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Abstract Brain tissue swelling, or oedema, is a dangerous
consequence of traumatic brain injury and stroke. In particular, a locally swollen region can cause the injury to propagate
further through the brain: swelling causes mechanical compression of the vasculature in the surrounding tissue and so
can cut off that tissue’s oxygen supply. We use a triphasic
mathematical model to investigate this propagation, and couple tissue mechanics with oxygen delivery. Starting from a
fully coupled, finite elasticity, model, we show that simplifications can be made that allow us to express the volume
of the propagating region of damage analytically in terms of
key parameters. Our results show that performing a craniectomy, to alleviate pressure in the brain and allow the tissue
to swell outwards, reduces the propagation of damage; this
finding agrees with experimental observations.
Keywords Oxygen delivery · Triphasic model · Brain
mechanics · Mathematical modelling · Tissue swelling

1 Introduction
Following damage such as a stroke or traumatic brain injury,
brain tissue has been observed to swell (Simard et al. 2007).
Brain swelling, or oedema, is a significant cause of morbidity and death (Raslan and Bhardwaj 2007); current medical
strategies aim to reduce swelling and intracranial pressure to
maintain blood supply and retain cerebral metabolism (Thiex
and Tsirka 2007). However, to enable treatments to be developed it is of critical importance to understand the underlying
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physical effects that cause brain tissue to swell following
injury (Goriely et al. 2015).
In healthy brain tissue, the delicate balance of ions is
maintained by active ion pumping. This prevents excess
movement of water into tissue in response to osmotic pressures (Simard et al. 2007). However, when tissue is damaged
or dies this balance is disturbed leading to the movement
of water and, hence, oedema. Localised oedema can cause
further tissue damage to propagate through healthy brain tissue (Gerriets et al. 2004). This propagation occurs because
the swollen tissue occupies additional space within the brain
resulting in mechanical deformation, compression of blood
vessels and high intracranial pressure (ICP) in the previously
healthy tissue surrounding the swollen region. This surrounding tissue subsequently suffers from a lack of blood flow
(ischaemia), which leads to hypoxia and, ultimately, to cell
death (Flechsenhar et al. 2013). Cell death can, in turn, lead to
the propagation of further swelling and damage. A schematic
of this process is shown in Fig. 1.
To break the vicious cycle of propagation of tissue damage, two medical interventions are common: treatment with
osmotic agents (such as Mannitol, see Papadopoulos et al.
2002, for example) and craniectomy (the removal of a portion of the skull). Treatment with osmotic agents is not
always possible, for example if the blood–brain barrier has
become compromised. Here we focus on craniectomy, which
is known to reduce high pressure in the brain, and improve
blood flow in a swollen brain (Cooper et al. 2011). The idea
is that the brain is allowed to increase in volume so that the
adverse compression caused by swelling can be (partially)
removed. The experiments of Walberer et al. (2008) highlighted the consequences of the space occupying effect of
oedema, by comparing the spread of oedema in rats with
a craniectomy to those with an intact skull. A stroke was
induced in one hemisphere, and the volume of infarcted
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Fig. 1 Schematic of the mechanism by which localised ischaemia can propagate throughout the brain

(dead) tissue and midline shift were measured after 5 and
24 h (the midline shift is the deviation of the centre line of the
brain during swelling). At both time points, the rats that had
undergone craniectomy showed less midline shift and had a
smaller volume of infarcted tissue than those with an intact
skull. The authors suggest that the craniectomy contributed
to a better outcome because the brain tissue could swell outwards, preventing the regional compression of blood vessels
to the area surrounding the originally infarcted region. However, craniectomy is also associated with negative outcomes
because of the additional stretching, and possible damage, of
axons (Cooper et al. 2011).
We propose a mathematical model to investigate the propagation of damage through the brain. In particular, we focus
on whether changing the boundary conditions at the outer
edge of the domain (representing either the intact skull or a
craniectomy) affects how far damage propagates through the
brain.

2 Mathematical modelling approach
Brain cells contain an intracellular fixed charge density
(FCD), comprised of negatively charged macromolecules,
which contributes to brain oedema (Elkin et al. 2010). In
healthy tissue, this FCD is isolated from the tissue interstitium because the cell membranes actively pump ions to
maintain osmotic equilibrium. However, when brain tissue
is damaged or receives insufficient oxygen, the cells can
no longer support active pumping and this FCD is exposed.
This exposed FCD induces an ion concentration difference
between the damaged tissue and its surroundings (the Donnan effect), resulting in an osmotic pressure difference, water
accumulation, and hence swelling (Elkin et al. 2010; Lang
et al. 2014).
We incorporate the exposure of intracellular FCD into a
model that couples the deformation of, and oxygen distribu-
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tion through, a region of tissue. The tissue will be modelled as
a triphasic mixture (consisting of a charged solid, fluid, and
positive and negative ion phases) together with a diffusionuptake model for the oxygen concentration within the tissue.
Capillaries are located throughout the tissue and provide a
source of oxygen when they are open. We model the effect
of tissue deformation on the oxygen supply by assuming that
capillaries close when they experience a compressive stress
above a critical threshold. The oxygen distribution provides
a feedback into the tissue mechanics, as we assume that the
tissue becomes infarcted and develops an FCD wherever the
oxygen concentration falls below a threshold value.
We shall use an equilibrium model to describe both the
tissue mechanics and oxygen distribution. This assumption
is appropriate because calculations show that the timescales
for water, ion, and oxygen movement through the tissue are
significantly shorter than the timescale on which the evolution of oedema is observed experimentally (Lang et al.
2014). Oedema is observed to develop over the duration of
days (Hatashita et al. 1988; Marmarou et al. 2000) whilst, for
example, the timescale of ion movement through the brain
2 /D ≈ 2 h, where D = 10−10 m2 s−1 is a typical difis Hcap
fusion coefficient for ions in soft tissue (Sun et al. 1999)
and Hcap = 40 μm (the inter-capillary distance) is a typical
length scale. This estimate suggests that it is the rate of tissue damage, for example the rate at which ischaemic tissue
dies and exposes the intracellular FCD, rather than mechanical effects (such as the rate of interstitial fluid movement,
or oxygen diffusion), which governs the rate of evolution of
oedema.
To examine the propagation of damage (and hence
oedema), we employ an iterative model: at stage n, we compute the region within which the capillaries are expected to
be compressed. Subsequently, in stage n + 1, we close these
capillaries and find the new infarcted region within which
the oxygen concentration has fallen below the threshold. We
then calculate the stresses in the tissue that would be caused
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by this new FCD distribution. This iteration process is discussed in more detail in §2.5. Beforehand, in §2.1, we discuss
the model geometry that we employ, whilst in §2.2 and §2.3
we give the governing equations for an equilibrium triphasic model and diffusion-uptake of oxygen on a deformable
domain.
2.1 Geometry
We consider a spherically symmetric region of tissue, of
outer radius H . This is the simplest geometry that is able to
reproduce the spatial variations in compressive stress that are
observed in the brain. We assume that capillaries are evenly
spaced throughout the tissue a distance Hcap apart. Hence,
there are N = H/Hcap capillaries in the tissue, with the
first capillary at radius R = Hcap /2, and the ith capillary
(i)
at radius Rcap = (i − 1/2)Hcap (i = 1 . . . N ). We will not
model the mechanical behaviour of the capillaries, but rather
treat each capillary as a point source of oxygen. We note that
the spherically symmetric geometry means that the capillaries are actually ‘shells’ of capillary rather than individual
vessels.
2.2 Mechanics
The tissue is bathed in a fluid of ionic concentration c∗ , with
reference pressure p = 0, representing the cerebrospinal
fluid (CSF) that surrounds the brain (the CSF pressure is not
assumed to vanish, rather we take it as a reference pressure
in computing pressure differences). The tissue is described
in the Lagrangian (reference) configuration by the material
coordinates X = R êr , and in the Eulerian (current) configuration by x = r êr , where êr is a unit normal in the radial
direction. To investigate the mechanical deformation of the
tissue, we seek a spherically symmetric deformation of the
form r = f (R). Then, the deformation gradient may be written in spherical coordinates as
⎛

f
⎜
⎜
F = ∇X x(X) = ⎜ 0
⎝
0

⎞

0 0
⎟
f
0⎟
,
R ⎟
f⎠
0
R

J = det(F) =

f2 f
,
R2

The governing equations for a triphasic mixture at equilibrium are discussed by, for example, Lai et al. (1991), Huyghe
and Janssen (1997), Lang et al. (2014), and we summarise
them here. The Cauchy stress is comprised of two parts, the
effective stress σ e and the pore pressure p,
σ = σ e − pI,

where the effective stress, σ e , is related to a strain energy
function W (F) by
σe =

∂W
1
F·
.
J
∂F

(Ben Amar and Goriely 2005) where  denotes differentiation
with respect to R.
We assume that the tissue consists of a triphasic mixture with a charged solid phase, fluid phase, and positive
and negative ion species in solution. At each iteration, the
(f)
reference state FCD, c0 (R), will be determined from the
steady-state oxygen distribution given a certain level of damage (see §2.5).

