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Abstract

The prion-like hypothesis of neurodegenerative diseases states that the accumulation of misfolded
proteins in the form of aggregates is responsible for tissue death and its associated neurodegenerative
pathology and cognitive decline. Some disease-specific misfolded proteins can interact with healthy pro-
teins to form long chains that are transported through the brain along axonal pathways. Since aggregates
of different sizes have different transport properties and toxicity, it is important to follow independently
their evolution in space and time. Here, we model the spreading and propagation of aggregates of
misfolded proteins in the brain using the general Smoluchowski theory of nucleation, aggregation, and
fragmentation. The transport processes considered here are either anisotropic diffusion along axonal
bundles or discrete Laplacian transport along a network. In particular, we model the spreading and
aggregation of both amyloid-β and τ molecules in the brain connectome. We show that these two mod-
els lead to different size distributions and different propagation along the network. A detailed analysis
of these two models reveals the existence of four different stages with different dynamics and invasive
properties.

1 Introduction
Neurodegenerative diseases such as Alzheimer’s (AD) or Parkinson’s (PD) are devastating conditions associ-
ated with a systematic destruction of brain tissues leading to cognitive decline, neurobehavioral symptoms,
and eventually death. While for PD there exist some treatments to alleviate some of the symptoms, there is
no known cure for any of these diseases. Post-mortem analyses of brain tissues affected by neurodegenerative
diseases reveal the presence of protein aggregates. For instance, in the case of AD, extracellular amyloid-
beta (Aβ) plaques and intracellular neurofibrillary tangles of tau (τ) proteins are observed and correlated
with the evolution of the disease [1]. The systematic mapping of these lesions either in postmortem brains
obtained at various stages of the disease or by in vivo positron emission tomography imaging provides a
map of the spatiotemporal evolution of the disease [2, 3]. Unlike other diseases, neurodegenerative diseases
appear to follow a predictable spreading pattern through the brain. For instance, in AD, τ aggregates are
first found in the locus coeruleus and entorhinal cortex and then evolves to the hippocampus, the temporal
cortex, the parietal cortex before invading the motor cortex and occipital areas [4]. In the last stage of the
disease, all cortical areas are affected and the patient condition rapidly declines. Different neurodegenerative
diseases exhibit different invasion patterns associated with different initial seeding zones and specific protein
aggregates.

These systematic invasion patterns of protein aggregates are the basis of the prion-like hypothesis for
neurodegenerative diseases. This mechanism is based on the idea that, like prion diseases [5], neurodegen-
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erative diseases are caused by the systematic aggregation and transport of misfolded proteins in the brain
through the axonal pathways [6, 7, 8, 9, 10]. Specifically, it applies to τ protein aggregates found in AD. Tau
proteins are small proteins that stabilize microtubules in the axon [11]. In healthy tissue, they are naturally
produced by the cell and transported primarily along the axons where they bind to multiple microtubules.
However, in some conditions, these proteins can be hyperphosphorylated and start forming misfolded ag-
gregates. This misfolded form of the protein acts as a toxic template on which regular τ protein can be
bound and converted to misfolded ones. These aggregates grow into increasingly larger fibrillar assemblies
[7, 12] that can also fragment into smaller aggregates. Since τ is an intracellular protein, these various large
aggregates primarily spread across the brain through the network of axonal pathways [13, 14] and various
mechanisms of cell-cell spreading have been identified [15]. Similarly, it is known that Aβ form large extra-
cellular aggregates. Assuming that these aggregates are transported within the brain as a simple diffusion
process, we know from diffusion tensor imaging, that diffusion is preferentially along the axons. Therefore,
even though these proteins are found outside the cell, they also diffuse anisotropically.

The kinetic of aggregation and fragmentation of misfolded proteins and their spatiotemporal evolution can
be modeled by either following the total concentration of toxic proteins [16, 17], the concentration of healthy
and toxic proteins using a heterodimer model [18], or a Smoluchowski-type model where the concentrations
of polymers of different sizes are followed independently [19].

