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Abstract – A key problem in many emerging nanotechnologies is to create a narrow distribution
of particles. Here, we prove the existence of a fundamental lower bound for the width of a particle
size distribution (PSD) at equilibrium. This thermodynamic limit arises from the decrease of
entropy for an ideal monodisperse distribution and is determined by the effective surface energy
and temperature. The existence of this limit, provided that it is energetically favourable, implies
that it is not possible to generate an arbitrarily narrow PSD through any processes that reaches a
thermodynamic equilibrium. We show that if a narrow PSD is generated it will tend to broaden
in time until it reaches an equilibrium PSD of Gaussian shape. Conversely, if the initial PSD is
broad and free to evolve to its equilibrium shape, it will eventually acquire the same Gaussian
shape and width. The effect of PSD broadening can be significant for functional materials built
from nanoparticulate arrays. Our study provides the framework for understanding and describing
this phenomenon.

Introduction. – A fundamental question in nan-
otechnology is to obtain nanoparticles of uniform size.
Many high-performance functional materials and devices
rely on arrays of nanoparticles as the active component
[1–7]. In these systems, the width of the particle size dis-
tribution (PSD) plays a critical role [8–10]. Typically, the
device functionality increases with the narrowness of the
PSD [11–14]. Therefore, the ideal PSD should be uniform
(zero width). A natural question is then: are there ther-
modynamics constraints that prevent the formation of an
ideal PSD? Here, we obtain these constraints under the as-
sumption that the particles are kept under thermodynam-
ically controlled conditions. To do so, we consider small
deviations around an ideal PSD and analyze the thermo-
dynamic limit of uniform distributions of particles, which
can be expressed in terms of the minimal achievable PSD
width.

We assume the existence of a narrowing mechanism fa-
voring the formation of identical particles, i.e. bringing
their size distribution towards a uniform one. This can
be achieved by passivation of particle surfaces so that the
effective surface energy becomes negative [15, 16]. For a
negative surface energy and conserved number of particles,
the energy minimum is reached when all the particles are

identical. PSD narrowing implies that the configurational
entropy of the particle ensemble decreases towards zero.
Indeed, any permutation among identical particles does
not generate a new distinguishable state and the configu-
rational entropy of an ideal uniform PSD vanishes. Note
that we do not consider the contribution of translational
entropy since it does not change with a change of PSD
width. We conclude that any deviation of the PSD from
an ideal distribution will increase the particle ensemble
entropy by an amount ∆S. Therefore, there must be a
balance between the narrowing tendency and the decrease
of entropy.

PSD in spherical particles. – To illustrate this pro-
cess, we start with an initial PSD made of an ensemble
of N spherical particles with an initial distribution with
mean radius R0. This ensemble of particles is kept at
constant temperature and pressure and we assume that
the particles can exchange mass. Assuming that the mass
dissolved in the medium can be neglected, any mass ex-
change between the particles may broaden the PSD under
the constraint that their total mass is conserved. We are
interested in the equilibrium width of the PSD acquired by
the particles. Consider a PSD described by the function
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f(R) with mass constraint normalized such that∫ ∞
0

f(R) dR = 1. (1)

Then, the excess entropy ∆S can be expressed as

∆S

kB
= N

∫ ∞
0

f(R) ln(f(R)) dR. (2)

During broadening some particles increase in size while
other decrease in size. Therefore, the particles’ total en-
ergy is changed by an amount ∆E. Since the total mass
is conserved, the change in energy is due to a change in
the total surface area and is expressed as

∆E = −4πγN

∫ ∞
0

(R2 −R2
0)f(R)dR

= 4πγNR2
0 − 4πγN

∫ ∞
0

R2f(R)dR. (3)

where −γ < 0 is the effective surface energy per atom and
all radii are measured in units of interatomic distance. The
minus sign in front of the integral is chosen to reflect the
assumption that there is a thermodynamic driving force
towards identical particles.

It is convenient to express ∆E in terms of an average
radius

R̂ =

∫ ∞
0

Rf(R)dR, (4)

and expressing R0 as R0 = R̂+ δ:

∆E = 4πγNR2
0 − 4πγN

∫ ∞
0

R2f(R)dR

= 4πγN(R̂+ δ)2 − 4πγN

∫ ∞
0

(R− R̂+ R̂)2f(R)dR

= 4πγN(2R̂δ + δ2)− 4πγN

∫ ∞
0

(R− R̂)2f(R)dR.