(3)

It was shown by Lang et al. (2014) that for volume changes of
less than 50%, different choices of isotropic materials lead to
negligible differences in stresses. We therefore adopt a simple
neo-Hookean model here; details are given in Appendix 1.
The stress balance reads,
∇ · σ e = ∇ p.

(4)

As already discussed, we assume that the mixture is at equilibrium; in particular, there is no fluid flux through the tissue.
Therefore, assuming electroneutrality and a dilute solution,
the chemical potential of solvent is constant and the pore
pressure is proportional to the osmotic pressure,

p = RT (c+ + c− ) − c∗ ,

(5)

where R is the ideal gas constant, T the absolute temperature,
and c+ , c− , c∗ are the concentrations of positive and negative
ions in the tissue, and the bathing solution, respectively. At
equilibrium, the concentrations c+ and c− are determined by
the Donnan equilibrium,
c+ + c− = c∗ 2 + c( f )

2 1/2

,

(6)

where c( f ) is the FCD (Donnan 1924; Cowin and Doty 2009).
As this FCD is attached to the solid phase, the FCD is dependent upon the deformation of the solid phase,
c( f ) =

(1)

(2)

(f)

φ0w c0 (R)
,
J − 1 + φ0w

(7)

where φ0w is the brain tissue water content in the reference
state, that is the overall volume fraction of water in the brain
(f)
that is relevant for ion/FCD concentrations, and c0 (R) is
the reference state FCD.
We now eliminate p, c( f ) , c+ and c− from Eqs. (4)–(7) to
yield a single differential equation for the deformation f (R).
Combining Eqs. (4)–(6), we find that the divergence of the
effective stress tensor balances the gradient of the osmotic
pressure,
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∇ · σ e = RT ∇(c+ + c− ).

(8)

Next, the solute concentrations may be replaced by substituting in the Donnan equilibrium (6), and mass conservation
equation for the FCD (7),
⎛⎡
⎜
∇ · σ e = RT ∇ ⎝⎣c∗ 2 +



(f)

φ0w c0 (R)
J − 1 + φ0w

⎞
2 ⎤1/2
⎦ ⎟
⎠.

(9)

We observe that for a given strain energy function W (F), the
effective stress σ e and dilation J are both functions of the
deformation through equations (1) and (3). Thus, Eqs. (4)–
(7) are replaced by a single equation for f (R) governing the
displacement of the system.
Equation (9) contains derivatives in the Eulerian configuration. We map the equations into the Lagrangian configuration so that the system may be solved on the (fixed) reference
domain R ∈ [0, H ] rather than the deformed current domain.
The stress balance may be reformulated into a Lagrangian
frame momentum equation so that,
⎞

2 ⎤1/2
(f)
w
φ0 c0 (R)
∇X · Se
⎜
⎦ ⎟
= ∇X · ⎝ J F−T ⎣c∗ 2 +
⎠,
RT
J − 1 + φ0w
⎛

⎡

(10)
where Se is the effective first Piola-Kirchhoff stress tensor,
related to the effective Cauchy stress by σ e = (1/J )Se · FT .
Note that F−T stands for the transpose of the inverse of F.
To close the problem, we must specify suitable boundary
conditions for the displacement, f (R). At R = 0, we impose
no displacement. On the outer boundary, R = H , we impose
either no displacement (representing an intact skull) or free
swelling (representing a craniectomy). We therefore have

f |0 = 0,

f | H = H,
(intact skull)


êr · σ H · êr = 0, (craniectomy)

(11)

where
⎛⎡
⎜
σ = σ e − RT ⎝⎣c∗ 2 +



(f)
φ0w c0 (R)
J − 1 + φ0w

⎞
2 ⎤1/2
⎦ − c∗ ⎟
⎠
(12)

is the Cauchy stress.
Once the deformation f (R) has been determined, the
stress σ (R) is known everywhere [from Eqs. (1), (3) and
(12)]. We must now determine the damage. To do so, we
define a critical stress, σcrit , the compressive stress at which
we assume capillaries are compressed and cease to function.
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If the maximum compressive stress at a position R within the
tissue, σmax (R), exceeds σcrit then the tissue at that location
becomes ischaemic and hence damaged. We will fix σcrit as
a constant parameter; this assumption means that we neglect
the autoregulatory mechanisms of the brain, whereby arteries
dilate in response to increased intracranial pressure in order
to maintain blood flow (Steiner and Andrews 2006).
Since we are considering a spherically symmetric geometry, σmax (R) is equal to the maximum of the radial and
circumferential components of the compressive Cauchy
stress,
σmax (R) := max{−(êr · σ · êr ), −(êθ · σ · êθ )}.

(13)

Note that in the definition of the Cauchy stress, σ = σ e − pI,
a positive stress is tensile. We have therefore taken the maximum of the negative components of the stress to determine
the maximum compressive stress in (13).
2.3 Oxygen
We now consider the transport of oxygen, whose concentration in the tissue we denote by C. In equilibrium, the diffusion
of oxygen is balanced by uptake within the tissue and so we
write
0 = D∇ 2 C − R(C).

(14)

Here, D is the diffusion coefficient of oxygen and R(C) is
an uptake term that represents the oxygen used by the tissue
in, for example, respiration. Uptake of oxygen in tissue is
typically modelled by a Michaelis-Menten term (Keener and
Sneyd 1998)
R(C) =

Vm C
,
C + km

(15)

where Vm and km are constants representing the maximal
uptake rate of oxygen, and the oxygen concentration at which
the uptake rate falls to Vm /2, respectively.
As the system must be solved on a deformable domain,
we also map the governing equation for oxygen concentration
(14) onto the Lagrangian domain,
1
0 = D ∇X · J F−T F−1 (∇X C) − R(C),
J

(16)

where the relations between the Eulerian and Lagrangian
description of the gradient of a scalar field and divergence
of a vector field, (see Ogden 1972, for example), have been
used.
Recall that the N capillaries are located at positions
(i)
Rcap = (i − 1/2)Hcap (i = 1 . . . N ) (see §2.1). For the
oxygen model, we impose boundary conditions at R = 0,
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(i)

R = H , and on each capillary R = Rcap . At the origin
(R = 0) we have symmetry, and we assume no oxygen flux
out of the tissue boundary (R = H ). Thus,

dC 
= 0,
dR 0


dC 
= 0.
dR  H

(17)

We allow each capillary to be either open or closed, depending upon the mechanical stress within the tissue at that point.
Then,
⎧
⎪
(i) = Ccap ,
⎨ C| Rcap

⎪
(i) = 0 =
⎩[C] Rcap

1 dC
f  dR

if ith capillary open,


(i)
Rcap

V̄m C
1
,
∇X · J F−T F−1 (∇X C) =
J
C + k̄m

, if ith capillary closed,
(18)

for i = 1 . . . N , where [C] R = C R + − C R − denotes the jump
at position R. Equation (18) states that the tissue oxygen
concentration C is equal to the capillary oxygen concentration
Ccap if the capillary is open, whilst if the capillary is closed,
the presence of the capillary has no effect on the oxygen
concentration and it is removed from the computation.
We also define a critical oxygen concentration, Ccrit ,
below which the tissue is assumed to become ischaemic and
infarcted, causing exposure of intracellular FCD. This coupling between mechanics and oxygen concentration in the
tissue is discussed in §2.5.
2.4 Non dimensionalisation
We rescale the variables f (R) and C(R), using the radius
of the tissue region, H , as the natural length scale and the
concentration of oxygen in capillaries, Ccap , as the oxygen
concentration scale. We therefore introduce the dimensionless variables
R̄ = R/H,

f¯( R̄) = f (R)/H,

¯ R̄) = C(R)/Ccap ,
C(
(19)

where bars denote dimensionless quantities.
We choose the rescaling of pressure so that the dimensionless effective first Piola-Kirchhoff stress is defined by
S̄e = Se /(λs + 2μs ) where λs and μs are the Lamé constants obtained for any hyperelastic strain-energy function
in the limit of small deformation. The other dimensionless
parameters are defined as follows:
V̄m =

