the initial pressure difference was ΔP = 10 Pa

4 Growth and reconfiguration
When the shell is weakened to A− = 368 pN/µm, the maximal area stretch is 3.88 %. Clearly, this is not enough to produce observed bleb sizes (see Fig. 6), which are closer to the
morphology of the shell weakened to A− = 1.27 pN/µm.
However, the maximum area stretch in this case takes an
unrealistic value of 228 %. This demonstrates why reconfiguration and growth of the cellular membrane must occur.
Due to the fast timescale of bleb formation mentioned in
Sect. 2, we explicitly assume that the membrane relaxes on
a much faster timescale than the growth of the membrane.
Membrane growth is incorporated into the system by evolving the reference configuration. Concordantly, the solution
domain is also updated, as it is the arc length of the reference
configuration.
By reconfiguring in this way, protrusions naturally emerge
even for small strains. System (19)–(25) generates an

123

470

T. E. Woolley et al.

(b)

3

2

μ=0.1
μ=0.5
μ=0.9
Geometric prediction

1

0

0

5

10

15

3

Extension in μm

Extension in μm

(a)

2

0

20

μ=0.1
μ=0.5
μ=0.9
Geometric prediction

1

0

5

Bleb volume in μm3
3

M=10−1

μ=0.1
μ=0.5
μ=0.9

y in μm

M=10−5
Geometric model

2

1

0

20

3

(d)

2

15

y in μm

(c)

10

Bleb volume in μm3

1

4

5

6

7

8

9

0

4

z in μm

5

6

7

8

9

z in μm

Fig. 8 Correlation between membrane extension and bleb volume
compared between simulations of system (19)–(25) and geometric predictions (see “Appendix”). Parameters: a M = 10−1 pNµm and b
M = 10−5 pNµm. All others parameters are the same in (a) and
(b); A+ = 103 pN/µm, σ̂ = 1, and μ is given in the figures. In
each case, A− was reduced from 103 to 0.0061 pN/µm. c Comparison between the simulated profiles for different values of μ. The parameters were chosen such that each profile has a 9.7 µm3 bleb volume;

A+ = 103 pN/µm, σ̂ = 1, and M = 10−1 pNµm. For the μ = 0.1 profile, A− = 0.24 pN/µm; for the μ = 0.5 profile, A− = 0.088 pN/µm;
and for the μ = 0.9 profile, A− = 0.044 pN/µm. d Comparison of the
simulated and predicted profiles for different values of M. The parameters were chosen such that each profile has a 17 µm3 bleb volume;
A+ = 103 pN/µm, σ̂ = 1, and μ = 0.1. For the M = 10−1 pNµm
profile, A− = 0.006 pN/µm; and for the M = 10−5 pNµm profile,
A− = 0.009 pN/µm

equilibrium state only for the given reference configuration. Thus, once the reference configuration is updated, we
must resolve the system to find the new equilibrium state,
thereby creating an evolution from one equilibrium state to
the next.
To close the system, we need to specify an evolution law
for the reference configuration. Since strains are small, we
assume that the reference configuration relaxes linearly to the
current membrane profile. Explicitly, if yrc (Σ, t) and Σ =
Σ(σ, t) are the profile of the reference configuration and
corresponding arc length at time t, respectively, then

Critically, note that reconfiguration only occurs in the blebbing region σ ∈ [ , σ̂ ], where σ̂ denotes the maximum arc
length of reference configuration that is weakened (Dai and
Sheetz 1999). The boundary conditions can be derived as in
Sect. 2.5, and although they stay essentially the same, the
expansion Eq. (31) gains an extra factor due to the reference
configuration no longer being of the definite form ρ sin(σ/ρ).
Namely, if the reference configuration expansion has the form
yrc (Σ, t) = Σ yr0c1 + Σ 2 yr0c2 + . . . as Σ → 0, then the
boundary condition at Σ = implies

∂ yrc
∂t

Σ

(Σ, t) = η (y(Σ, t) − yrc (Σ, t)) ,

(32)

yrc (Σ, 0) = ρ sin(σ/ρ),
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−

and
∂Σ
= η (s − Σ) , Σ(σ, 0) = σ ∈ [ , σ̂ ].
∂t

2

(1 + μ yr0c1 )
0
κs0 A(0)
 0 2
yr c1

(33)