Following the size distribution is important to understand the slow time scales associated with the disease
and to identify the aggregate size responsible for damage so that they can be targeted by antibodies. There-
fore, we use the aggregation theory of Smoluchowski to study the spread of intracellular protein aggregates
across the brain. We are particularly interested in studying to what extent coarse-grained models, which
are easier to simulate, can be used to represent the complex underlying kinetics. Our approach consists in
formulating the continuous problem first using anisotropic diffusion and then discretizing the equations on
a network. Once the models for Aβ and τ propagation have been established, we analyze them in parallel
to identify typical behaviors and how particular features arise from the modeling choices.

2 General theory of aggregation-fragmentation equations
Before we look specifically at the problem of proteins in the brain, it is of interest to consider the general
theory of Smoluchowski for the aggregation and fragmentation of particles in space and time [20]. We will
first consider the continuum case before discretizing these equations on a network. In this theory, we follow
the concentration ci of aggregates Ci of size i ∈ N. The concentrations are defined both in space and time so
that ci = ci(x, t), x ∈ Ω ⊂ R3, t ∈ R. Apart from nucleation events, we consider only binary processes where
the aggregates i and j interact with aggregates of size i+ j with an aggregation rate ki,j and fragmentation
rate βi,j :

Ci + Cj
ki,j−−⇀↽−−
βi,j

Ci+j , i, j = 1, 2, 3, . . . (1)

In addition, we assume that there exists a source of monomers and a process of clearance reducing each
population with a constant relative rate. The general form of these equations is then

∂ci
∂t

= ∇ · (Di · ∇ci) + k0,i − k1,ici +Ni +Ai + Fi, i = 1, 2 . . . (2)

where Di is the diffusion tensor characterizing the spreading of an aggregate of size i. We assume a source
of monomers k0,1 = γ(x) and k0,i = 0 for i > 1 and clearance terms of the i-mer, k1,i = k1,i(x), that are
possibly space-dependent. This dependence reflects the possibility that different locations may be associated
with higher rates of production or clearance. The remaining terms in the equations are the nucleation term
Ni, the aggregation term Ai, and the fragmentation term Fi. We consider these three processes separately:

Nucleation: We consider two different type of nucleation processes (see Fig. 1) that have shown to be
important in the context of protein kinetics for neurodegenerative diseases [21, 22]. First, primary nucleation
corresponds to n1 > 1 monomers forming an aggregate of size n1:

C1 + . . .+ C1︸ ︷︷ ︸
n1 times

ξ1−→ Cn1
. (3)
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Figure 1: The two nucleation processes. Primary nucleation brings n1 monomers together to form an
aggregate of size n1 (here n1 = 3). In secondary nucleation, the presence of an aggregate of any size,
catalyzes nucleation to form an aggregate of size n2 (here n2 = 2).

Second, we include secondary nucleations where existing aggregates facilitates the formation of new aggre-
gates with n2 > 1 monomers [23]:

Ci + C1 + . . .+ C1︸ ︷︷ ︸
n2 times

ξ2−→ Ci + Cn2 , i = 2, 3, . . . (4)

In this case the rate constant is proportional to the total mass
∑
i>1 iCi. Taking into account both contri-

butions, the nucleation term is given by

Ni = ξ1δi,n1
cn1
1 + ξ2δi,n2

cn2
1

∞∑
j=2

jcj , i = 2, 3, . . . (5)

where δi,j is the usual Kronecker delta (1 when i equals j and 0 otherwise). The conservation of mass in the
nucleation process implies that N1 +

∑∞
i=2 iNi = 0. Hence, we have

N1 = −n1ξ1δi,n1c
n1
1 − n2ξ2δi,n2c

n2
1

∞∑
j=2

jcj . (6)

Aggregation: Considering the possible changes in the concentration ci with fixed i > 1, we see from (1)
that the aggregate Ci appears in two reactions. It disappears in the presence of Cj to form Ci+j :

Ci + Cj
ki,j−→Ci+j , j = 1, 2, 3, . . . , (7)

and appears in the same type of reaction but with different indices

Ci−j + Cj
ki−j,j−→ Ci, j = 1, 2, . . . , i− 1. (8)

Note that the symmetry obtained by swapping j with i − j in this equation means that we count these
reactions twice (except when i = 2j).