H 2 Vm
km
RT c∗
, k̄m =
, c̄∗ =
,
D
Ccap
λs + 2μs

(20)
(f)

σ̄crit =

Henceforth, we drop the bars from dimensionless variables
but keep them on dimensionless parameters. For our study,
the important dimensionless parameter governing the process
is the critical stress σcrit at which a capillary will collapse
as most of the other parameters are well characterised (see
Table 1). The values of σcrit are not easily accessible and
further complicated by the blood flow regulation in the brain;
we consider a possible range of 0–10 mmHg corresponding to
a range for σ̄crit between 0 and 1. The governing equation for
the oxygen concentration (14), with the Michaelis-Menten
uptake term written explicitly, becomes

RT c0 (R)
σcrit
Ccrit
(f)
, C¯crit =
, c̄0 (R) =
.
λs + 2μs
Ccap
λs + 2μs

(21)

(22)

whilst the Cauchy Eq. (10) becomes
⎛

⎡

⎜
∇X · Se = ∇X · ⎝ J F−T ⎣c∗ 2 +



(f)
φ0w c0

J − 1 + φ0w

2 ⎤1/2
⎦

⎞
⎟
⎠,
(23)

The dimensionless boundary conditions are given for completeness in Appendix 1.
2.5 Iterative approach for propagation
We prescribe an initial radius of damage, R(1) , representing the region of tissue within which blood flow is restricted
following an injury, e.g. a stroke. The central question of
interest is: how far can damage propagate without any additional imposed damage?
We impose damage by closing all capillaries in the region
R < R(1) . We then solve for the oxygen distribution (§2.3)
within the tissue (subject to these capillaries being closed).
From the oxygen distribution following damage, it is possible
to determine the region within which oxygen levels fall below
the critical oxygen threshold C¯crit . In this hypoxic tissue, we
impose an FCD (since the cells in this region are assumed
to have died, and, hence, to have exposed their intracellular
FCD). We then solve for the deformation of the tissue that is
caused by this FCD distribution (§2.2).
If there is some radius R(2) > R(1) , such that the maximum
compressive stress σmax exceeds the critical threshold σ̄crit for
all R < R(2) then we assume that the blood flow in this region
is restricted and the tissue is ischaemic. We then define R(2)
to be the new damage radius. (If σmax < σ̄crit for all R > R(1)
then we set R(2) = R(1) : damage does not propagate.)
In proceeding to the next iteration we note that, since
σmax > σ̄crit within R < R(2) , all capillaries in R < R(2) are
closed. We then iterate the above procedure, defining R(n+1)
to be the radius of damage after n iterations; R(∞) is the
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Table 1 Parameter values
Parameter

Description

Value

Reference

Dimensionless

Value

H

Radius of tissue region

‡

Hcap

Inter-capillary spacing

40 μm

Pardridge (1997)

H̄cap = Hcap /H

Elastic parameters

∼ (500,250) Pa

Cheng and Bilston (2007)

λ̄s = λs /(λs + 2μs ),

0.50

μ̄s = μs /(λs + 2μs )

0.25
750

Geometry
n/a
‡

Mechanics
(λs , μs )
c∗
(f)
c0
φ0w

Bathing ionic solutions

300 mOsm

Elkin et al. (2010)

c̄∗ = RT c∗ /(λ̄s + 2μs )

Damaged tissue FCD (ref. state)

11.6 mOsm

Lang et al. (2014)

c0 = RT c0 /(λs + 2μ̄s )

40

φ0w

0.8

σ̄crit = σcrit /(λs + 2μs )

*

Ref state Brain tissue water content

0.8

Critical compressive stress

*

D

Diffusion coefficient of O2

1.5 × 10−9 m2 /s

Homer et al. (1983)

Ccap

Capillary O2 concentration

0.05–0.1 mM

†

Ccrit

Critical O2 concentration

0.02 mM

††

σcrit

Go (1997)

f

(f)

Oxygen
n/a

Ganfield et al. (1970)

Vm
km

n/a
C¯crit = Ccrit /Ccap
H 2 Vm /D/Ccap

Maximal rate of O2 uptake

0.1 mM/s

Secomb et al. (2000)

V̄m =

Michaelis constant for O2 uptake

5 × 10−3 mM

Secomb et al. (2000)

k̄m = km /Ccap

0.2–0.4
‡

0.01

∗

This parameter is unknown
In the brain, the oxygen partial pressure of arterial blood (entering the brain) is 80–100 mmHg, and that of ventricular blood (leaving the brain)
is 30–40 mmHg (Secomb et al. 2000; Erecińska and Silver 2001). Oxygen concentration C and oxygen partial pressure P are related by C = α P,
where α = 1.29 × 10−9 molO2 mmHg−1 ml−1 is the oxygen solubility coefficient in water (Atala and Lanza 2002). Therefore, we assume that the
capillary oxygen concentration is bounded by these values
†† The critical value of oxygen partial pressure in the brain is the threshold below which we assume that tissue has insufficient oxygen and dies.
Patients will be given treatment if their brain oxygen level falls below 20 mmHg (Narotam et al. 2009), and a mean oxygen tension in brain tissue
of 19 mmHg has been associated with poor outcome (Dhawan and DeGeorgia 2012). Therefore, we take Ccrit = 20 mmHg
‡ We shall consider several values of tissue radius, H , in our results. See figure captions for values
†

final radius of damage, which is reached only when propagation has halted. Each iteration represents the time taken for
ischaemic tissue to die and expose its intracellular FCD. We
call this iterative procedure the ‘coupled oxygen-mechanics
damage model’. A flow chart of this iterative process in
shown in Fig. 2, and the governing equations at the nth iteration are given in Appendix 1.

3 Critical oxygen concentration thresholds
In this section, we focus on the coupling between oxygen and
mechanics. Subsequently, in §4, we focus on the mechanics.
3.1 Parameter values
Values of relevant parameters are shown in Table 1. We
emphasise that the inter-capillary distance Hcap is fixed physiologically; the only geometrical parameter that we vary in
this study is H , the size of the tissue region.
3.2 Capillary closure and ischaemia
In Fig. 3, we show oxygen concentration profiles through
healthy tissue, for stages 0 (healthy tissue) and 1 (some cap-
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illaries closed) of the iteration process explained in §2.5. (For
clarity of presentation, Fig. 3 shows the concentration in a
small region of tissue, with H = 5Hcap .) The grey region
shows the range of physiological values for C¯crit , as determined from a literature review (see Table 1).
We observe that for the parameters we consider: (a) when
all capillaries are open, the tissue has sufficient oxygen everywhere. If a single capillary is closed [case (b)], so that
0 < R(1) < Hcap , a region of tissue will become hypoxic
if the oxygen concentration C falls below the critical value
C¯crit sufficiently close to the closed off region. This will occur
provided that C¯crit  0.25 (see dashed line in Fig. 3b). However, if at least 2 capillaries are closed [case (c)] then some
portion of the tissue will always become hypoxic, regardless
of the value of C¯crit .
This general trend will be the same for other, physiologically relevant, parameter values. Indeed, brain cells have a
high oxygen requirement, and therefore oxygen cannot diffuse more than a few inter-capillary distances through the
brain before it is consumed in respiration (Secomb et al.
2000). We conclude from this general pattern (as presented in
Fig. 3) that, provided an initial injury blocks blood supply to
a region of tissue of size larger than ≈ 2× inter-capillary dis-
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Fig. 2 A flow chart to show the stages of the coupled oxygen-mechanics damage model. The governing equations at the nth iteration are given in
Appendix 1
R(1)

Oxygen Concentration C

R(1)

Radius R

(a)
Fig. 3 Results for oxygen concentration C , at steps 0 (healthy tissue) and 1 (capillaries situated at R < R(1) blocked) of the procedure
described in Sect. 2.5. Profile of oxygen before a capillary is closed (a).
The initial damage radius R(1) is chosen so that 1 capillary is closed
in (b), and two capillaries are closed in (c). The grey region indicates

(b)

(c)

the physiological range of the critical oxygen concentration, C¯crit , for
hypoxia. Open circles show the position of open capillaries, crossed circles the position of closed/blocked capillaries. Here H = 5Hcap with
all other parameter values as in Table 1. Dashed lines denote the radii
at which the oxygen concentration falls below critical
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Fig. 4 A flow chart to show the stages of the mechanics-only damage model

tance, then some portion of the tissue will become hypoxic.
The swelling associated with this reduction of oxygen leads
to the possibility of blood vessels collapsing in other parts
of the tissue, leading to further ischaemia and damage propagation.