 3
y10


P
0
0
+ κs0 A(0)(1 + μ) y10 + qs1
= 0.
2

(34)

Since we step through adiabatic iterations, we do not
have an explicit representation of continuous time, and so,
Eqs. (32) and (33) are applied using discretised forms of the
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Fig. 9 The change in membrane extension relative to initial pressure
is monotonic, but non-monotonic with respect to neck size. Parameters are A+ = 103 pN/µm, A− = 0.0634 pN/µm, μ = 0.5, and M
= 10−2 pNµm. Where not otherwise stated, ΔP = 10 Pa and σ̂ = 1 µm

ODEs, assuming that each iteration takes a time Δt. Explicitly, for the reference configuration, this is
yrc (i + 1) = yrc (i) + ηΔt (y(i) − yrc (i)) ,

(35)

where y(i) and yrc (i) are the ith solution and reference configurations, respectively. The discretised equation for the arc
length is given mutatis mutandis. Although a priori we have
no guarantee that Δt will be small enough to allow us to
approximate the linear update rule in this manner, we will
see in Sect. 5 that Δt is of the magnitude 10−2 s, justifying
the use of Eq. (35) for our problem.
Through the addition of reconfiguring, not only are we
able to reproduce realistic sized blebs with realistic strains,
we also gain a timescale that needs to be compared with
experiments. Thus, once we have simulated bleb formation,
we can use the timescale, ηΔt, along with the experimental
bleb formation time scale of 30 s, in order to derive a velocity
profile of the bleb.

We consider again the set-up of Sect. 3, but with the inclusion of shell reconfiguration. Equation (26) is used to reduce
the stiffness of the front of the shell. However, A− is only
reduced until the increase in local shell area is a maximum
of 4 % relative to the reference state. The increase in area
is calculated through the product of the azimuthal and arc
length stretches, λs λφ .
We first compute the maximum of λs λφ as a function of
the extension (Fig. 10). We see that before the shell’s reference state is reconfigured, the area stretch in the system
increases exponentially, far beyond the experimentally estimated values. However, with the inclusion of reconfiguring,
large extensions are obtained whilst maintaining an increase
in shell area of <4 %, relative to the evolving reference state.
Critically, we observe that the area stretch does not undergo
a constant or monotonic evolution as the extension increases.
Initially, as the membrane reconfigures, the area stretch falls
very quickly as the reference configuration evolves closer
to the solution configuration. The increase in stretch then
occurs as the neck region starts to form. Thus, although λφ
continues to decrease, λs increases because the membrane
starts to depart from the reference configuration that is not
updated, outside of the blebbing region. Physically, this corresponds to the membrane beginning to peel away from the
cortex, as observed experimentally (Charras et al. 2008). As
the pressure difference drops and the neck region stabilises,
the cell body contraction brings the neck region closer to the
reference configuration, thereby causing a second reduction
in area stretch.
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N Δt = T,

(36)

