Five ways to model active processes in elastic solids:
active forces, active stresses, active strains, active fibers, and active metrics.
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“A particular point to be emphasized is that
while continuum mechanics was for a long time
reserved to the study of inert matter, this new
mechanics of materials now dares to attack the
landscape of living matter in the framework
of biomechanics and mechano-biology for the
study of growth, resorption, aging, remodeling,
and morphogenesis... Non-linear elasticity was
in some sense saved from oblivion by its useful
applications in biomechanics.”

Gérard A. Maugin [1]

1. Introduction

An important contribution of Gérard Maugin was his
study of anelasticity [2, 3]. It is well appreciated that in
biological systems, anelasticity manifests itself through
growth and remodeling [4] and Maugin and his collabora-
tors have helped build a general theory suitable to model
such fundamental processes [5, 6]. Yet another impor-
tant manifestation of anelasticity is the active processes
found in all living systems. These include muscular fiber
contraction [7] or the traction exerted by neuronal growth
cones [8]. They are essential for all aspects of life [9]
from motility [10] and cell division [11] at the cellular
scale to muscular motion at the organ level [12]. We
distinguish active processes from growth and remodeling
as those anelastic processes that only affect temporarily
the reference configuration. Growth is associated with a
change of total mass and remodeling is associated with

Email address: goriely@maths.ox.ac.uk (A. Goriely)

Preprint submitted to Mechanics Research Communications

a change in the material properties. In contrast, active
processes take place on shorter time scales and are usu-
ally associated with motility and muscular motion. Note,
however, that this distinction is a practical one and not a
formal one. Indeed, motion in plants is accomplished by
lengthening and changes in material properties rather than
fast muscular contraction.

In order to exist, these processes must be developed
actively within the material by spending energy. At the
cellular level, the term active material mostly refers to
filament networks containing molecular motors such as
myosin [13]. These force-generating units are attached to
filaments and consume adenosine triphosphate (ATP) to
change their molecular configurations which result in the
relative sliding and tensioning of these filaments. In an ac-
tive fluid system, such as bacterial suspension responding
to chemotactic stimuli, these forces create a bath of inter-
acting self-propelled microorganisms which are known to
undergo complex dynamics and pattern formation as a re-
sult of the interplay between active force generation and
hydrodynamic interactions [14].

Mechanically, these forces are not due to the action of
external loads or external body forces and are not present
in a typical engineered material. From a modeling per-
spective, they can be introduced in the governing equa-
tions at different levels. Different forms have been pre-
sented in the literature. Here, we present a mini-review of
the different ways to model active processes in an elas-
tic solid. Assuming that active forces do not generate
torques, their presence does not alter the basic govern-
ing equations expressing the balance of linear and angular
momenta, that can be expressed in the current configura-
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tion as

divT+pb=pv, T =T, )

where, as usual, p is the density, v the velocity of a mate-
rial point, T is the Cauchy stress tensor and b a body-force
density.

2. Active forces

The first obvious way to include active forces in a ma-
terial is to use body forces and decompose them as
b = b° + b?, 2)
where b® represents the external body forces (such as
gravity) and b? is an active body force term. The general
form of this term is not quite obvious. What is the force
actively generated by filament sliding or point forces? At
the microscale, the forces developed by a cell due to divi-
sion, apoptosis, or motion act locally at the points of con-
tact with the elastic medium [15]. Assuming that there are
N such discrete points in the medium, these forces can be
represented as local force dipoles so that

N
b =divQ where Q= Z DY5(x — x),  (3)

i=1

represents the body force stress due to the force dipoles.
Here, D is a symmetric tensor and 6(x — x') is Dirac’s
distribution centered at the point of contact x'. By anal-
ogy, the effects of these force dipoles can be treated in the
same way as electric charges in a polarizable medium, de-
fects in solids, or interacting active molecules in nematic
liquid crystals [16].

In linear elasticity, a suitable Green’s function can be
introduced to represent the effects of highly localized
forcing terms for the Cauchy equation (1). However, in
nonlinear elasticity, the presence of distributions as forc-
ing terms cannot be easily handled unless a weak form of
the equations is used within a computational framework
[17]. From a mathematical perspective, it may therefore
be more suitable to think of forces as acting over a finite
volume and directly work with an active stress tensor. We
remark that the form (3) implies that Q is a particular form
of an active stress tensor as we explains next.