3.3 Relevance to the tissue length scale
In Fig. 3, we showed the oxygen concentration profile in a
very small tissue region (with radius 5× the inter-capillary
distance, Hcap ). In reality, we are more concerned with damage propagation on the length scale of a brain (centimetres,
which will be many thousands of inter-capillary spacings).
We observe from Fig. 3 that when a capillary is closed,
whilst the oxygen concentration C will be below C¯crit for
some distance away from the closed capillary, this distance
is on the scale of the inter-capillary spacing H̄cap . Therefore, the precise value of the critical oxygen concentration
C¯crit will only change the location of the infarcted tissue
(and hence the location in which we impose an FCD), over
a distance of the order of the inter-capillary distance. We
conclude that, in the absence of autoregulation, the details
of the oxygen diffusion and uptake may actually be relatively unimportant over the tissue length scale. This leads
us to compare two models: the coupled oxygen-mechanics
damage model described in §2.5, which accounts for the
oxygen transport, and a simplified ‘mechanics-only damage model’, which does not explicitly include the details of
oxygen transport. We describe the mechanics-only damage
model next.
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3.3.1 The mechanics-only damage model
In the mechanics-only model, we do not model the tissue
oxygen concentration. Instead, we assume that any tissue experiencing a critical stress above σ̄crit at iteration n
becomes hypoxic (and hence exposes its intracellular FCD)
in iteration n + 1. A flow chart of this iteration process is
shown in Fig. 4; the governing equations at the nth iteration
are discussed in detail in Appendix 2.
3.3.2 Comparison of mechanics-only damage and coupled
oxygen-mechanics damage models
In Fig. 5, we compare the results of the coupled oxygenmechanics damage model and the mechanics-only damage
model, with no-displacement outer boundary conditions, eqn
(11). We consider domains of radius 10 and 30 times the intercapillary distance Hcap . The results are plotted with R(n+1)
as a function of R(n) for each of the two models. We observe
that both models display similar general trends. The major
difference is that the results of the oxygen-mechanics model
change in discrete steps (corresponding to the closure of individual capillaries), whilst the mechanics-only model yields
a smooth curve (since FCD is being exposed continuously as
the deformation increases, and not in response to capillary
closure).
Note that the discrepancy between the two models
decreases as further capillaries are added. This is because
inclusion of the oxygen distribution increases resolution
on the order of the dimensionless inter-capillary spacing
H̄cap = Hcap /H ; as the domain length H increases, H̄cap
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Fig. 5 A comparison of the new damage radius R(n+1) as a function of the previous damage radius R(n) , computed using the coupled
oxygen-mechanics damage model (dashed curves) and the reduced
mechanics-only damage model (solid curves), for no-displacement
outer boundary conditions. Results are shown for two different domain

sizes, H . The vertical grey lines indicate the positions of the capillaries.
The coupled oxygen-mechanics damage model exhibits discrete steps,
because the oxygen concentration profile remains unchanged until an
additional capillary is closed. Here, C¯crit = 0.2 with all other parameter
values are as in Table 1

decreases. This observation suggests that on domains of the
size of primary interest in the brain (i.e., H ≈ 1 cm), inclusion of the oxygen distribution will not noticeably affect the
results. Therefore, we consider the mechanics-only damage model henceforth, since this will facilitate analytical
progress. We emphasise that this simplified mechanics-only
damage model implicitly assumes that closure of capillaries
leads to hypoxia and cell death.

different sizes of the initial damaged region, R(1) . Results are
shown for each of the boundary conditions (11) and show
that in both cases the compressive stress is greatest in the
central infarcted region (0 < R < R(1) ). Furthermore, the
radial and circumferential components of the stress are equal
in this region. The radial compressive stress decreases with
radius in the healthy tissue (R(1) < R < 1) and is always
positive (showing that the tissue is compressed radially). The
circumferential compressive stress is negative in the healthy
tissue (R(1) < R < 1), meaning that the tissue is in circumferential tension. These observations correspond to the
stretch profiles, which show that the tissue is always stretched
in the circumferential direction, but is radially stretched in
the central infarcted region and radially compressed in the
surrounding region.
When a smaller region is damaged (R(1) = 0.2), the stress
and strain profiles are similar regardless of the boundary conditions. This is because the healthy region is sufficiently large
that the stress decays through the healthy tissue and there
is little deformation of the tissue at the outer boundary: the
boundary conditions on the outer surface can have little effect
on the behaviour of the tissue. However, if a larger region is
damaged (for example, R(1) = 0.6), the radial stress within
the healthy region is higher in the case of ‘no-displacement’
boundary conditions than in the case of ‘no-stress’ boundary
conditions: the confinement caused by the boundary is felt
by the tissue.

4 Damage propagation
We now investigate the conditions under which damage
propagates using the mechanics-only damage model. In particular, we are interested in understanding how the critical
stress at which we assume that capillaries become blocked,
σ̄crit , together with the choice of boundary conditions at the
outer surface, affect propagation. We consider two different
boundary conditions on the outer surface: no displacement,
to represent an intact skull, and no stress, to represent
craniectomy; these conditions are expressed mathematically
in (11). Comparing the results with these different boundary
conditions allows us to understand the relative benefits of
craniectomy versus no intervention.
In this section, we use a numerical approach to obtain
results valid in finite elasticity. Subsequently, in §5, we shall
consider an infinitesimal deformation model (i.e., linear elasticity) allowing us to make analytical progress; in particular,
we are able to find an algebraic expression relating R(n+1) to
R(n) .
4.1 Stress state caused by initial injury
Figure 6 shows the spatial variation in the compressive stress
and stretch in the radial and circumferential directions for two

4.2 Conditions for propagation
We now consider the conditions under which damage may
propagate through the tissue. First, we observe from the stress
profiles shown in Fig. 6 that the radial component of compressive stress tends always to be greater than or equal to
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Fig. 6 Figures show how a particular FCD distribution (grey shaded
region) affects the compressive stress (upper) and stretch (lower) distributions within a spherically symmetric region of tissue for a single step
of the propagation. Solid and dashed curves represent radial and circumferential values respectively: radial stretch is given by ( f  − 1), whilst
circumferential stretch is given by ( f /R − 1). The black curves show
no-displacement boundary conditions, whilst the grey curves show nostress boundary conditions. Here H = 1 cm, with all other parameters
as in Table 1

the circumferential component. Furthermore, we observe that
the radial compressive stress is constant within the infarcted
region (R < R(1) ), is continuous at R = R(1) , and decreases
monotonically within the healthy region (R > R(1) ). Therefore, at any given iteration, damage will propagate into the
healthy tissue if the maximum radial compressive stress is
greater than the critical stress (max(−êr · σ · êr ) > σ̄crit ) and
will not propagate if the maximum radial compressive stress
is less than or equal to the critical stress (max(−êr · σ · êr ) ≤
σ̄crit ).
Figure 7 shows a regime diagram summarising the behaviour of the system as the critical stress σ̄crit and the initial
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radius of damage R(1) change. This diagram illustrates the
regions of parameter space within which damage will propagate. The curve separating the regions is max(−êr · σ · êr ) =
σ̄crit . The arrows illustrate that for a particular critical stress,
damage will propagate outwards (away from R = R(1) ) until
it reaches the damage radius at which max(−êr ·σ ·êr ) = σ̄crit ,
if such a radius exists. If such a radius does not exist, propagation will continue until the entire tissue is damaged. The
points (a), (b) and (c) in Fig. 7 are chosen to highlight the
difference in behaviour between the two different boundary condition. Starting from point (a), damage will initially
propagate for both outer boundary conditions. However, in
the case of ‘no-displacement’, the damage propagates to the
boundary of the tissue; in the case of ‘no-stress’ propagation
ceases with R(∞) < 1. Similarly, starting from the point (b),
damage will propagate only if the outer boundary condition is
‘no-displacement’. Starting from point (c), the critical stress
σ̄crit is sufficiently high that the initial damage will not lead
to propagation in either case.
The evolution of the compressive radial stress profiles
through the tissue is shown in Fig. 8. The parameters R(1)
and σ̄crit are chosen to correspond to the points of parameter
space (a), (b) and (c), marked by black circles in Fig. 7. When
σ̄crit = 0.05 (Fig. 8a), for R(1) = 0.4, the initial maximum
compressive stress is greater than the critical stress threshold
σ̄crit and thus propagation occurs with either outer boundary
condition. However, for no-stress boundary conditions, propagation halts once the radius of damage is approximately 0.7,
whilst for no-displacement the entire tissue is finally damaged. When σ̄crit = 0.12 (Fig. 8b), no propagation occurs
in the case of no-stress boundary conditions, whilst propagation does occur in the case of no-displacement boundary
conditions. Finally, when σ̄crit = 0.2 (Fig. 8c), for R(1) = 0.4
the maximum compressive stress is below the critical stress
threshold σ̄crit for both sets of boundary conditions: no propagation occurs in either case.
Figure 9 shows the map from R(n) to R(n+1) , and R(∞) as a
function of the initial damage radius R(1) , for the three critical
stresses (σ̄crit = 0.05, 0.12, 0.2) investigated in Fig. 8. For
no-displacement boundary conditions, we see that once propagation is initiated, then damage will propagate through the
entire tissue. At each critical stress σ̄crit , there is some critical
initial radius R(1) crit such that damage is initiated (and hence
propagates through the whole tissue) when R(1) > R(1) crit .
However, in the case of no-stress boundary conditions, the
larger two critical stresses (σ̄crit = 0.12, 0.2) do not allow
damage to propagate, whilst the lowest (σ̄crit = 0.05) does
allow damage to propagate up to R(∞) ≈ 0.7.
4.3 Stress damage versus stretch damage
Up to this point, we have only been concerned with the possibility that compressive stress may compress blood vessels,

