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A classic problem of elasticity is to determine the
possible equilibria of an elastic planet modelled as
a homogeneous compressible spherical elastic body
subject to its own gravitational field. In the absence
of gravity the initial radius is given and the density
is constant. With gravity and for small planets, the
elastic deformations are small enough so that the
spherical equilibria can be readily obtained by using
the theory of linear elasticity. For larger or denser
planets, large deformations occur and the general
theory of nonlinear elasticity is required to obtain the
solution. Depending on the elastic model, we show
that there may be parameter regimes where there exist
no equilibrium or arbitrarily many equilibria. Yet, at
most two of them are dynamically stable with respect
to radial disturbances. In some of these models,
there is a critical initial radius at which spherical
solutions cease to exist. For planets with larger initial
radii, there is no spherical solution as the elastic
forces are not sufficient to balance the gravitational
force. Therefore, the system undergoes gravitational
collapse, an unexpected phenomenon within the
framework of classical continuum mechanics.

1. Introduction
Understanding the deformations of solid planets in
a gravitational field is a central problem of celestial
mechanics and planetary sciences. It is essential for the
theory of seismic waves [1–3] and is related to the
phenomenon of “earth tides” [4,5], the displacement of
the earth’s solid surface by gravity which is used as a
c
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method to probe the composition of planets and moons [6–9]. Most of the studies in these fields
relate to aspherical deformations due to the gravitational interactions of many bodies or are
related to the problem of accretion and formation of heavenly bodies [10]. Yet, the first and
simplest problem of determining the spherical equilibria of an isotropic homogeneous elastic
body under its own gravitational field seems to have been overlooked. Despite its apparent
simplicity, we will show that it hides many surprises.
To define the problem, we consider a Newtonian universe with a single continuum body.
In the absence of gravity, this body, in the reference configuration, has constant density and is
a stress-free, isotropic, compressible hyperelastic sphere of radius R0 . Now, consider the same
body subject to a body force created by its own gravitational field. We will simply refer to this
body as an elastic planet. The problem is then to find all possible spherical equilibria in the
current configuration. Simply put: what is the radius of an elastic planet? While it is clear that
an actual planet in the known universe is a much more complicated object, understanding this
ideal problem is of fundamental interest before further effects can be considered.
The problem of identifying the shape (or “figure”) of a continuum body under its own gravity
field is as old as the theory of gravity itself as Newton already worked on the problem in the fluid
case in 1687 (Principia, Book 1, Section XIII, see Fig. 1). Newton applied his theory to estimate the
flattening of the Earth due to its rotation. In particular, the question of whether the Earth is oblate
or prolate was a topic of the greatest interest in learned circles with Newton and Maupertuis on
the oblate side of the argument and Descartes and the Cassinis on the prolate one. The question
was eventually settled with Maupertuis’ famous expedition to Lapland in 1736 [11] from which he
earned the name “le grand aplatisseur" (“the great flattener”). In the 18th and early 19th Century,
this problem received considerable attention with contributions from Clairaut, Stirling, John and
Daniel Bernoulli, MacLaurin, Euler, d’Alembert, Buffon, Jacobi, Lagrange, Cavendish, Laplace,
Young, Biot, Gauss, Poisson, Cauchy, Airy, Sturm. In A History of the Mathematical Theories of
Attraction and the Figure of the Earth, Todhunter summarises the various contributions to the field
up to 1873 in two volumes and 929 pages [12]. Yet, by 1873 the story was far from over and
the general problem of determining the shape and stability of a fluid body under gravitation
and rotation remained a central scientific issue in the late 19th Century and early 20th Century
through the work of Meyer, Liouville, Dirichlet, Roche, Dedekind, Kelvin, Tait, Jeans, Appell,
Riemann, Poincaré, and Cartan [13,14]. This line of research culminated with the seminal work of
Chandrasekhar [15] summarised in his book Ellipsoidal Figures of Equilibrium [16] and remains of
current interest [17,18].
By comparison, the equivalent problem for a solid or elastic planet has received considerably
less attention. It was first studied by William Thomson (Lord Kelvin) in 1863 in his argument
for the existence of Earth’s tides and for a short while became a hot topic of research with
key contributions by George Darwin [4], James Jeans [20–22], and Augustus Love [23] with his
Adams’ prize winning essay Some Problems of Geodynamics published in 1911 in which “Love’s
numbers” characterising the height of a tidal deformation are discussed (see historical review
in [24] and Fig. 1).
Despite these important contributions, the study of elastic planets and their stability
encountered fundamental difficulties due to the lack of a general theory of elasticity at the time
and, in particular, the problem of handling initial stress. To circumvent these problems a number
of simplifying assumptions were made. The researchers at the time were honest in the ultimate
justification of these assumptions made in order to make progress in the mathematical analysis.
As Love writes: “The problem thus posed is an artificial one, which may, nevertheless, throw light
on the actual problem” [23]. We briefly comments on three classic assumptions:
The assumption of isostasy. This assumption simply states that the body is in a state of hydrostatic
stress. Love [25] justifies this assumption by assuming that a solid planet is made of a viscous
fluid with a crust, and by further assuming that the differences between stress components in the
crust are relatively small. This is a crucial assumption that completely changes the nature of the
problem into a problem much more closely related to a fluid planet than an elastic planet.

