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Plate buckling
We compute here the relationship between buckling mode and active mantle width via
the buckling of a plate. We consider a plate with zero reference curvature of length A
in the x direction and width B in the y direction (the x and y directions here
correspond to the s2 and s1 directions in the main text, respectively, so we are
primarily interested in the case A ≫ B). The governing equation for the transverse
deformation w(x, y) of the plate is [1, 2]
D∇4 w + N wxx = 0,

(1)

where D is the bending modulus and N is a compressive force due to growth in the x
direction (defined as positive here). For boundary conditions, we take the plate to be
clamped on one long edge, free on the other long edge, and simply supported on the
two short edges. These conditions read
w = 0, wxx + νwyy = 0 on x = 0, A,
w = 0, wy = 0 on y = 0,
wyy + νwxx = 0, wyyy + (2 − ν)wxxy = 0 on y = B,

(2)
(3)
(4)
(5)

where ν is the Poisson ratio. The system (1), (2) has solution
 mπx 
w(x, y) = sin
f (y)
A
where m is the buckling mode. Taking f = exp(iλy) yields the characteristic equation
A4 λ4 −
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(Ñ − 2λ2 ) + m4 π 4 = 0,
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where Ñ = N/D. This has roots
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a nontrivial solution only existing if Ñ > m2 π 2 /A2 . The function f (y) thus takes the
form
+
+
−
f (y) = c1 exp(iλ+
1 y) + c2 exp(iλ1 y) + c3 cos(λ2 y) + c4 sin(λ2 y).
The boundary conditions in the y-direction translate to
f (0) = f ′ (0) = 0, f ′′ (B) − ν

m2 π 2
m2 π 2
f (B) = f ′′′ (B) − (2 + ν) 2 f ′ (B) = 0.
2
A
A

Imposing these conditions yields an eigenvalue problem for the critical compression
Ñ = Ñ ∗ , and the critical buckling mode is determined by finding the integer value of
m at which Ñ ∗ is minimized. The points in Fig 8 of the main text were produced by
fixing A = 20, ν = 0.3, varying B between 0.5 and 2.5, and computing the critical
mode at each width.

List of movies

Movie S 1. [SupplementaryMovie1.mp4] Space-time discretization of the
molluskan shell in the finite element framework. Shown at the top is the
evolution of the geometry (finite element mesh) for 20 surface growth increments
(addition of the mantle in 20 incremental strips, each being four elements wide) of a
representative molluskan shell in its reference configuration, without the morphoelastic
volume growth increments. As a result the reference configuration remains a flat plate.
The accompanying computation at the bottom shows the 20 growth increments with
the complete model (surface growth, volume growth and calcification of 20 mantle
strips in sequence). Beginning with a flat plate geometry, each surface growth
increment is followed by its morphoelastic volume growth increment and
calcification.Calcification is the final stage of the sequence for each such mantle strip
of four elements. Therefore, at any instant, it is only the mantle strip at the leading
edge that undergoes morphoelastic volume growth. The mantle strips that grew before
it have already undergone calcification. This is the case for Movies S1-S3, and S5.
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Movie S 2. [SupplementaryMovie2.mp4] Influence of the geometry of reference
curves on antimarginal ornamentation: Planar geometry. Shown is the
evolution of 10 mantle strips starting from a flat plate geometry of the reference curve.
The contour colors indicate the normalized displacement magnitude. As in Movie S1,
at any instant, it is only the mantle strip at the leading edge that undergoes
morphoelastic volume growth. The mantle strips that grew before it have already
undergone calcification.

Movie S 3. [SupplementaryMovie3.mp4]Influence of the geometry of reference
curves on antimarginal ornamentation: Arc geometry. Shown is the evolution
of 4 mantle strips starting from an arc geometry of the reference curve. The contour
colors indicate the normalized displacement magnitude. As in Movies S1 and S2, at
any instant, it is only the mantle strip at the leading edge that undergoes
morphoelastic volume growth. The mantle strips that grew before it have already
undergone calcification.
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Movie S 4. [SupplementaryMovie4.mp4] Influence of the geometry of reference
curves on antimarginal ornamentation: An arc with positive and negative
curvature. Shown is the evolution of a single mantle strip starting from a reference
curve that is an arc with curvature of changing signs. Note that there is no surface
growth in this movie. The trailing edge is the the only calcified part of the shell. The
snap-through events seen during the deformation of the mantle strip are the elastic
bifurcations (buckling modes) triggered by growth over this geometry. There are
several bifurcations occurring in rapid succession due to volume growth within a single
growth increment, in this simulation. Because of the stiff, nonlinear response of the
shell undergoing elastic bifurcations, the single increment of volume growth is
numerically applied as 20 load steps, and the evolution of the deformed geometry after
each load step is shown in the corresponding evolution of the 20 frames shown in this
movie. The contour colors indicate the normalized displacement magnitude.

Movie S 5. [SupplementaryMovie5.mp4] Influence of the geometry of reference
curves on antimarginal ornamentation: Closed circular geometry. Shown is
the evolution of 3 mantle strips starting from a circular geometry of the reference
curve, and is representative of growth over a closed shell geometry. The contour colors
indicate the normalized displacement magnitude. As in Movies S1-S3, at any instant,
it is only the mantle strip at the leading edge that undergoes morphoelastic volume
growth. The mantle strips that grew before it have already undergone calcification.
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Movie S 6. [SupplementaryMovie6.mp4] Evolution of deformation leading to a
backward arching morphology. The contour colors indicate the normalized
displacement magnitude. Note that there is no surface growth in this movie. The
trailing edge is the the only calcified part of the shell.
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