Author's personal copy
Propagation of damage in brain tissue: coupling the mechanics of oedema...

No propagation

Critical stress σcrit

No propagation

Critical stress σcrit

c)
b)
a)

Propagation

a)

Propagation

Initial damage radius R(1)
No-displacement boundary condition

Fig. 7 Regime diagram showing the regions of (R(1) , σ̄crit ) parameter space for which damage will propagate. (Here, R(1) is the initial
radius of damage whilst σ̄crit is the critical compressive stress required
to close capillaries.) Damage will propagate whenever parameters are
chosen to be in the green region. The black solid curve dividing the
regions is given by max(−êr · σ · êr ) = σ̄crit . Here H = 1 cm with
all other parameters as in Table 1. Points (a), (b) and (c) are chosen

Initial damage radius R(1)

(b) No-stress boundary condition

to highlight the different possible behaviours of the system (see text);
they correspond to R(1) = 0.4, σ̄crit = 0.05, 0.12, and 0.2, respectively.
The circles at R(1) = 0 highlight that the limit R(1) → 0 is singular in
the sense that an arbitrarily small amount of FCD will lead to a finite
stress. The dashed lines correspond to the exact solution of the linear
model given in Sect. 5, showing reasonable qualitative agreement with
the numerical model
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tissue at successive iterations,
for three different values of σcrit .
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a single iteration, with arrows in
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number of iterations, and the
dashed lines corresponding to
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shows the final radius of
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boundary condition is shown in
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parameters in Table 1
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Maximum stretch at nth interation

leading to ischaemia and the propagation of damage. In this
sense, our results indicate that craniectomy should always
lead to a better outcome: the stress profiles we compute with
‘no stress’ outer boundary conditions (a craniectomy) are
always lower than those with ‘no displacement’ boundary
conditions, reducing the propagation of damage. However,
in cohort studies of human patients, Cooper et al. (2011)
observed that whilst a decompressive craniectomy reduces
intracranial pressure, the procedure actually leads to more
unfavourable outcomes for patients (such as death, vegetative
state, or severe disability). They propose that this is because
the craniectomy causes axonal stretch and leads to neural
injury.
The degree of axonal damage depends on both the magnitude and the rate of stretch (see Bain and Meaney 2000;
Tang-Schomer et al. 2010, for example). However, experimental studies indicate that, regardless of the strain rate,
strains above ≈15 % can lead to electrophysiological and
structural damage to axons (Bain and Meaney 2000). We
therefore consider a second measure of damage, stretch damage, and determine how the extent of stretch damage depends
on the outer boundary condition.
Stretch damage is believed to result directly from the
stretch of axons; Fig. 10 therefore shows the maximum
stretch in the healthy tissue (R > R(n) ) after successive
iterations, as a function of the initial damaged radius R(1) .
We observe that the maximum stretch is greater for no-
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Fig. 10 Figure showing the maximum stretch in the healthy tissue
(R(n) < R < 1) at successive iterations, as a function of the initial damage radius R(1) . To calculate the maximum stretch we take
 − 1) and circumferential
the local maximum of the radial stretch ( f (n)
stretch ( f (n) /R − 1). Black curves show results with no-displacement
boundary conditions; red curves show the results with no-stress boundary conditions. In each case, arrows indicate the direction of successive
iterations. Here, H = 1 cm, σ̄crit = 0.05 and all other parameters are as
in Table 1

stress boundary conditions, for all values of the initial radius
of damage R(1) . This is as expected because the no-stress
boundary conditions allow the tissue to stretch outwards. Our
model therefore confirms that a craniectomy may not always
lead to the beneficial consequences expected when studying
propagation alone: instead, it may be necessary to consider a

Author's personal copy
Propagation of damage in brain tissue: coupling the mechanics of oedema...

trade-off between preventing ischaemic damage propagation
and minimising stretch damage to axons.

When applying a no-stress condition at the outer boundary,
we obtain the map (62). This map is qualitatively different
to that found in the case of no-displacement boundary conditions: if R(n) > rc , where

5 Iteration scheme for a linear elastic model
We now further simplify the mechanics-only damage model
by using governing equations valid for infinitesimally small
deformations. The assumption of small deformations allows
the governing Eq. (32) and boundary conditions (36), (38),
(40) to be sufficiently simplified that analytical solutions for
the displacement, stretch and stress may be obtained at each
iteration. This simplification allows us to investigate analytically the importance of different model parameters and
boundary conditions on the propagation of damage reported
earlier. We are especially interested in the relations between
the initial radius of damage, R(1) and the final damage radius
R(∞) .
In Appendix 3 we present the governing equations for
the infinitesimal deformation model. There we determine
analytical expressions for the displacement and maximum
compressive stress in terms of the initial damage radius, R(1) .
Furthermore, we show that for both no-displacement and nostress boundary conditions there is an first-return map F such
that R(n+1) = F(R(n) ), [see Eqs. (57) and (62), respectively].
5.1 No-displacement outer boundary conditions
When applying the no-displacement boundary conditions at
the outer edge, we obtain the first-return map (57). We find
that propagation is initiated provided that R(1) > ra where

ra =

α2 σ̄crit − 4α1 μ̄s
3(α1 κ̄s + α3 σ̄crit )

1/3
,

(24)

and the dimensionless constants α1 , α2 , and α3 are given in
Appendix 3.
Furthermore, the map (57) shows that if R(n) > ra then
R(n+1) > R(n) . We therefore conclude that propagation will
continue until the entire tissue is damaged and the final damage radius R(∞) is given by

R(∞) =

R(1) , if R(1) ≤ ra ,

1,

if R(1) > ra .

5.2 No-stress outer boundary

(25)

This result agrees qualitatively with our earlier numerical simulations using finite elasticity as shown in Fig. 7a.
We conclude that whatever the value of σ̄crit , damage will
propagate throughout the system provided that the size of
the initial injury, R(1) , is larger than a threshold value that
depends on σ̄crit .



σ̄crit (κ̄s α2 + 4μ̄s α3 )
rc = 1 −
4μ̄s (κ̄s α1 + σ̄crit α3 )

1/3
,

(26)

then R(n+1) = R(n) and damage ceases to propagate.
We find that if the initial damage radius R(1) < rc , then
damage will propagate until R(n) = rc . However if R(1) ≥ rc
then no propagation will occur. Therefore, provided rc < 1,
damage will not propagate through the entire tissue. This
result agrees qualitatively with observations based on the
finite deformation model as shown in Fig. 7b. The final damage radius R(∞) is given by
R(∞) = max{R(1) , rc }.