A.

B.

The assumption of constant density: We define two densities, the natural density, the density of the
material in a stress-free state (without gravity), and the current density, the density of the material
in the current configuration (with gravity). The classic assumption is related to the current density
as the equations for the stresses are simpler. In the typical case of constant current density, it
implies that the material at the centre of the planet has a lower natural density than the material
at the rim. An assumption on the current density is therefore an assumption on the structure and
not the material. It assumes that we have some knowledge of the state of deformation of the final
material rather than on the material that makes up the body. While it may be appropriate as an
approximation, it does not seem particularly fruitful as a theoretical construct and precludes the
comparison of planets of different radii as they would be made of different materials.
The assumption of small strains: If the strains are small enough, the problem is greatly simplified
and the theory of linear elasticity can be used. If, in addition, the density is assumed to remain
constant in all deformations, the problem can be formulated in the current coordinates and can
be easily solved as shown by Love [26] (and given as an exercise in Landau & Lifshitz [27]).
Around 1917, following the work of Jeans [22] who concluded that elastic planets are always
stable, the problem of elastic planets went into a coma. It was only resurrected with the
development of nonlinear elasticity following WWII when the exact problem of determining the
shape of a body under its own gravitational field, as given in the next Section, was first formulated
by Sawyers and Rivlin in the context of seismic waves [2].

2. Model
(a) The general problem
Before looking at the specific problem of radial equilibria, we present the general problem
following the notation in [28]. We consider an initial, stress-free, body B0 ⊂ R3 with a given
natural density ρ0 = ρ0 (X) where X ∈ B0 denotes the reference position of a material point.
This configuration defines the shape of the body in the absence of loads and body forces. It is
therefore suitable as a reference configuration and can be used to compute elastic equilibria. In
the presence of loads and/or body forces, the body deforms into a new configuration B ⊂ R3 and
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Figure 1. A. Newton’s computation of oceanic fluid tides [19] and B. Jeans’ computation of Earth’s solid tides [20].

3

F = Grad(χ),

(2.1)

where Grad(·) denotes the gradient in the reference coordinates. The determinant J = det F > 0
represents the local change of volume. The equations of equilibrium are given by the Cauchy
equations for the Cauchy stress tensor
divT + ρb = 0,

(2.2)

where the divergence div(·) is taken in the current coordinates, ρ = ρ0 /J is the current density
and b is the body force. In the case of gravitational interaction, this body force is given through
the gravitational potential, U by [29]
Z
b = grad U,

with U = −G
B

ρ(y)
dy,
|x − y|

x ∈ B,

(2.3)

where G ≈ 6.67410−11 m3 kg−1 s−2 is the universal gravitational constant. To close the system we
have to relate the Cauchy stress tensor to the deformation gradient. Here, we assume that the
material is hyperelastic. This implies that there exists a strain-energy density function W = W (F)
such that
1 ∂W
.
(2.4)
T= F
J ∂F
The strain-energy density function satisfies the ellipticity conditions in small strains and is
assumed to be objective so that the system satisfies the principle of material indifference [28, p.
288].
The problem is supplemented by the traction-free boundary conditions:
T(x) · n(x) = 0,

x ∈ ∂B,

(2.5)

where n is a unit vector field normal to the boundary. For a given strain-energy density function
W and natural density ρ0 , the solutions of Eqns (2.1–2.5) give the stresses and deformations at
an equilibrium in which the gravitational forces are balanced by the internal forces due to elastic
deformations. It was proved that this system has unique solutions for constant natural density
and small strains [30] and for arbitrary deformations and constant natural density if the strainenergy density function satisfies some growth conditions [31].

(b) Spherical equilibria of a spherical elastic body
Next, we specialise the problem to the case of spherical deformations. We assume that in the
absence of gravity the body is a homogeneous sphere of radius R0 and constant density ρ0 (Fig. 2).
A material point is denoted by its spherical coordinates {R, Θ, Φ} ∈ [0, R0 ] × [0, 2π] × [0, π] in the
reference configuration and by {r, θ, φ} ∈ [0, r0 ] × [0, 2π] × [0, π] in the current configuration. We
choose a family of elastic materials of the form
W=

µ
λ
(I1 − 3 − 2fα (J)) + (J − 1)2 .
2
2

(2.6)