giving Δt = 3 × 10−2 s, whence η = 10/s. Assuming η
stays constant as ηΔt is reduced, we generate estimates for
the number of simulations needed for slower updates. For
example, when ηΔt = 0.2, we would need
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Second, we look at the effect of the update factor ηΔt.
In Fig. 11a, b we see that as the bleb grows, its growth rate
reduces. This is due to the fact that as the bleb grows, the
pressure difference, ΔP, decreases in order to conserve the
volume (see Fig. 11c). Also observe that, although larger
update factors increase the rate at which the cell evolves,
this does not affect the relationship between the pressure
difference and the bleb extension, which effectively form the
same curve. Thus, as we would expect, decreasing the update
factor simply increases the number of iterations that it takes
to evolve to the same state.
Further, from Fig. 11c, we notice the first quantitative difference between reconfiguring and non-reconfiguring simulations. Although there is very little difference between
the pressures for extensions <1.5 µm, beyond 1.5 µm, the
two curves start to diverge with the pressure in the nonreconfiguring case dropping more rapidly than the reconfiguring case. Altogether, Fig. 11 suggests that, in the reconfiguration simulations, although the rate of bleb formation
decreases because the pressure difference drops, pressure is
not the limiting factor for protrusion extension as it might
be in the non-reconfiguration simulations. This means that
given the same initial pressure difference, the reconfiguration simulations could be iterated further to produce bigger
blebs than their non-reconfiguring counterparts.
We continue looking for differences between the reconfiguring and non-reconfiguring cases by considering the change
in surface tension over the bleb and cell body as the extension
increases. Immediately, we can visually detect the approximately linear relationship (28) between ΔP and ts as the
surface tension curves for the cell body in Fig. 12 match the
pressure difference curves in Fig. 11c, up to a scaling factor.
Due to this relationship between ΔP and ts , we should be
little surprised that the values of bleb surface tension in the
reconfiguring and non-reconfiguring cases are also very close
for extensions <1.5 µm whilst diverging for larger extensions.
We now consider the velocity profile and its dependence
on the update timescale, ηΔt. Using a timescale of approximately T = 30 s [as often been reported in the blebbing literature Charras et al. (2008), Charras (2008), Collins-Hooper
et al. (2012), Maugis et al. (2010)], we fix the number of
reconfiguration iterations, N, at which we define to be a typical bleb size. When ηΔt = 0.3, we take N = 103 , as this
produces a bleb of radius 1.2 µm (see Fig. 13), which is the
correct order of magnitude. We now substitute these parameters into the equation
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No reconfiguring
0.5

1.0

1.5

2.0
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Extension in μm

Fig. 11 As the bleb grows through the reconfiguration process, a
the extension rate, b the rate of arc length increase and c the pressure difference all decrease. The curves for different ηΔt all lie on
the top of each other in (c). Parameters are A+ = 103 pN/µm, A−
= 367.9 pN/µm, σ̂ = 1, μ = 0.5, M = 10−2 pNµm, and the initial
pressure difference was ΔP = 10 Pa

N=

30
= 1,500 iterations
(0.2/10)

(37)

to produce an equivalent bleb. This excellent correspondence
can be seen in Fig. 13.
Further, for each iteration, i, we can calculate z 0 (i), the
maximal z position at the front of the cell. From Fig. 11a,
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Fig. 12 Maximum surface tension in the bleb and cell body
reduces as the bleb grows. Parameters are A+ = 103 pN/µm, A−
= 367.9 pN/µm, σ̂ = 1, μ = 0.5, M = 10−2 pNµm, and the initial pressure difference was ΔP = 10 Pa
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Fig. 14 Speed and extension of the blebbing front. Parameters are
A+ = 103 pN/µm, A− = 367.9 pN/µm, σ̂ = 1, µ = 0.5, M
= 10−2 pNµm, ηΔt = 0.3, and the initial pressure difference was ΔP
= 10 Pa
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Fig. 13 The number of iterations and the relaxation time scale are
related. Parameters are A+ = 103 pN/µm, A− = 367.9 pN/µm, σ̂
= 1, μ = 0.5, M = 10−2 pNµm, and the initial pressure difference
was ΔP = 10 Pa

we see that each increment in z 0 (i) is small, and thus, we
approximate the front velocity, ∂z(0, t)/∂t, by
Δz 0 (i)
z 0 (i + 1) − z 0 (i)
∂z(0, t)
≈
=
.
∂t
Δt
Δt

(38)

Front velocity and corresponding extension are given in
Fig. 14. As expected, the protrusion initially extends very
quickly, although this rapid expansion period is very brief.
This is consistent with experimental data showing similar
rapid, but brief expansion, followed by a slower increase in
size (Maugis et al. 2010).