(5)

Next, we use the conservation of total volume:

4π

3
NR3

0 =
4π

3

∫ ∞
0

R3f(R)dR, (6)

and expand both sides of this expression around R̂. That
is,

R3
0 = (R̂+ δ)3

=

∫ ∞
0

(R− R̂+ R̂)3f(R)dR

=

∫ ∞
0

(R− R̂)3f(R)dR

+3R̂

∫ ∞
0

(R− R̂)2f(R)dR+ R̂3. (7)

Hence, we have

3R̂2δ + 3R̂δ2 =

∫ ∞
0

(R− R̂)3f(R)dR

+3R̂

∫ ∞
0

(R− R̂)2f(R)dR. (8)

This last expression can be further simplified by assuming
that δ � R̂ and∫ ∞

0

(R− R̂)3f(R)dR� 3R̂

∫ ∞
0

(R− R̂)2f(R)dR. (9)

This approximation will be justified a posteriori. Using
both assumptions we have

R̂δ ≈
∫ ∞
0

(R− R̂)2f(R)dR. (10)

We can now use this relationship to simplify the expres-
sion (5) for ∆E:

∆E ≈ 4πγN

∫ ∞
0

(R− R̂)2f(R)dR, (11)

where we have, again, neglected terms of order O(δ2).
The approximate excess free energy is then given by

∆G = ∆E − T∆S

= N

∫ ∞
0

[
4πγ(R− R̂)2 + kBT log f(R)

]
f(R)dR.

(12)

The minimization of G[f ] = ∆G/N with respect to f
provides the equilibrium distribution. This minimization
is carried out explicitly in the Appendix where it is shown
that if the width σ of the distribution is much smaller than
the ideal radius R0, the exact distribution on the positive
real axis can be replaced by the Gaussian distribution

fapp(R) =
1

σ
√

2π
exp

(
− (R− R̂)2

2σ2

)
(13)

with

R̂ = R0

(
1− σ2

R2
0

)
, σ =

√
kBT

8πγ
. (14)

This approximation is valid for ε� 1 where

ε =
σ

R0
=

√
kBT

8πγR2
0

. (15)

Kinetic Monte Carlo Modeling. – We comple-
ment our theoretical analysis with a Monte Carlo simu-
lation of this process. We assume that a particle can emit
a unit of volume a3 (one atom) with a probability P (R)
per unit surface area determined by the Gibbs-Thomson
concentration nGT and the number of surface atoms

Pout(R) = 4π

(
R

a

)2

KnGT, (16)

where K is the kinetic constant. Similarly, we define an
absorption probability via atomic concentration in solu-
tion n as

Pin(R) = 4π

(
R

a

)2

Kn. (17)
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Fig. 1: Monte Carlo simulations for γ = 0.05kbT . a: Evolution
of the variance for two initial distributions. b: Evolution of a
broad initial distribution towards the equilibrium distribution
together with the Gaussian approximation. c: Evolution of a
narrow initial distribution towards the equilibrium distribution
together with the Gaussian approximation. For all case, the
dotted line is the approximation given by (27).

The net flux is

4πR2 dR

dt
= a3(Pin − Pout) = a4πR2K(n− nGT). (18)

This expression is similar to the one obtained in the classi-
cal problem of ripening in the Wagner approximation, i.e.
interface-controlled ripening [17]. The concentration n is
defined as usual, by means of atomic number conservation∑

R2nGT(R) =
∑

R2n. (19)

That is, we have

n〈R2〉 = 〈R2nGT(R)〉, (20)

which implies

n =
〈R2nGT(R)〉
〈R2〉

=
1

〈R2〉
n0 exp

(
−εcoh
kbT

)
〈R2 exp

(
2γ

RkbT

)
〉, (21)

where we have used the expression for Gibbs-Thomson
concentration

nGT(R) = exp

(
−εcoh
kbT

+
2γ

RkbT

)
. (22)

The probabilities in (18) can be rewritten omitting the

factor n0 exp
(
− εcohkbT

)
as

Pin(Rj) = 4π
Rj

2

〈R2〉

〈
R2 exp

2γa

RkbT

〉
, (23)

Pout(Rj) = 4πRj
2 exp

2γa

RjkbT
. (24)

Note that these probabilities preserve the total number of
atoms. We generate a random number Ran evenly spread
between 0 and 1, and we chose the reaction and time steps
following the usual for kinetic Monte Carlo method. Then,
we change the corresponding particle radius (measured in
a units) to