Here I1 = Tr(C), is the principal invariant associated with the right Cauchy-Green tensor C = FT F,
and µ, λ are non-zero constants. In small deformations, the parameters (µ, λ) can be identified
with the Lamé parameters (µ, λ). These parameters are related to Young’s modulus E and
Poisson’s ratio ν through µ = E/(2(1 + ν)) and λ = Eν/((1 + ν)(1 − 2ν)). The compressibility
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we assume the existence of an invertible map χ : B0 → B so that x = χ(X), where x denotes the
current position of a material point, initially at the position X. Assuming that the deformation is
sufficiently smooth, we define the deformation gradient
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Figure 2. Spherical deformation of a spherical planet under its own gravity field.

penalty is
fα (J) = ln J − α

(J − 1)4
.
Jα

(2.7)

We remark that this particular strain-energy density in the particular case α = 0 is well known
[32], but the general case for arbitrary α has been designed to offer a range of behaviours in large
compression with the requirement that as α varies, the parameters (µ, λ) are independent of α.
Spherically symmetric deformations are of the form
r = r(R),

θ = Θ,

(2.8)

φ = Φ,

with a deformation gradient [28, p.273]

r0 (R)

F = diag(FrR , FθΘ , FφΦ ) =  0
0

0
r/R
0


0

0 .
r/R

(2.9)

.
Once the strain-energy density function is defined, the Cauchy stress tensor is
∂W
µ
∂W
= FFT +
1
∂F
J
∂J

(2.10)


∂W 
= −µfα0 (J) + λ(J − 1) .
∂J

(2.11)

T = J −1 F
where

The Cauchy stress tensor written in the usual spherical coordinates takes the form T =
diag(Trr , Tθθ , Tϕϕ ) where
µ 2
∂W
F +
,
J rR
∂J
µ 2
∂W
Tθθ = Tφφ = FθΘ
+
.
J
∂J
Trr =

(2.12)

Then, the only non-identically-vanishing equilibrium equation from (2.2) is
2(Trr − Tθθ )
∂Trr
+
− ρhr = 0,
∂r
r

hr =

GM
,
r2

(2.13)

Therefore, we have
1
r0 (R)

2(Trr − Tθθ )
4 J −1 GπR3 ρ20
∂Trr
+
−
= 0.
∂R
r
3
r2

(2.15)

There are two important dimensionless parameters that appear in the problem:
ξ=

λ
,
µ

η=

4πGR02 ρ20
µ

(2.16)

The parameter ξ represents the relative elasticity of the material (as ξ → ∞, the system becomes
incompressible) and the parameter η represents the relative effect of gravity and elasticity. For
most rocks, the Poisson ratio is between 0.2 and 0.3 and we use in our examples the value ξ = 1
corresponding to ν = 1/4. Variations of the parameter ξ within known ranges does not change
the qualitative behaviour of the solution. Larger values of η correspond to larger and/or denser
planets for a given material or, equivalently, planets of similar sizes and density but made out
of material with lower stiffness (η increases as the Young’s modulus decreases). This parameter
will be our main control parameter as we are interested in the change of equilibria for planets of
increasing size.This parameter
p of a
pis also related to the ratio of two velocities: the escape velocity
point on the surface is vesc = 2gM/R0 and the velocity of shear waves is given by vS = µ/ρ0 .
We have
2
3 vesc
η=
.
(2.17)
2 vS2
Without loss of generality we scale all lengths with the reference radius R0 . Thus r := r/R0 and
R := R/R0 . Substituting (2.12) into (2.15), the equilibrium equation for r = r(R) is
h
i

3R5 r2 − 3Rr6 (fα00 (J) − ξ) r00 − 6Rr5 fα00 (J) − ξ r02
(2.18)
h
i
+ 6R4 r2 + 6r6 fα00 (J) − ξ r0 − 6R3 r3 − ηR8 = 0.
The boundary conditions are r = R = 0 at the center, and no traction at the surface R = 1, which
gives Trr |R=1 = 0 or

 

ξr4 + 1 r0
−fα0 (J) − ξ +

= 0.
(2.19)
r2
R=1

Recalling that J = r0 (R)r2 /R2 , we see that the equation for the equilibrium leads to a nonlinear
second-order boundary-value problem for r = r(R). This problem has a singularity at R = 0,
where the coefficient in front of the highest derivative vanishes. Therefore, the study of this
equation requires particular care.
Close to the origin R = 0, we can expand the solution in power series
r=

∞
X

c2i+1 R2i+1 = c1 R + c3 R3 + · · · ,

(2.20)

i=0

where c1 is undetermined, and from (2.18) all higher order coefficients are functions of c1 and the
parameters. The first two such coefficients are:
η

,
30c21 c41 ξ − c41 fα00 c31 + 1

 
 

(3)
η 2 −34c41 ξ + 25c71 fα
c31 + 34c41 fα00 c31 − 10
c5 =
.