(27)

5.3 Comparison of infinitesimal and finite results
In §4.2, we investigated propagation effects using the
mechanics-only damage iteration process and finite deformation elasticity. We showed that under no-displacement outer
boundary conditions, if damage is initiated then the radius
of damage will continue to propagate at each iteration until
the entire tissue is damaged. However, under no-stress outer
boundary conditions, damage does not propagate through the
tissue. In §5.1 and §5.2 we showed analytically that the same
phenomenon is also observed in infinitesimal elasticity. In
this final section, we present a quantitative comparison of
the finite and infinitesimal models.
In Fig. 11, we compare the first-return maps, the functions F such that R(n+1) = F(R(n) ), which were calculated
using the finite (see §4.2) and infinitesimal [Eqs. (57), (62)]
models. Results are shown for two different values of σ̄crit .
We observe that the curves have similar shapes, although the
curves computed for infinitesimal deformations consistently
lie below those for finite deformations. This indicates that the
maximum compressive stress in the tissue is smaller when
computed using an infinitesimal rather than finite deformation model.
Figure 12 shows profiles of the radial compressive stress
and radial stretch in the tissue, as calculated from both the
finite and infinitesimal models. Profiles are shown for diff
fering values of c̄0 I , which represents the FCD of infarcted
f
tissue. The upper curves show results for c̄0 I = 40, which is
the value used throughout this work (see Table 1). We observe
that, as expected, the compressive stress calculated using the
infinitesimal deformation model falls slightly below that calf
culated using the finite deformation model. However, if c̄0 I
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is reduced to 10, so that smaller deformations are induced,
the finite and infinitesimal results are indistinguishable on
the scale of this plot, confirming that the finite deformation
model does indeed reduce to the infinitesimal under small
deformations.

6 Discussion
We have formulated a model to investigate the propagation of
damage, caused by oedema, through brain tissue. Our model
couples a diffusion-uptake equation for oxygen, with a tripha-
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sic model for the tissue mechanics. Swelling is driven by
exposure of intracellular FCD, assumed to be a consequence
of low oxygen concentrations. It is important to comment on
the generic features of our conceptual model and its many
limitations.
We have used a simple model for diffusion and uptake of
oxygen in the tissue and assumed that capillaries act as an
oxygen source, providing a fixed concentration when they are
open. With this model, we have shown that explicitly modelling the microscopic oxygen concentration within the tissue
is, in fact, unnecessary when considering macroscopic effects
at the tissue scale. Indeed, qualitatively similar results may be
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obtained by assuming that the tissue becomes infarcted when
the tissue experiences a compressive stress above the critical
value, leading to exposure of intracellular FCD. Therefore,
we conclude that the study of damage propagation does not
require a detailed model of oxygen delivery even though oxygen regulation may be important (see below). Furthermore,
we have used as a swelling mechanism the release of FCD
following ischaemia as it captures the observed rate of evolution of oedema.
The observation that damage propagation may cease with
no-stress boundary conditions, yet continues throughout the
entire tissue under no-displacement boundary conditions, is
qualitatively consistent with the experimental results of Walberer et al. (2008). They showed that following an initial
ischaemic stroke the final size of damaged region is greater
in rats who had not undergone a craniectomy. Our results thus
provide a possible mechanical explanation for these experimental observations.
However, we have also shown that, despite the final volume of damage being smaller, the remaining tissue (and
axons) experiences a greater stretch when a craniectomy is
performed. We have neglected the mechanical effect of axons
as reinforcing fibres in our analysis to provide an upper bound
on the maximum stretch possible. In actuality, the fibre structures provided by both the neuronal network and vessel lining
will resist stretch so that lower values of stretch should ultimately be expected. Nevertheless, the overall trend clearly
establishes the trade-off between stresses and strains critical
in the decisions related to intervention.
Another obvious limitation of our analysis is the simplified geometric setting considered. We have used a spherical
geometry to model the (non-spherical) brain; an important
additional consequence of this spherical geometry is that it
forces us to consider spherical shells of oxygen sources,
rather than individual point sources. It also restricts the
analysis to the consideration of simple boundary conditions
(completely open or completely closed), which is unrealistic since no craniectomy can fully remove the skull.
Furthermore, the dura and other membranes sitting at the
interface between the skull and brain would restrict the tissue
expansion so that a craniectomy would not correspond precisely to stress-free boundaries. Nevertheless, since we have
established that oxygen variation between capillaries can be
neglected in the process, the two choices of boundary conditions represent the two extreme situations for the increase
of stresses and strains and should be used as bounds for possible behaviours rather than predictive data. Modifying this
artificial geometry (and the associated simplifications) is a
logical next step in the analysis of this problem. However,
this will require a full finite-element analysis, either for a
spherical brain and skull removing the assumption of spherical symmetry or, even more ambitiously, in a realistic skull
geometry.

In the analysis presented here, we have not included the
ventricles. These sit at the centre of the brain and are a source
of cerebrospinal fluid. Therefore, they both change the geometry and exert a pressure on the tissue at its interface with the
interstitium (due to the pressure gradient between ventricles
and sub-arachnoid space that is responsible for the overall
fluid circulation). However, including both the restriction on
the geometry (by considering a spherical shell rather than a
sphere) and a small pressure difference of 1 mmHg leads to
negligible differences in the stress profiles in the outer region
of the brain for both nonlinear and linear models (data not
shown). We therefore conclude that our results on the propagation of damage do not depend on the presence of the
ventricles.
We now comment on the assumptions for the levels of
stress and oxygen that result in damage propagation. For
oxygen, we assumed that all open capillaries contain oxygen
at a fixed concentration and that when tissue oxygen concentration falls below a threshold Ccrit the tissue becomes
hypoxic and cells die. This assumption is a worst-case scenario as the blocking of blood vessels, ischaemia, may be
gradual so that a more complex model coupling oxygen availability to cerebral blood flow (for example Østergaard et al.
2013) may produce interesting results. For the mechanics
of capillary closure, we assume that capillaries close when
compressive stress in the tissue exceeds a certain level σcrit .
A more sophisticated model could be developed to couple
the swelling of the tissue to capillary collapse. To our knowledge, a model of this type does not exist for oedema, but
similar models have been developed, for example, to investigate capillary collapse in growing tumours (MacLaurin et al.
2012).
More importantly, we have neglected the ability of cerebral arteries to autoregulate blood flow (by dilating or
contracting) in response to changes in perfusion pressure
(the difference between arterial pressure and intracranial
pressure). The relationship between cerebral blood flow and
cerebral perfusion pressure, known as the autoregulation
curve, is well documented in the biological literature (see
Steiner and Andrews 2006; Strandgaard and Olesen 1973,
for example). In the first instance, a constitutive relation
between local capillary pressure and local tissue pressure
could be imposed (to allow cerebral blood flow to respond
to changes in tissue pressure), based upon the autoregulation
curve.
Our approach to studying the consequences of a craniectomy has been purely mechanical. There are multiple factors
beyond mechanics that may affect clinical decisions as to
whether a craniectomy is performed [e.g. risks of metabolic
disturbances or infection (Fisher and Garcia 1996)]. Nevertheless, our model clearly indicates that propagation of
damage can occur due to the interaction of swelling and blood
flow.
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Appendix 1: The coupled mechanics-oxygen damage model
In this Appendix, we state the governing equations at the nth
iteration, for the coupled mechanics-oxygen damage model.
At step n = 1, we choose R(1) to be the initial radius of
damage, and set f (0) (R) ≡ R everywhere (to represent that
the tissue is initially undeformed).
Step (a): Find the oxygen distribution C(n) (R)
We find the oxygen concentration profile at step n, C(n) (R),
by solving the steady diffusion-uptake equation for oxygen
concentration (22). This equation can be rewritten, assuming
spherical symmetry, as
d2 C(n)
+
dR 2




2 f (n−1)

f (n−1)

−


f (n−1)

f (n−1)



dC(n)
V̄m C(n)
2
,
= f (n−1)
dR
C(n) + k̄m
(28)

along with boundary conditions,


dC(n) 
dC(n) 
=
0,
= 0,
dR 0
dR 1
⎧

⎪
C(n)  R
= 1,
⎪
cap,i
⎨



1 dC(n)
⎪
C
=0=
⎪

⎩ (n) Rcap,i
f n−1
dR

if Rcap,i > R(n) ,
, if Rcap,i ≤ R(n) ,
Rcap,i

where Rcap,i is the position of the ith capillary (§2.1). The last
boundary condition in (30) is a mathematical representation
of the assumption that if the capillaries are closed (i.e., if they
are located within the damaged region 0 < R < R(n) ). then
they do not alter the flux or concentration of oxygen through
them. However, if the capillaries are open (R(n) < R < 1)
then they fix the concentration at that point to be 1. Note
that the oxygen profile is solved on the deformed domain
computed at the previous iteration (and hence f (n−1) appears
in these governing equations).
Equation (28), along with boundary conditions (29)–
(30), is solved using the multipoint boundary value solver
‘bvp5c’ in Matlab.
Step (b): Find the tissue deformation f (n) (R)
(f)

We impose an FCD c0 (n) (R) wherever the oxygen concentration C(n) falls below the critical value C¯crit ,
(f)

c0

(n) (R) =
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2

2 c( f )
− f (n)