Ri(t+ ∆t) =

(
(Ri(t))

3 ± 3

4π

)1/3

≈ Ri(t)±
1

4π(Ri(t))2
, (25)

ti+1 − ti = − ln(Ran)∑
j (mPin(Rj) + Pout(Rj))

. (26)

where m is the number of atoms in the vapor phase. The
sign ± in these expressions is determined by the corre-
sponding reaction (either by emission or by absorption of
atoms). In our computations, we have chosen boxcar ini-
tial distributions with two significantly different values of
the initial variance. In the course of the simulations these
distributions converge to a single thermodynamically sta-
ble Gaussian PSD with the same variance (see Fig. 1).
The theoretical variance of this PSD is given by〈

(R−R0)2
〉

= σ2 =
kBT

8πγ
. (27)

This expression is valid for a broad range of surface energy
and temperature values as shown in Fig. 2, even for the
value of γ = 0.0125 eV, which gives a variance of 0.1, cor-
responding to a width of the PSD close to 0.74 in relative
units. As this result holds for any particle ensemble, it
implies that the radius variation may be quite significant
for an ensemble with small mean radius. The fact that
the variance does not depend on the mean radius can be
understood a posteriori on dimensional grounds. Assum-
ing that the process mostly depends on the surface energy
and temperature, a length scale ∼ kBT/γ naturally ap-
pears in the problem as a balance between a binding term
(surface energy) and a spreading term related to entropy
(temperature).

Note that we give here the time scale in arbitrary units.
In fact the KMC approach can be further developed to es-
timate the characteristic time scale for stability of ideal
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Fig. 2: Variation of the variance for various values of γ for curve
1 (γ = −0.0125), 2 (γ = −0.025), 3 (γ = −0.05), 4 (γ = −0.1),
all in units of kBT . The dotted lines are given by the Gaussian
approximation σ2.

monodisperse ensemble, or for transforming a broader
PSD down to an equilibrium one if the values of surface
reaction rates K are available. It can also be extended to
simulate diffusion-controlled systems at higher computa-
tional costs.

The above analysis is based on the assumption that the
total mass of atoms dissolved in surrounding medium is
negligible compared to the total mass of particles, which
is consistent with a description of the particle system us-
ing a canonical ensemble. This is a common and realistic
assumption in describing the processes of particles ripen-
ing. It implies that the solution (or vapor) volume is not
very large. It is informative to analyze the opposite case
when the solution volume is large enough such that the
dissolved material mass is much larger than the mass of
the particles. In this case, the atomic chemical potential
µ is fixed by the chemical potential µS of the atoms in
the solution. Therefore, the system should now be treated
using the grand canonical ensemble. Here we have to dis-
criminate between the two extreme cases when: 1) parti-
cles are far away from each other such that the condition
of fixed µ = µS is applicable to each individual particle;
or 2) particles form a compact subsystem and the condi-
tion about the equivalence of chemical potentials has to
be written with respect to the average chemical potential
of the particles, namely 〈µ〉 = µS .

The first case is trivial: fixed µ for a particle means that
its radius is fixed, suggesting that any size fluctuations
are greatly suppressed, and all particles would keep the
same radius determined by µS . The second case gives a
strikingly different result. Any size fluctuation in the com-
pact subsystem results in a decrease of 〈µ〉 simply because
µ ∼ 1/R (where R is the particle radius) and a decrease in
µ due to a decrease in R is higher than an increase in µ due
to the same increase in R. A broadening of the PSD due

to a fluctuation implies an intake of atoms from the sur-
rounding medium to compensate for the decrease in 〈µ〉.
This intake decreases the system’s energy since both cohe-
sive and surface atomic energies are negative. Therefore,
the process will progress until it is energetically favorable
leading to a further mass accumulation by the particles
and broadening of their PSD.

The two extreme cases that we have considered sug-
gest a way of storing monodisperse particles. According
to the first case, it is preferable to store particles as a di-
lute suspension in the bulk of a solvent with a properly
chosen concentration of the corresponding atomic species.
However, if a few particles come close enough to form a
compact subsystem, they will develop, locally, a broaden-
ing of their size distribution. An alternative way of storing
monodisperse particles is to keep them as a compact sys-
tem within a small solution volume to allow the formation
of a thermodynamically stable PSD.