3
12600c51 c41 ξ − c41 fα00 c31 + 1

c3 =

(2.21)
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where M is the total mass within a sphere centred at origin with radius r. From mass conservation,
we have
4
ρ = J −1 ρ0 .
(2.14)
M = πR3 ρ0 ,
3

3. Small strain analysis
In the absence of gravity, the only solution is the trivial one: r = R. Therefore, for small values of
η we expect the series solution to remain valid up to R = 1 and we can use the boundary value
condition to find c1 . For comparison with the linear theory, we look for a solution of the form
r = c1 R + c3 R3 . Then, the boundary condition at R = 1 is


 (c1 + 3c3 ) ξ(c1 + c3 )4 + 1

0
2
= ξ.
(3.1)
− fα (c1 + c3 ) (c1 + 3c3 ) +
(c1 + c3 )2
Substituting (2.21) into (3.1), results in a nonlinear equation for c1 . For η small, c1 is close to 1:
c1 = 1 −

η(5ξ + 6)
+ O(η 2 )
30(ξ + 2)(3ξ + 2)

(3.2)

and the solution is
r=R−

ηR
30(ξ + 2)



5ξ + 6
− R2
3ξ + 2



+ O(η 2 , R5 ).

(3.3)

We can compare this solution with Love’s solution [26, p.142] obtained from the theory of linear
elasticity under the condition of constant density:


gρR0 R
5ξ + 6
2
rLove = R −
−R .
(3.4)
10µ(ξ + 2) 3ξ + 2
where gρR0 /µ = 4πGρ2 R02 (3/µ) = ηρ2 /(3ρ20 ) = η/(3J 2 ). Hence we have
gρR0
η
= + O(η 2 , R4 ),
µ
3

(3.5)

and
rLove = R −

ηR
30(ξ + 2)



5ξ + 6
− R2
3ξ + 2



+ O(η 2 , R5 ).

(3.6)

We see that the small strain solution obtained from nonlinear elasticity theory recovers Love’s
solution. The problem is now to understand the behaviour of the solutions for larger values of η.
Our strategy is to perform a complete analysis of the case α = 0 and then consider the effect of
compressibility by increasing the exponent α.

4. Large strain analysis
In this section, we discuss the solutions of (2.18) when α = 0. In this case, (2.18)
h
i
3Rr2 (R4 + ξr4 )r02 + R4 r00 + 6ξRr5 r04 + 6(R4 r2 − ξr6 )r03
+ (−ηR8 + 6R5 r − 6R3 r3 )r02 − 6R4 r2 r0 = 0,

(4.1)

with boundary conditions
r=0
at R = 0,


1
1
+ ξr2 r02 − ξr0 − 2 = 0, at R = 1.
r2
r

(4.2)
(4.3)

7
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The parameter c1 ∈ [0, 1] defines a one-parameter family of solutions and our problem is to
determine c1 for given values of the parameters from the boundary condition (2.19) at R = 1.
The limit c1 → 1 corresponds to the trivial case η = 0 and r = R, whereas the limit case c1 → 0
corresponds to the case where the center of the planet is maximally compressed.

(a) Numerical method

8

c3 =

η
.
30 c61 ξ + c21 + 1

(4.4)

For a fixed η and ξ, we choose 0 < δ  1, then rδ = r(δ) and rδ0 = r0 (δ) are known from the
expansion up to a single unknown c1 . We can then use (rδ , rδ0 ) as an initial condition for a shooting
problem where we integrate the solution up to R = 1 and solve the boundary condition (4.3) for
c1 . Once c1 is known, the solution r = r(R; η, ξ) is known numerically.
We use this shooting method for ξ = 1 and δ  1 and plot the possible values of r(1) as a
function of η as shown in Fig.3. For η small, we see that the small strain solution (3.3) is accurate.
However, for larger values of η the solutions are different and several interesting features can be
observed.
First, there is a maximal value of η = ηmax ≈ 6.75 after which no solution to the boundaryvalue problem can be found. Physically, this is the point at which gravitational collapse first occurs.
The energy penalty due to compression is not sufficient to counteract the decrease of energy, the
planet cannot support its own weight and collapse into a single point, a highly singular solution
of the problem.
Second, we see that ηmax is also a branch point and for values of η close to but less than
ηmax there are two possible solutions to the equilibrium equation. Mathematically, this is not
unexpected as many nonlinear boundary-value problems are known to have multiple solutions.
Third, as we keep following the equilibrium branch, we see that a second branch point appears
at η ≈ 3.09. For values of η slightly larger than 3.09, three solutions exist as shown in Fig. 4.
Following this branch, a third branch point appears, and so on. We observe that there are regions
of parameters with 0, 1, 2, 3, 4, 5 equilibria and it is not a great leap of the imagination to
suspect that this process will repeat itself indefinitely. Numerically the accumulation point of
this spiral is found by taking the limit c1 → 0 at which we obtain η0 ≈ 3.7723. The accumulation
point corresponds to an asymptotic behaviour where the local behaviour of the solution close to
0 changes from r ∼ R to r ∼ R3 . We can use this observation and the fact that c1 is small to obtain
a full picture of the solution close to the accumulation point. We note that the limiting behaviour
r ∼ R3 leads to a solution with J → 0 at the origin. However, this solution still has finite strain
energy in any neighborhood of the origin and is therefore a valid solution of the problem (see [33]
and references therein for other singularities appearing in solid mechanics).