Blebs are cellular protrusions that are used by cells for multiple purposes including locomotion. The aim of this paper
was to capture some of the mechanical features of the cellular membrane separating from the cortex during the initiation of blebbing. We modelled the cell as an axisymmetric
shell. Bleb-like protrusions were created by weakening the
shell over a small region near the axisymmetric tip. A purely
mechanical model requires that the strains are unrealistically
large for observed extensions, and so, we generalised our
method to include membrane growth.
Without membrane reconfiguration, the quantitative nature
of the results may be of limited value when considering cellular membrane, as the membrane is only able to support a 4 %
increase in area before lysis occurs (Nichol and Hutter 1996;
Dai and Sheetz 1999; Sheetz et al. 2006). In contrast, the protrusions of observable size, illustrated in Fig. 6, increase the
area by 100–1,000 %. A solution illustrating approximately
4 % stretch is shown in Fig. 6 demonstrating that if this is the
maximum viable stretch, then more membrane must be generated for sizeable protrusions to be realised. Physically, it
is currently a matter of debate as to whether this extra membrane exists naturally in invaginations of the cell (Hallett et
al. 2008; Hallett and Dewitt 2007) or whether the membrane
grows due to a combination of endo- and exo-cytosis (Charras et al. 2008). Nevertheless, our models clearly confirm the
need for a source of membrane growth.
Equally, we should question predictions from the geometric model. Although the geometric model corresponds very
well with the shell system simulations over certain regions of
parameter space, there are potential phenomena that require
the inclusion of certain physical effects, such as azimuthal
and axial line tensions and bending moments. In particular,
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Fig. 15 Comparison between the geometric, reconfiguring and nonreconfiguring simulations. All three give qualitatively similar blebs.
Parameters were chosen such that the maximum extension in each case
was the same. For the geometric solution, the initial radius is R = 5 µm
and the volume fraction is x = 0.0112. For the non-reconfiguring
solution, A− = 0.34 pN/µm, and for the reconfiguring solution, A−
= 367.9 pN/µm. The update timescale was ηΔt = 0.3. All other
parameters were the same A+ = 103 pN/µm, σ̂ = 1, μ = 0.5, M
= 10−2 pNµm and the initial pressure difference was ΔP = 10 Pa

the differences observed in Fig. 8a due to changing μ highlight the importance of considering these effects, which are
often neglected when Laplace’s law is simply invoked to calculate pressure differences (Tinevez et al. 2009; Charras et
al. 2008). In particular, Laplace’s law is invoked in (Dai and
Sheetz 1999), and the linear law is shown to give a favourable
match between surface tension and radius. However, their
data can be interpreted as behaving non-linearly, with a positive second derivative. This relationship is observed with
the generalised Laplace’s law derived in Eq. (28) (data not
shown).
However, by comparing results from Sects. 3, 5 and
Fig. 15, we see that both geometric and non-reconfiguration
systems are very similar to the more physically accurate
reconfiguring system over large regions of realistic parameter
values. Thus, previous models that did not consider reconfiguration still have the potential to be, at least, qualitatively
correct and provide general trends that should be testable.
For example, bleb volume and extension could be correlated
from data allowing us to compare data against simulations
and a simple geometric model.
One experimental result we are able to recover without
reconfiguration is shown in Fig. 16. Here we see that, except
for an initial deviation, the relationship between the neck
radius and surface tension is essentially linear. This corresponds to the general trend seen in Fig. 4b of (Tinevez et
al. 2009), where cells were treated with various proteins in
order to generate membranes of differing surface tensions.
Equally, we are able to account for the decrease in pressure
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Fig. 16 Neck radius weakly increases as surface tension increases.
The neck radius is the y-coordinate of the cell-body–cell-bleb transition
region, i.e., y(σ = σ̂ ). See “Appendix” for more details. Parameters are
A+ = 103 pN/µm, μ = 0.5, M = 10−2 pNµm and σ̂ = 1