2
s
2
R (J(n) − φ0 ) c∗ 2 + c( f )
 2 

2
2 f
2 f (n) f (n)
2 f (n)
f (n) f (n)
(n)
+
−
R2
R2
R3

=

(29)

(30)



f

where c0 I is a constant parameter representing the FCD of
infarcted tissue.
If C(n) > C¯crit everywhere then the tissue receives sufficient oxygen everywhere. Then there is no propagation (and
hence we cease the iterations). If C(n) < C¯crit everywhere
then the entire tissue is ischaemic and we set the radius of
ischaemic tissue, Rb(n) = 1. Otherwise, let us define Rb(n)
as the value of R such that C(n) = C¯crit 1 .
Then, since the FCD is constant within each of the regions
0 < R < Rb(n) and Rb(n) < R < 1, the governing Eq. (23)
can be solved with a constant FCD in each region. Boundary conditions must be applied at the interface between the
damaged and healthy regions at R = Rb(n) [Eq. (37)]. In a
spherically symmetric geometry, the radial component of the
governing equation ∇X · Se,n = 0 may be written,

c0 I , where C(n) (R) ≤ C¯crit ,
0,
where C(n) (R) > C¯crit ,

d(S R R(n) ) 2(S R R(n) − S
+
dR
R

(n) )

,

(32)

2 f  /R 2 is the volume
where c( f ) is given by (7), J(n) = f (n)
(n)
change between the reference and deformed configurations,
and S R R(n) and S (n) are the diagonal components of the
effective Piola-Kirchhoff stress Se(n) . Note that in the outer
region (Rb(n) < R < 1), the FCD c( f ) ≡ 0 and thus the LHS
of Eq. (32) is zero.
Several strain energy functions have been utilised in the literature to represent brain tissue. For example, an Ogden type
hyperelastic model was applied to brain tissue by García and
Smith (2009) to model infusion tests, whilst the Fung model
was used by Elkin et al. (2010) and Lang et al. (2014) to model
the equilibrium behaviour of brain tissue slices in solution
baths of differing concentrations. Lang et al. (2014) investigated the behaviour of several of these strain energy functions
and showed that, for moderate homogeneous swelling (bulk
volume changes of up to 50 %), the neo-Hookean, Fung and
Ogden models give quantitatively similar behaviour for parameters relevant to the brain.
Therefore, for simplicity we consider a neo-Hookean
strain energy (see Ogden 1984 for example). The components S R R and S required for the stress balance (32) may
be written as functions of the radial deformation f (R):

S R R(n) =

f

1

f (n)

2
μ̄s ( f (n)
− 1) + λ̄s J(n) (J(n) − 1) ,

(31)
1

In practice, there is only one such value (see Fig. 3).

(33)
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S

(n)



  2
f (n)
R
=
− 1 + λ̄s J(n) (J(n) − 1) . (34)
μ̄s
f (n)
R2

The Cauchy stress σ (n) is defined as,

Appendix 2: The mechanics-only damage model

⎤
⎛
⎞2
!
(f)
!
w
φ c
(R)
⎥
⎢!
⎠ − c̄∗ ⎥ ,
" ∗2 ⎝ 0 0 (n)
−⎢
⎦
⎣ c̄ + J(n) − 1 + φ w
⎡

σ (n) = σ e(n)

Initially, we impose some initial radius of damage, R(1) , and
in subsequent steps, we take the value of R(n) from the previous step. At step n, we impose an FCD,

0

(35)
where the effective Cauchy stress σ e,n is related to the effective Piola-Kirchhoff stress Se(n) by σ e(n) = (1/J(n) )F(n) ·
(f)
Se(n) . Note from Eq. (35) that in the absence of FCD (c0 =
0), the Cauchy and effective Cauchy stresses are equal.
The boundary conditions for f (n) consist of no displacement at the origin,

f (n) 0 = 0,

(36)

along with continuity of displacement and radial stress at
the interface between the damaged and non-damaged region
R = Rb(n) ,


f (n)

Rb(n)

= 0,


êr · σ (n) · êr

Rb(n)

= 0.


êr · σ (n) · êr 1


(f)
c0 (n) (R)

=

f

c0 I , R < R(n) ,
0,
R ≥ R(n) ,

(39)

and solve Eq. (32) in each of the regions 0 < R < R(n) and
R(n) < R < 1, along with the boundary conditions (36) at
R = 0, (38) at R = 1, and at R(n) :


f (n)

R(n)

= 0,


êr · σ (n) · êr

R(n)

= 0,

(40)

where the Cauchy stress σ (n) is given by (35). We then
define the maximum compressive stress as σmax(n) (R) :=
max(−(êr · σ (n) · êr ), −(êθ · σ (n) · êθ )), and find R(n+1) such
= σ̄crit as described in step (c) of the
that σmax(n)  R
(n+1)
‘mechanics-oxygen’ model (§2.5). A flow chart of the stages
shown in Fig. 4.

(37)

Note that if Rb(n) = 1 (i.e., the entire tissue has insuffi(f)
f
cient oxygen, so that c0 (R) = c̄0 I everywhere), then this
boundary condition (37) is unnecessary. At the outer boundary R = 1, we impose either no displacement or no stress,

f (n) 1 = 1, or

We repeat steps (a) to (c) for step n + 1 and iterate. A flow
chart summary of this process is shown in Fig. 2.

= 0.

(38)

The governing Eq. (32), along with boundary conditions
(36)–(38), is solved using a multipoint boundary value solver,
‘bvp5c’, in Matlab.

Appendix 3: Analytical solutions for infinitesimal
deformations
In this Appendix, we consider the mechanics-only damage
model described in §3.3, with the finite deformation governing equations replaced by governing equations valid only
for infinitesimally small deformations. In the infinitesimal
framework, deformations are assumed to be small and thus
the Eulerian (r ) and Lagrangian (R) frames are the same to
leading order.
Inner and outer solutions

Step (c): Find the new damage radius, R(n+1)
We now consider the maximum compressive stress σmax(n)
(R) := max(−(êr ·σ (n) · êr ), −(êθ ·σ (n) · êθ )). We shall show
in §1 and §4.2 that σmax(n) (R) is a monotonic decreasing
function over R(n) < R < 1; thus, there are three possible
cases:
(i) σmax(n) < σ̄crit for all R(n) < R < 1: the damage does
not propagate further, and R(n+1) = R(n) .
(ii) σmax(n) = σ̄crit for some
 R(n) < R < 1: we define
= σ̄crit .
R(n+1) such that σmax(n)  R
(n+1)
(iii) σmax(n) > σ̄crit for all R(n) < R < 1: the entire tissue
is damaged; we set R(n+1) = 1.

At the nth iteration we have a particular damage radius R(n) ,
f
f
such that c̄0 = c̄0 I for 0 ≤ r ≤ R(n) (the inner region),
f
and c̄0 = 0 for R(n) < r ≤ 1 (the outer region). Let us
consider each of these regions separately. We define u I (n) (r ),
u O(n) (r ) as the radial displacement in the inner and outer
regions, respectively. In each region, the linear strain tensor
is defined ei(n) = diag[du i(n) /dr, u i(n) /r, u i(n) /r ], and the
dilation as,
ei(n) = tr(ei(n) ) =

%
1 ∂ $ 2
r
u
i(n) ,
r 2 ∂r

(i = I, O),

(41)

We use the infinitesimal stress tensor for the effective Cauchy
stress, so that σ ei(n) = λ̄s ei(n) + 2μ̄s ei(n) . In infinitesimal
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deformation elasticity, the osmotic term in the Cauchy stress
tensor (12) may be linearised. Then,
σ i(n) = σ ei(n)
⎡
⎛

2
f
− ⎣ c̄0 i + c̄∗ 2 − c̄∗ − ⎝

⎞

f 2

φ0w



c̄0 i

f 2
c̄0 i

u I (n) = A(n)

⎠ ei(n) ⎦ I,
+ c̄∗2

A(n) := A(R(n) ) =

f

bi(n)
= ai(n)r + 2 ,
r

(44)

where ai(n) and bi(n) are constants that must be determined
from the boundary conditions.
At the origin, we have a no-displacement boundary condition,

u I (n) 0 = 0,

(45)

which immediately gives b I (n) = 0. At the boundary between
the outer and inner region, both the radial component of stress
and the displacement must be continuous. Thus,
R(n)


= u O(n)  R

(n)

,


êr · σ i(n)  R

(n)


· êr = êr · σ O(n)  R

(n)

· êr .

(46)
At the outer edge, we apply either no-displacement or nostress,

u O(n) 1 = 0,

or


êr · σ O(n) 1 · êr = 0.