(b) Analytical solution around the accumulation point
Here, we analyse the solution when η is close to the accumulation point η0 . In this case, c1 is close
to 0 and we define c1 =   1. Using matched asymptotic expansion method, we first try to find
the inner solution r(R) around R = 0. This solution can be expressed as
r = R + b3 R3 + b5 R5 / + O(−2 ),

(4.5)

where bi are the parameters with leading order O(1). By introducing a boundary-layer coordinate
1

τ = R/ 2 ,

(4.6)

3
2

we have r(τ ) =  Y (τ ). Substituting (4.6) into (4.1), and solving for the leading order yields
3τ Y 2 Y 00 − ητ 4 Y 02 + 6τ Y Y 02 − 6Y 2 Y 0 = 0.

(4.7)

There is an exact solution to (4.7)
Y =

ητ 3
,
6

(4.8)
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We start our analysis by performing a numerical exploration of the solution for increasing values
of η. We note that to the boundary-value problem (4.1-4.3) has a singularity at R = 0. Therefore,
we use the truncated Taylor expansion r = c1 R + c3 R3 close to the origin with
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Figure 3. Current radius r(1) as a function of increasing gravity η for ξ = 1 (δ = 10−4 ). The point at which gravitational
collapse first appears is ηmax ≈ 6.75 and the accumulation point is found at η0 ≈ 3.77. The dashed part of the curve
represents solutions that are dynamically unstable. The three solution profile (a,b,c) r(R) for η = 3.4 are shown in Fig. 4.

which does not satisfy the boundary condition at the origin. Locally near τ = 0 the solution looks
like
Y ∼τ +

ητ 3
+ O(τ 5 ).
30

(4.9)

But every solution looks like ητ 3 /6 at infinity. The perturbation to the behaviour at infinity is
given by
Y =

ητ 3
+ g(τ ),
6

(4.10)
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Love's solution
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0.8
0.6

b
c

0.4
0.2

0.2

0.4

0.6
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Figure 4. The three different solutions r(R) for ξ = 1 and η = 3.4 associated with the three points a,b,c of Fig.1. The
values of the parameter c1 are 0.8944 (a), 0.0458 (b), 0.1145 (c). The solutions (b) and (c) are dynamically unstable

.
where, substituting (4.10) into (4.7) and linearising in g(τ ),
τ 2 g 00 − 2τ g 0 + 18g = 0.

(4.11)

Therefore,
g(τ ) = Aτ 3/2 cos




3√
7 ln τ + γ ,
2

(4.12)

where A and γ are arbitrary constants. The inner solution with Y (0) = 0, Y 0 (0) = 1 will have this
behaviour at infinity with some determined constants A and γ. We need to see what effect they
have on the outer solution.
The perturbation to the outer solution is o(3/4 ) and we write
r = r0 + 3/4 r1 + o(3/4 ),

η = η0 + 3/4 η1 + o(3/4 ),

(4.13)

where r0 is the special solution satisfying r0 ∼ ηR3 /6 as R → 0 and η0 is the accumulation point
(see Fig. 3). The equation for r1 is
α1 r100 + α2 r10 + α3 r1 + α4 η1 = 0,
where
α1 = 3R5 r02 r00 2 + 3R5 r02 + 3ξRr06 r00 2 ,
α2 = −18ξr06 r00 2 − 2η0 R8 r00 + 6R5 r02 r00 r000 + 12R5 r0 r00
+ 18R4 r02 r00 2 − 6R4 r02 − 12R3 r03 r00 + 6ξRr06 r00 r000
+ 24ξRr05 r00 3 ,
α3 = −36ξr05 r00 3 + 6R5 r0 r00 2 r000 + 6R5 r00 2 + 6R5 r0 r000
+ 12R4 r0 r00 3 − 12R4 r0 r00 − 18R3 r02 r00 2
+ 18ξRr05 r00 2 r000 + 30ξRr04 r00 4 ,
α4 = −R8 r00 2

(4.14)
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a

The inner (4.10) written in terms of the outer is

 3
3
3
ητ
r = 2 Y = 2
+g
6

11

Thus
r1 ∼





3√
R
η1 R 3
+ AR3/2 cos
7 ln √
+γ ,
6
2


(4.15)

(4.16)

as R → 0. At R = 1 we have
α5 r10 + α6 r1 = 0,

(4.17)

where
α5 = −ξ + 2ξr02 r00 +
α6 = 2ξr0 r00 2 −

2r00
,
r02

2r00 2
2
+ 3.
r0
r03

We have to choose η1 so that this condition is satisfied.
In summary, we can deduce η1 () from (4.14), (4.16) and (4.17), where every constant is known
and fixed. We can determine the dependence on  as follows. Let y(R) be a particular solution
satisfying
α1 y 00 + α2 y 0 + α3 y + α4 = 0,
(4.18)
with
α5 y 0 + α6 y = 0 at R = 1
and
y ∼ BR3/2 cos