3. Active stresses

Rather than postulating the existence of active forces,
the presence of active mechanisms within a continuum tis-
sue can be modeled by an active stress. In this approach,
the Cauchy stress tensor T is split into two components:

T=T°+T* “4)
where T® represents the stress produced by the elastic re-
sponse of the material in the absence of active mecha-
nisms. The choice of an additive decomposition between
active and elastic components is made out of convenience.
For a hyperelastic material with a strain-energy density
W = W(F), the elastic stress is given constitutively by

oW
T = J'F— - pl,

IF &)

where J = det(F) equals one for an incompressible ma-
terial and p = O for compressible material. The active
stress T* is a symmetric tensor postulated phenomenolog-
ically to represent the effect of local contractions. Since
contraction is typically localized and directed it will be,
in general, both inhomogeneous and anisotropic. In the
simplest case, the tensor T? can be taken as a multiple of
the identity, corresponding to a localized change in pres-
sure due to contractile forces [18]. The stress generated
may depend on the deformation itself, therefore, we ex-
pect the active stress to be a function of the deformation
tensor T* = T?*(F). Along these lines, different models
have been proposed in connection with heart muscle con-
traction [19, 20, 21]. It follows immediately from this
description and (2) that this active stress tensor defines an
active body force through the relationship

pb? = divT?. 6)
However, it should be noted that not all body forces can
be written as stress tensors. Stresses act in a material at
short-ranges through tractions and are not suitable to de-
scribe the effect of long-range forces, hence the decompo-
sition (2) between external (long-range) and internal (ac-
tive) body forces.

The active stress approach has been used extensively in
soft-tissue biomechanics and in particular in the modeling
of heart contractions [22]. It is usually assumed that the
active stress is in the direction of the muscle fibers and a



function of both the stretch (due to the presence of stretch-
activated channels in cardiomyocytes [23]) and calcium
concentration controlling the dynamics of the muscular
activity [24, 25, 26].

4. Active strains

Muscular contraction or relative sliding of actin fila-
ments can be interpreted as a temporary internal remod-
eling of the continuum. This remodeling can be modeled
by the methods used in the theory of growth [27, 28] as
a change in the reference configuration. In this approach
[29, 30], the deformation gradient is decomposed multi-
plicatively as is done in morphoelasticity

F =F°F, @)
where F¢ and F?* are the elastic and active deformation
tensors, respectively. Since, typically we do not expect a
change in volume during an active response, we restrict
the choice of active strains so that det F* = 1. The advan-
tage of this representation is that it can be directly linked
to the relative displacement of materials taking place dur-
ing contraction. Rather than imposing an internal force, it
imposes an internal displacement.

From a theoretical point of view, this decomposition
is exactly the one used in morphoelasticity and in the the-
ory of anelasticity developed by Maugin and collaborators
[3]. Therefore, the entire machinery developed to under-
stand anelastic problems can be used directly to under-
stand the active stresses generated by active strains with
the appropriate change of terminology. It has also been ar-
gued that it presents several advantages from a theoretical
and computational point of view [31, 32].

5. Active metrics

Another possible method to quantify active reorganiza-
tion is by changing the underlying metric for the reference
manifold. These ideas borrowed from differential geom-
etry are popular in the physics community [33, 34] and
have also been used successfully in nonlinear anelasticity
[35, 3, 36]. The basic idea is that during an active contrac-
tion process, the material distance between point is short-
ened. Hence, the reference configuration changes and, as

a consequence, internal stresses build up. Therefore, ac-
tive processes can be modeled by postulating an active
metric G*. This metric can then be used in a general the-
ory of elastic material with arbitrary metrics [37, 38] to
compute the stresses generated by the active process.

There is a well-know connection between anelastic
strains and anelastic metrics that identify the new metric
with the right Cauchy-Green tensor associated with the
anelastic part of the deformation tensor. In the case of
active process, the active metric is related to the active
strains by

G* = (F)'F. (8)

Note that the specification of an active metric G* does not
imply a unique choice of an active strain since there is a
well-known arbitrary rotational freedom (i.e. both F* and
RF? lead to the same metric for all tensors R € § O(3)).

6. Active fibers

Another way to model active growth is at the level of
the strain-energy density, either by using pseudo-elasticity
[39] or by assuming that the zero-strain energy along con-
tracting fibers differs from the zero-strain state for the rest
of the tissue [40, 41]. As an example, following the the-
ory of invariants for anisotropic materials [42], we assume
that the strain-energy density only depends on the invari-
ants I, I, for the isotropic part and I, for the anisotropic
part, so that

W=W{U -3,1,-3,14—v), )
where 1,1, are the usual invariants of incompressible
isotropic elasticity and I, = M - (FTF M) represents the
stretch in a fiber originally in a direction M by the defor-
mation gradient F. When v = 1, the strain-energy has a
global minimum in the absence of deformation given by
I = I, = 3 and I, = 1. However, the elastic energy in-
creases when v # 1 describing the rest state of the fibre
(with 0 < v < 1 describing active fiber contraction).

7. An elementary example

To understand how these notions can be implemented
effectively, we consider a toy model: the contraction of
an incompressible hyperelastic cylinder with one family



of fibers oriented in the hoop direction. We further assume
that the active process is a contraction (or relaxation) tak-
ing place in the hoop direction to mimic the effect of mus-
cle contraction. The general case of one or two families
of helical fibers as been studied by the method of active
fibers in [42].