Another major approximation in the present study is
that the the particles are all considered to be spherical.
It is a reasonable approximation for colloidal particles or
for amorphous solid particles. However, in the case of
crystalline particles this approximation can be violated
requiring a much more sophisticated analysis of size and
shape evolution. In particular with surface passivation,
the particles can develop facets resulting in a peculiar
growth kinetics, including system’s arrest in an interme-
diate state [18].

Conclusions.. – Our study demonstrates that con-
figurational entropy provides a fundamental restriction for
particles monodispersity. The fundamental reason for this
theoretical limitation is that in an ideal monodisperse sys-
tem, i.e. an ensemble of identical particles, the configu-
rational entropy vanishes. Hence, a monodisperse system
cannot be thermodynamically stable. The thermodynamic
driving force for particle monodispersity is the surface en-
ergy, which can be made negative by surface passivation,
i.e. by using ligands binding strongly with the particle
surfaces. The opposing force is due to the configurational
entropy. Since, it is proportional to the system’s tempera-
ture, it is intuitively clear that the variance of the particle
size distribution should be proportional to the system tem-
perature and inversely proportional to the surface energy.
Hence the distribution width decreases (monodispersity
increases) as the temperature-to-surface-energy decreases.
An important result is that the fundamental limit for the
PSD variance does not depend on the mean particle ra-
dius. Experimentally, our theory illustrates the impor-
tance of ligands in size stabilization, as ligands make the
effective surface energy negative [19, 20]. A general rule-
of-thumb for monodispersity is that R > 20σ [21]. There-
fore, for γ = kBT/4, our theory predicts that the radius
must exceed 8 interatomic distances. The existence of the
fundamental limit for monodispersity can be critically im-
portant for functional materials based on small particles,
such as nanomaterials.
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Appendix: Minimization of the free energy. –
The problem is to minimize the functional

G[f ] = N

∫ ∞
0

(
4πγ(R− R̂)2 + kBT ln f(R)

)
f(R)dR,

(28)
with the constraint

R̂ =

∫ ∞
0

Rf(R)dR. (29)

We also require that the distribution is normalized. That
is, we have the additional constraint

1 =

∫ ∞
0

f(R)dR. (30)

To solve this problem, we use the theory of Lagrange mul-
tipliers. To do so, we introduce the functionals

C1[f ] = R̂−
∫ ∞
0

Rf(R)dR, (31)

and

C2[f ] = 1−
∫ ∞
0

f(R)dR. (32)

The new functional to minimize is

L[f, q1, q2] = G[f ] + q1C1[f ] + q2C2[f ] (33)

where q1 and q2 are the Lagrange multipliers to be deter-
mined. Taking variations with respect to f and qi, gives
the Euler-Lagrange equations for this problem:(

4πγ(R− R̂)2 + kBT ln f(R)
)

+ kBT − q1R− q2 = 0,

(34)

R̂ =

∫ ∞
0

Rf(R)dR (35)

1 =

∫ ∞
0

f(R)dR. (36)

The first equation can be integrated to find

f(R) = C exp(− (R− R̂)2

2σ2
− aR), (37)

where

σ =

√
kBT

8πγ
, a =

4q1
kBT

, C = exp(kBT + q2). (38)

In principle, the constants q1, q2 can be determined by
normalizing the distribution and imposing that the distri-
bution averages to R̂. However, it is more useful to find
an approximation. Since, we are interested in distributions
close to an ideal particle size distribution, we assume that
the width of the distribution σ is much smaller than R0

and introduce a small dimensionless parameter

ε =
σ

R0
=

√
kBT

8πγR2
0

. (39)

We expect R̂ to be close to R0 so that we can replace the
distribution f(R) defined for positive R by an approxima-
tion fapp(R) defined for all real R, based on an expansion
of the Gaussian obtained by expanding f . To lowest order,
we have

fapp(R) =
1

σ
√

2π
e−

(R−R̂)2

2σ2
(
1 +O(a2)

)
(40)

where the constants were determined by imposing that to
order O(a2),∫ +∞

−∞
fapp(R)dR = 1, and

∫ +∞

−∞
fapp(R)RdR = R̂.

(41)
By imposing conservation of total volume we find

R̂ = R0(1− ε2). (42)

We note that
∫ +∞
−∞ fapp(R)(R − R̂)3dR = 0. Hence, our

assumption (9) is automatically justified.
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