 √

3 7
ln R
as R → 0,
2

(4.19)

(4.20)

for some B. The inhomogeneity in the equation means we cannot set the amplitude, but we can
impose the phase as R → 0. Also let z(R) be the homogeneous solution satisfying
α5 z 0 + α6 z = 0 at R = 1,
and
z ∼ AR3/2 cos


 √
3 7
ln R + ψ as R → 0,
2

(4.21)

(4.22)

for some ψ, where A is as before. Here we are free to set the amplitude of z but not the phase.
Then the solution r1 is given by
r1 = η1 y + ζz,
(4.23)
where, in order to satisfy the matching conditions as R → 0,
 √

3 7
η1 B + ζA cos ψ = A cos −
ln  + γ ,
4
√


3 7
−ζA sin ψ = −A sin −
ln  + γ .
4
Eliminating ζ from these last two relations gives

 √

 √


3 7
A
3 7
η1 B =
− sin −
log  + γ cos (ψ) + cos −
log  + γ sin (ψ)
sin ψ
4
4
√


A
3 7
=
sin ψ − γ +
log  .
sin ψ
4

(4.24)

(4.25)
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ηR3
3√
R
3/4 3/2
∼
+ A R
cos
7 ln √
+γ .
6
2
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Figure 5. Asymptotic prediction (red/dashed) versus numerical results (blue/solid)

.
Thus
3/4

η = η0 + c1

√


A
3 7
sin ψ − γ +
ln c1 .
B sin ψ
4

(4.26)

Numerically we find that A = 0.473985, γ = 0.115302, ψ = 0.663228 , and B = −0.156888 for ξ =
1. The analytical results are compared with numerical results in Fig. 5. They match well when
c1 < e−4 . We conclude that there exist intervals for η where there are N equilibrium solutions for
all integer N .

(c) Stability and vibrations
A natural question in the presence of multiple equilibria is to determine which ones are viable as
physical solutions. To do so, we can test the stability of our spherical solutions against spherical
vibrations. The equilibria for which these vibrations are imaginary are unstable. We refer to
a planet as being radially stable if it is stable against radial disturbances (not precluding the
possibility of the radial equilibrium being unstable against other, non-spherically symmetric,
deformations). The radial dynamics of an elastic planet is governed by the Cauchy equation
2(Trr − Tθθ )
∂Trr
+
− ρhr = ρr̈,
∂r
r

(4.27)

The boundary conditions are, as before r(0) = 0 and Trr = 0 at R = 1. We study the vibration
around an equilibrium solutions, so that r has the form


r = r(0) (R) +  ϕ(R)eiωt + c.c. .
(4.28)
where c.c stands for the complex conjugate, r(0) (R) is an equilibrium solution and   1. We
2 2
choose r :=
p r/R0 , R := R/R0 , ξ = λ/µ, and η = 4GπR0 ρ0 /µ as before, and rescale time so that
ω := ωR0 ρ0 /µ. Substituting (4.28) into (4.27) and keeping the leading order term in  yields
β1 ϕ00 + β2 ϕ0 + β3 ϕ = 0

(4.29)

with
ϕ = 0 at R = 0, and
β4 ϕ0 + β5 ϕ = 0, at R = 1.

(4.30)
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Figure 6. First three eigenvalues ω 2 as a function of c1 .

where the coefficients, given explicitly in Appendix A, depend on the solution r(0) and the
frequency ω through ω 2 . For a given equilibrium solutions, these equations are therefore an
eigenvalue problem for ω 2 that can be solved by using the shooting method. We define
K(c1 , ω 2 ) = β4 ϕ0 (1) + β5 ϕ(1).

(4.31)

Since the equilibrium solutions can be parameterised by c1 , a given c1 defines a solution r(0) and
we compute its spectrum by solving K(c1 , ω 2 ) = 0 for ω 2 as shown in Fig. 6. We see that as c1
decreases from 1, it reaches c1 ≈ 0.568 where the smallest eigenvalue ω 2 becomes negative. This
value corresponds to the first branch point found in Fig. 3. For 0 ≤ c1 . 0.568, all equilibrium
solutions are unstable. Similarly the value of c1 where the second smallest eigenvalue becomes
negative corresponds to the second branch point shown in Fig. 3.