A tube of initial inner radius A = 1 and outer radius
B > A, and height H is deformed into a tube with radii
a and b and the same height H. We consider only defor-
mation in which the cylinder is allowed to inflate while
remaining cylindrical. We assume that the elastic mate-
rial is incompressible and that no growth process is taking
place. In cylindrical coordinates, the deformation is then
r = Va® + R?*-A2, § = @, z = Z, with position vectors
X = Re, + Ze,, x = ARe, + Ze,. The deformation gra-
dient (in cylindrical coordinates) is thus F = Grad x =
diag(1/4, 4, 1), with A = r/R. Therefore, a single parame-
ter, a, fully describes the radial profile of the deformation
and it follows that b(a) = B+/1 + (22 — 1) A2/B2.

Since we allow inelastic strains, we define the elastic
and active strains as

= diag(e,, ap, 1), F* =diag(1/y,y,1),  (10)

with @, = 1/ay. For illustration purpose, we will use the
standard fiber-reinforcing model [43]

w

%(11 ~3)+ ‘%(14 — ) (1)

1 s 9 1 2 2
= sm(0g+al=2)+ qus(ag—v) . (12)
and, allowing for (constant) active stresses in the hoop
direction, the stresses are related to the strains by

ow
Trr =q7—— P,

e - p+ T

Too = agm— (13)

w
Oag
For this simple problem, we note that the Cauchy equation
divT = 0 leads to a single equation

d7,, 1 .
— + _(Trr - Tg(.)) +pb‘:r =0.
dr r

This equation can be integrated once over r, and, in the
absence of external load, the equation for the remaining
unknown «a is

P Ty — T,
ozf L 1
a r

(14)
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Figure 1: Comparison of three different models to include hoop active
contraction in the section of a cylinder. Here A = 1,B =2,y =1, uy =
1/2 and from left to right yp = 3/4,v = 3/4, Tge = 1 (respectively). In
each case, all other active processes are removed (e.g. for active strains,
we take v = 1 and Tj, = 0). Note the difference in y-scale for the case
of active fiber (by a factor of about 10).

Once a is known, the stretches ay and «, are fully deter-
mined and so are the stresses. In Fig. 1, we compare the
different models of active contractions. We note that they
all lead to similar stress profiles. However, active fiber
contraction does not lead to large contraction (even when
taking v = 0). This is due to the fact that the energy con-



tained in the fibers may be small compared to the elastic
matrix and a large extension of the fibers may be prefer-
able to minimize the overall elastic energy. In contrast,
the active strains force the contraction to happen and the
material has to accommodate such large internal displace-
ments. Active stresses can be tuned to model the effects
of active strains. However, formally, the two approaches
are different and there is no one-to-one correspondence.
In many physiological systems, it is often assumed that
fibers cannot support compression as free fibers in a ma-
trix would buckle [44]. An easy way to take this effect into
account is to exclude from the strain-energy density, fibers
that are not in tension. In that case, one replaces (11) by
w =L -3+ B - v, (16)
2 4
where [x], = x if x > 0 and O otherwise. For active ra-
dial stress or active radial strains, as given in the previous
section, the fibers are always in compression. Hence the
anisotropic term does not play a role and the stress pro-
files are independent of (4. However, in the case of active
fibers, the shift of ground state from 1 to v, implies that
the fibers are active. Therefore, for large enough values
of w4, one recovers the same stress profile as in the case
of active strains and active stress as shown in Figure 2
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Figure 2: The case of fiber exclusion. Here A = 1,B =2,u; =1, u4 =
6, v=73/4.

The active stresses approach can be used to compute
equivalent active forces. Taking the divergence of the
active stresses lead to the active body forces: pb? =
—e,T;,/r. The active forces is in the radial direction and a
function of the position r. Similarly, the active strains can

be used to compute an active metric simply given, in the
usual cylindrical coordinates by G* = diag(1/y?,9%, 1).

8. Discussion

The five different approaches to model active processes
here are all suitable on a kinematic basis. The difficulty
comes when relating the new active field to other physi-
cal and kinematic quantities. Depending on the particular
application, a phenomenological law for active process is
required. The formulation of this law may be easier by
choosing a particular model of active process. For in-
stance, in a tissue, with embedded muscular fibers, the
contraction of these fibers may be easily represented by
active fibers. If the active processes is known to impose a
local force, then the active stress approach may be more
suitable. If the relative displacement of neighboring el-
ements is actively controlled, the active strain approach
will be better suited. The choice between active strains or
active stress is then similar to the classic choice of bound-
ary conditions (traction versus displacement) in a regular
problem of elasticity. However, the coupling with other
fields may greatly change the stresses generated by the
active processes and great care must be exercised when
using one approach or another.

Note

The present opinion piece is an expanded and illus-
trated version of Challenge #9 presented in the conclu-
sions of [4] as one of the important open challenges in the
theory of biological growth.
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