difference as the bleb grows (Fig. 7a, b), which occurs as a
consequence of volume conservation.
Another testable relationship is the non-monotonic
response of extension with respect to increasing the amount
of arc length that is weakened. Cortex ablation experiments
using lasers would allow precise control over how much
membrane is released (Tinevez et al. 2009). Further, depending on how bleb sizes are distributed, the narrow peak of maximal extension and quick drop off shown in Fig. 9b strongly
suggest that the amount of membrane that delaminates from
the cortex is tightly controlled. In the particular case where
blebs are used for movement, it is imperative that the cell
is able to produce blebs that are large enough to: (1) reach
its substrate and (2) allow non-trivial movement once it is
attached.
Even though many results can be generated with the
reduced system, we have demonstrated that there are a number of quantitative responses that cannot be obtained in
the absence of reconfiguration. Firstly, as the bleb grows,
the pressure difference drops much quicker in the nonreconfiguring compared to the reconfiguring one. This suggests that a reconfiguring cell can produce much larger blebs
than one that simply stretches its membrane. Since extremely
large blebs are not naturally seen (although they can be stimulated in certain cases), it seems that the pressure difference
is not the limiting factor of bleb expansion. Therefore, the
expansion must be halted by another process. A potential
candidate could be the rate and amount of excess membrane
that the cell can produce or acquire.
Secondly, although the simulations are iterated through
adiabatic steps, if we assume that reconfiguring occurs on
a slower timescale than relaxation to the equilibrium state,
then we are able to generate a velocity profile by using the
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inherent timescale of the reconfiguration process. By comparing Fig. 14 with data not only do we reproduce the general
features of a short period of very quick growth followed by a
longer period of slower growth (Maugis et al. 2010), we also
produce results that are of the correct quantitative size, when
compared with the results of Charras et al. (2005).
This study provides a mechanical membrane model characterising blebbing as pressure-driven protrusions of an elastic shell. We have derived the model from first principles,
discussing the inclusion of all pertinent assumptions and
allowing us to put the purely geometric model on a more
physical basis. This model is consistent with a number of
experimental results. Primarily, the model generates realistically sized protrusions that correspond well to cellular blebs.
Moreover, our results on the pressure difference drop during
bleb initiation; velocity profiles and relationships between
physical variables, such as neck radius and surface tension,
have all been seen observed experimentally (Tinevez et al.
2009; Charras et al. 2005; Dai and Sheetz 1999) and underlie
the importance of including membrane growth in the modelling of bleb formation.
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Fig. 17 Geometric model of blebbing

From Eqs. (39) and (40), we can derive equations satisfied
by the radii and connection angles:
 r 3
 r 2
c
c
16(1 − x)
−3
sin4 (Θ)
R
R


− 16(1 − x)2 + sin6 (Θ) = 0,
 3
4(1 − x) − 2 rRc
cos(θc ) =  3  
,
2 rRc + rRc sin2 (Θ)
 r 3
 r 2
b
b
16x
−3
sin4 (Θ)
R
R


− 16x 2 + sin6 (Θ) = 0,
 3
−4x + 2 rRb
cos(θb ) =  3  
,
2 rRb + rRb sin2 (Θ)

(41)
(42)

(43)
(44)

where R, Θ and x all input parameters. Observe that x is
varied from the initial bleb volume ratio,
Appendix: Geometric model
In this appendix, we summarise the equations that relate the
radius, R, of an initial sphere to the radii, rb and rc , of an
equivalent volume system of two spheres connected through
a pinned neck region, see Fig. 17. We follow the geometric
construction of a blebbing cell as derived by Hu (2009).
From Fig. 17, we see that the equality
R sin(Θ) = rc sin(θc ) = rb sin(θb ),

(39)

must always hold. Further, we demand that the cell volume
be constant,
4
V = π R 3 = vc + vb
3 

1
3 2
3
= πrc
+ cos(θc ) − cos (θc )
3
3


2
1
3
3
+ πrb
− cos(θb ) + cos (θb ) .
3
3

(40)

Finally, we define the bleb volume fraction, x, as vb = x V ,
and hence, the cell volume fraction is vc = (1 − x)V . This
parameter x is an input to the problem.

x0 =

2 − 3 cos(Θ) + cos3 (Θ)
vb
=
,
V
4

(45)

to the maximal bleb ratio, 1 − x0 .
Originally, R was taken as a free variable (Hu 2009). However, using Eqs. (19)–(25) and assuming spherical symmetry
of the solution, we can derive the initial radius of the unweakened cell, R. The unique solution can be seen to be:
y = R sin(θ ),

(46)

z = R cos(θ ),

(47)

s = Rθ,
σ
θ= ,
ρ
Δ PR
ts =
,
2
1
κs = κψ = ,
R
qs = 0.

(48)
(49)
(50)
(51)
(52)

Substituting these back into the constitutive Eq. (16), we find
 
R 2
Δ PR
=A
− 1 (1 + μ) .
(53)
2
ρ
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The positive root of this quadratic, which depends on
ΔP, ρ, A and μ, then provides the desired radius.
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