5. The role of compressibility
Next, we turn our attention to the case α > 0 to gauge the role of the energy penalty associated
with changes in volume. In particular we are interested to see if there is a critical value at which
gravitational collapse is not possible and a unique solution exists for all η. Equivalently, we can
compute the value of α at which the first branch point disappears. We use the AUTO continuation
software [34] to solve (2.18–2.19). For a given value of α we compute
r∞ (α) = lim r(1).
c1 →0

(5.1)

The result of this computation is shown in Fig. 7. For small values of α we observe the
same qualitative behaviour as described in the previous sections. Around α1 ≈ 0.20, there is a
qualitative change of behaviour and a positive r∞ is replaced by r∞ close to 0. For α ∈ [α2 , α3 ]
with α2 ≈ 0.34 and α3 ≈ 0.54 , there are 1, 2, or 3 solutions as shown in Fig. 8. This behaviour
changes again when the branch point disappears and there is a unique solution for all values of η.
Interestingly, in this regime, the final radius of the planet becomes independent of the size of the
planet as the final radius becomes independent of the total mass for sufficiently large planets.
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Figure 7. Effect of α on the existence of equilibria: r∞ (α) is shown as a function of α. For α ∈ [0, 0.22] the bifurcation
diagram is spiral as in the α = 0 case. For α ∈ [0.22, 0.54], this spiral unwinds. For α ∈ [0.54, 1], a single solution exists
for all values of η .

(a) Stability results for general α
From Eqs.(4.29) and (4.30), we can probe the stability of equilibria for general α by finding the
loci at which the eigenvalues ω 2 vanish as a function of c1 and α. This analysis confirms that the
upper branch of solutions (as shown in Fig. 3 and Fig. 8) is always radially stable up to the first
branch point at which the equilibrium solution becomes unstable. Similarly, when there exists
a solution for large values of η (as in Fig. 8), this lower branch is also radially stable up to the
first branch point. Therefore, for α > 0.54 all solutions are radially stable. The intermediate case
α ∈ [0.34, 0.54] leads to two radially stable branches with an overlap, offering the possibility of
bistability, another unexpected feature of this celestial problem.

6. Conclusion
The problem of determining the deformation of a continuum body under its own gravitational
field is a classic problem of continuum mechanics. Despite a wealth of knowledge for the fluid
case, surprisingly little is known about the solid case for which even the simplest question
of finding the radius of a deformed homogeneous elastic planet has not been thoroughly
investigated. Here, as a starting point, we considered a particular elastic model and posed the
problem in large deformations without any approximation. We further specialised our analysis to
the existence of radially symmetric solution leading to a second-order boundary-value problem
for the radial deformation. The study of this equation was performed by combining asymptotic
methods with numerical methods to obtain a global picture of how solutions behave for planets
of increasing size. Our study identified a number of surprising features.

rspa.royalsocietypublishing.org Proc R Soc A 0000000
..........................................................

0.6

15

1.0

0.6

0.4

0.2

0.0

0

2

4

6

8

10

Figure 8. For α = 0.4, the system can have up to three solutions, two of which are radially stable, showing the possibility
of bistability.

First, we observed the possibility of gravitational collapse. At a critical size, the gravitational
field cannot be balanced by internal elastic forces and the planet collapses to a point despite
the fact that the elastic energy diverges in that limit. We note that Love already discussed this
possibility within the framework of linear elasticity (where the elastic energy remains finite as
the volume vanishes) [23] . Clearly, gravitational collapse of this type would not be expected for
an actual planet where levels of high compression would require other physical effects (such as
phase transitions) and for which an elastic model would not be suitable. Even, within the elastic
context, we found that if the elastic potential diverges sufficiently fast as the volume vanishes (as
measured by our parameter α), gravitational collapse disappears and is replaced by a monotonic
behaviour with a single solution for all planet sizes.
Second, we found that in some elastic models, there may be arbitrarily many elastic equilibria.
Each of these is a valid solution of the exact equations. In these cases, by following the branch
of solutions we reach an accumulation point η0 for which infinitely many solutions can co-exist,
as confirmed by a local asymptotic expansion in the neighbourhood of η0 . This phenomenon is
again dependent on the singular behaviour of the solutions as the volume vanishes at the origin.
Indeed, it corresponds to the limiting behaviour r ∼ c1 R at the origin in the limit c1 → 0 so that
r ∼ R3 and J → 0 at the origin. This transition can be controlled by increasing the exponent α and
for α > 0.54 only a single radial solution exists.
Third, we studied the stability of our multiple equilibria. Not surprisingly, we found that
instability is naturally associated with the existence of branch points in the bifurcation diagram.
At each branch point a new eigenvalue of the radial dynamical linearised problem becomes
imaginary leading to dynamically unstable solutions. Further analyses showed that small elastic
planets (small η) are always radially stable, and so are very large planets (large η), when they
exist. The existence of two stable branch leads to the possibility of bistability when there is an
overlap of these branches as shown in Fig. 8.
How realistic is an elastic model for a planet? For small enough deformations, every solid
behaves elastically and there is no doubt that an elastic model is relevant and linear elasticity
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can be used. When does linear elasticity fail to properly determine the stresses? This is a difficult
question that can only be addressed by comparing the linear theory to a nonlinear theory as
presented here. In any case, for larger deformations, the elastic assumption will fail as other
effects, such as phase transition, may come into play. Yet, stresses are needed to determine these
transitions. Hence the elastic model is required. Simple estimates for planets are very difficult
since very little is known about their composition and structure. For instance, it is not clear that
the theory presented here would be valid for the Earth that is known to have a complex core.
Yet, we can try to apply our theory to the problem of iron planets such as Mercury. In this case
we have µ ≈ 80GPa, ρ0 ≈ 7860kg/m3 , so that ξ ≈ 1.5 and η = 4GπR02 ρ20 /µ ≈ (8.04 × 10−7 R0 )2 =
(k0 R0 )2 . For α = 0, we obtain an estimates of ηmax ≈ 7.77 corresponding to a maximal radius of
2.25/k0 ≈ 2, 798 km (compared to the actual radius of Mercury at 2,440km). We should not read
too much in the closeness of these values since many other effects may be involved and we do not
expect that gravitational collapse as presented here would be directly applicable to actual planets.
Nevertheless, this estimate suggests that some planets may be subject to large elastic deformations
and that speculations on the composition of planets based on linear theories, as prevalent in all
geosciences, should be reconsidered critically.
The stability notion used here only concerns radial disturbances. It does not preclude the
possibility that a planet could become unstable by developing non-radially symmetric modes at
a given size. This type of behaviour was found by Love in 1907 but then ruled out later by Jeans
in 1915. In both instances, the assumptions made were unphysical and the problem was studied
within the linear setting. From a modern perspective, the simple question of stability of planets
under their own gravitational field remains open and will be the subject of the second instalment
of this work.
In our study, we have removed, on purpose, many secondary effects that may be important
for the modelling of actual planets. For instance, we have neglected the gravitational interaction
with other bodies, the forces associated with rotation, the possibility that the planet core may be a
viscous fluid, the role of thermal stresses, the distribution of continents, and all non-elastic effects
such as plastic yielding, rupture, and so on. These effects may all be critical in determining the
figure of a given planet but we claim that their relative roles can only be appreciated once the
simpler problem considered here is fully understood. In turn, a general theory should offer new
insight into the surprising gravitational behaviour of heavenly bodies.