(47)

We may now substitute the general expression for the displacement (44) into the boundary conditions (45)–(47) to
solve for the displacement. Once u i(n) is determined, it is
a simple matter to determine σ i(n) and hence the region
of r for which σmax > σ̄crit . We consider the cases of nodisplacement and no-stress boundary conditions separately.
No-displacement outer boundary (intact skull)
We will first consider
the no-displacement outer boundary

condition ( u O(n) 1 = 0). Using Eq. (44) and boundary conditions (45)–(47), we find that the solutions for the inner and
outer displacement may be written,
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u O(n) = A(n)


1
−r ,
r2

where the value of A(n) depends on R(n) according to,
3
α1 R(n)
3 α
α2 − 3R(n)
3

,

(49)

where the constants α1 , α2 , α3 are given by,

α1 =
α3 =

in both the inner and outer regions. The general solution of
Eq. (43) is,


u I (n) 



(48)

where c̄0 I is constant in the inner region, and c̄0 O = 0 in
the outer region.
In each region, the stress satisfies ∇ · σ i(n) = 0. Substituting in the Cauchy stress, (42), we find that

%
1 ∂ $ 2
∂
r u i(n) ,
(43)
0=
∂r r 2 ∂r

u i(n)


1
− 1 r,
3
R(n)

⎤

(42)
f



f 2

c̄0 I + c̄∗ 2 − c̄∗ ,

α2 = 3κ̄s + 4μ̄s + 3α3 ,

f 2
c̄0 I


,
f 2
φ0w c̄0 I + c̄∗2

(50)
(51)

and κ̄s = λ̄s + 2/3μ̄s is the dimensionless bulk modulus.
Using the general form of the Cauchy stress tensor (42), we
can also write the radial component of the Cauchy stress in
each of the inner and outer regions,

1
= 3A(n) (κ̄s + α3 )
− 1 − α1 ,
3
R(n)


4μ̄s
= −A(n) 3κ̄s + 3 .
r


σ I (n)
σ O(n)

(52)
(53)

The maximal compressive stress in the tissue is,


⎧
⎪
1
⎪
⎪
−
1
, r ≤ R(n) ,
⎨α1 − 3A(n) (κ̄s + α3 )
3
R(n)
σmax(n) (r ) =


⎪
4μ̄s
⎪
⎪
⎩ A(n) 3κ̄s + 3 ,
r > R(n) .
r

(54)

Equation (54) shows that at every step of the iteration, the
maximum compressive Cauchy stress is constant within the
inner region (0 < r < R(n) ) and monotonic decreasing in the
outer region (R(n) < r < 1). This trend agrees well with the
numerical results obtained in §4.2 (see Fig. 8) for the finite
elasticity case.
For some radius of damage R(n) , we now consider the
damage radius following one iteration, R(n+1) . Following
the procedure described in §3.3, there are three cases to
consider. Firstly, if the maximal compressive stress in the
tissue σmax(n) (r ) is below the critical stress σ̄crit everywhere, then, damage does not propagate and R(n+1) = R(n)
∀n > 0. Secondly, if there is some value of R(n+1) such that
R(n) < R(n+1) < 1 and σmax(n) (R(n+1) ) = σ̄crit , then the
damage will propagate up to that value. Thirdly, if the compressive stress σ̄crit exceeds the critical stress everywhere,
then the entire tissue is damaged and hence R(n+1) = 1.
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These three cases depend on the size of R(n) , relative to
two length scales ra and rb ,

ra =

rb =

α2 σ̄crit − 4α1 μ̄s
3(α1 κ̄s + α3 σ̄crit )

B(n) := B(R(n) ) =

1/3
,

(55)

α2 σ̄crit
4α1 μ̄s + 3(α1 κ̄s + α3 σ̄crit )

1/3
,

(56)

the values of R(n) such that σmax(n) (R(n) ) = σ̄crit and
σmax(n) (1) = σ̄crit respectively.
These three cases can be summarised as,

R(n+1) =

⎧
R(n) ,
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎩

R(n) ≤ ra

for

3
(rb3 − ra3 )R(n)
3 (1 − r 3 )
rb3 (1 − ra3 ) − R(n)
b

1,

,

for

ra < R(n) ≤ rb

for

R(n) > rb

No-stress outer boundary (craniectomy)
We now
 consider the no-stress outer boundary condition (êr ·
σ O(n) 1 · êr = 0). Using Eq. (44) and boundary conditions
(45)–(47) we find that the solutions for the inner and outer
displacement may be written,

u I (n) = B(n)




r,

3
κ̄s α2 + 4μ̄s α3 R(n)

,

(59)

the constants α1 , α2 , α3 are given by Eq. (51).
Using the general form of the Cauchy stress tensor (42),
we can also write the maximum compressive Cauchy stress
in each of the inner and outer regions,
⎧


⎪
4μ̄s
1
⎪
⎪
, r ≤ R(n) ,
+ 3
⎨α1 − (3κ̄s + α3 ) B(n)
3κ̄s
R(n)
σmax(n) (r ) =


⎪
1
⎪
⎪
r > R(n) .
⎩4μ̄s B(n) 3 − 1 ,
r

(60)

where the middle line in Eq. (57) is obtained by finding the
value of R(n+1) such that σmax(n) (R(n+1) ) = σ̄crit in Eq. (54).
Ultimately given some initial radius of damage, R(1) , we
are interested in finding R(∞) , the final radius of damage. We
thus consider fixed points R ∗ of the first-return map (57), by
seeking solutions to (57) such that R ∗ = R(n) = R(n+1) ∀n ≥
1. It is trivial to observe that R ∗ can take all values less than or
equal to ra , and also 1. However, R ∗ cannot take any values
between r a and 1.
We now consider the final radius of damage, R(∞) , for a
given initial radius of damage R(1) . If R(1) ≤ ra , then R(1)
is a fixed point of the map; damage does not propagate and
trivially R(∞) = R(1) . Rearranging the expression (57), we
find that if ra < R(n) ≤ rb then R(n+1) > R(n) . Thus if
ra < R(1) ≤ rb then the damage radius R(n) will increase
at each iteration until R(n) > rb , following which R(n+1)
reaches a fixed point so that R(∞) = 1; propagation is halted
as the entire tissue is damaged. Finally, if rb < R(1) ≤ 1 then
R(∞) = 1. These cases are summarised in Eq. (25).

1
4μ̄s
+ 3
3κ̄s
R(n)

3
κ̄s α1 R(n)

1/3

(57)



where B(n) is a function of R(n) defined by,

u O(n) = B(n)

1
4μ̄s
r+ 2
3κ̄s
r


,

(58)

Again, we observe that σmax(n) is constant for r ≤ R(n) and
monotonic decreasing for r > R(n) , consistent with the stress
profiles shown in Fig. 8 for the finite elasticity case.
We now consider the relationship between the initial
radius of damage, R(1) , and the radius of damage after a
single iteration, R(2) . We find that there is a value rc ,


σ̄crit (κ̄s α2 + 4μ̄s α3 )
rc = 1 −
4μ̄s (κ̄s α1 + σ̄crit α3 )

1/3
,

(61)

such that σmax(n) (R(1) ) ≥ σ̄crit if R(1) ≤ rc and σmax(n) (R(1) )
< σ̄crit if R(1) > rc . Note that rc < 1. We find an expression
for R(2) ,
⎧
⎪
⎨

R(n+1)

4μ̄s B1
=
σ̄crit + 4μ̄s B1
⎪
⎩R ,
(n)

1/3
, R(n) ≤ rc ,

(62)

R(n) > rc ,

where the uppermost line in Eq. (62) is obtained by setting
σmax(1) (R(n+1) ) = σ̄crit in Eq. (60), and rc is the value of R(1)
such that σmax(1) (R(n) ) = σcrit . We observe that if σ̄crit >
4μ̄s α1 /α2 then there are no positive values for rc . In this
case no propagation can occur, since then R(n+1) = R(n) for
all positive R(n) .
Finally, we consider the fixed points R ∗ of the map (62), in
order to identify the relationship between the initial damage
radius R(1) and the final damage radius R(∞) . By seeking
solutions of (62) for which R ∗ = R(n+1) = R(n) ∀n ≥ 1,
we find that there are no fixed points that take values less
than rc (since R(n+1) > R(n) if R(n) < rc ), but observe that
all radial values greater than rc are fixed points. Furthermore,
rearrangement of Eq. (62) gives that R(n+1) ≤ rc if R(n) ≤ rc ,
meaning that R(∞) = rc if R(1) ≤ rc . These results are
summarised in Eq. (27).
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