A. Coefficients of the linearised vibration problem
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β1 ϕ00 + β2 ϕ0 + β3 ϕ = 0

(A 1)

with
ϕ = 0 at R = 0, and
β4 ϕ0 + β5 ϕ = 0, at R = 1.

(A 2)

where the coefficients



β1 = 3R3 r(0)3 r(0)0 r(0)4 ξ − fα00 (J0 ) + R4 ,


β2 = −6Rr(0)8 r(0)03 fα000 (J0 ) + 3r(0)9 r(0)0 fα000 (J0 ) 2r(0)0 − Rr(0)00


+ 6R3 r(0)6 r(0)02 ξ − fα00 (J0 ) + 3R3 r(0)7 r(0)00 fα00 (J0 ) − ξ
+ ηR10 r(0) − 3R7 r(0)3 r(0)00 + 6R5 r(0)4 ,



(0)0
β3 = r
− 12Rr(0)7 r(0)03 fα000 (J0 ) + 6r(0)8 r(0)0 fα000 (J0 ) 2r(0)0 − Rr(0)00




+ 6R2 r(0)6 Rr(0)00 − 2r(0)0 ξ − fα00 (J0 ) + 6R3 r(0)5 r(0)02 ξ − fα00 (J0 )




+ 4ηR10 − 6R6 r(0)2 Rr(0)00 + 2r(0)0 + 3R5 r(0)3 R2 ω 2 + 2 ,
β4 = −r(0)5 fα00 (J0 ) + ξr(0)5 + r(0) ,


β5 = 2r(0)0 −r(0)4 fα00 (J0 ) + ξr(0)4 − 1 ,
J0 = J(r(0) )
In the particular case α = 0, it reduces to
β1 = 3r(0)0 Rr(0)3 ((1 + r(0)02 )R4 + r(0)02 r(0)4 ξ),
β2 = Rr(0) (12r(0)0 R3 r(0)2 − 9r(0)00 R4 r(0)2 + 6r(0)04 r(0)5 ξ + r(0)02 (6R2 r(0)3
− 3R4 r(0) (2 + r(0)00 r(0) ) + R7 η − 3r(0)00 r(0)6 ξ)),
β3 = r(0)0 (12r(0)0 R4 r(0)2 − 6r(0)00 R5 r(0)2 + 6r(0)04 Rr(0)5 ξ − 12r(0)03 r(0)2 (R4 + r(0)4 ξ)
+ r(0)02 (6R3 r(0)3 + 4R8 η
+ 6r(0)00 Rr(0)6 ξ + 3R5 r(0) (−6 − 2r(0)00 r(0) + r(0)2 ω 2 )))
With boundary condition at R = 1








r(0) r(0)02 ξr(0)4 + 1 + 1 ϕ0 + 2 r(0)03 ξr(0)4 − 1 + r(0)0 ϕ = 0,
while at R = 0, ϕ = 0.

(A 3)
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The vibration problem is given by
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