Taken together these effects can be written thanks to the law of mass action as [24, 25]

Ai =
1

2

i−1∑
j=1

αj,i−jcjci−j −
∞∑
j=1

αi,jcicj , (9)

where the factor 1/2 appears due to the double counting and αi,j = αj,i = ki,j when i 6= j, and αi,i = 2ki,i.
Terms of the form α1,1c

2
1 in the equation for c2 also represents the possibility of nucleation from two monomers

C1 forming a dimer C2. Therefore, if the primary nucleation is binary (n1 = 2), the total nucleation rate is
α1,1 + ξ1. If n1 > 2, then there is no binary nucleation and α1,1 = 0.
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+
linear aggregation general aggregation

k1, j + ki,j

i i+jj

Figure 2: Aggregation processes. During aggregation an i-mer merges with a j-mer to form an (i+j)-mer
with rate ki,j . Linear aggregation is the particular case where monomers are added to an aggregate and is
a good model for fibril formation.

Fragmentation: The fragmentation term follows the same construction and takes into account the reac-
tions (7) and (8) in the reverse direction. We consider the loss of aggregates Ci by the reaction.

Ci
βj,i−j−→ Cj + Ci−j , j = 1, 2, . . . , i− 1, (10)

and the creation of aggregates of size i by the fragmentation of larger aggregates

Ci+j
βi,j−→Ci + Cj , j = 1, 2, 3, . . . , (11)

which leads to

Fi = −1

2

i−1∑
j=1

βj,i−jci +
∞∑
j=1

βi,jci+j . (12)

Note that since we only consider binary processes, we neglect the possibility of aggregation of more than

+
dissociation general fragmentation

β1, i-1

+
βi,i-j

j
i-ji

i
i-1

Figure 3: Fragmentation processes. During fragmentation an i-mer aggregates with a j-mer to form an
(i−j)-mer with rate βi,i−j . Dissociation is the particular case where monomers are created.

two smaller aggregates or fragmentation processes leading to more than two aggregates of smaller sizes. If
we assume that aggregation dominates fragmentation, we have αi,j > βi,j .
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Taken together, the Smoluchowski equations for nucleation-aggregation-fragmentation read

∂ci
∂t

= ∇ · (Di · ∇ci) + k0,i − k1,ici

− n1ξ1δi,1c
n1
1 − n2ξ2δi,1c

n2
1

∞∑
j=2

jcj

+ ξ1δi,n1c
n1
1 + ξ2δi,n2c

n2
1

∞∑
j=2

jcj

+
1

2

i−1∑
j=1

(αj,i−jcjci−j − βj,i−jci)

−
∞∑
j=1

(αi,jcicj − βi,jci+j) , i = 1, 2, . . . (13)

Whereas the general form of these equations is well accepted, the problem is to find the specific form of the
coefficients for a given process and then solve this infinite set of nonlinear partial differential equations. If
we consider aggregates of size up to N , the number of free parameters is of order N2. Modeling reaction
rates usually rely on a combination of physical assumptions, thermodynamics, and statistical physics, all
based on direct comparisons with experimental data.

3 Smoluchowski equations for neurodegenerative diseases
The approach discussed here has been used to study the spread of proteins in some neurodegenerative
diseases (see review [26]). For Alzheimer’s disease, the emphasis in most models is on the the evolution of
Aβ fibrils, which have been thought as the main responsible mechanism related to cell death. For instance, a
homogeneous Smoluchowski model has been proposed by Murphy and Pallitto and validated against kinetic
experiments [27, 28]. Many other homogenous models have been considered for Aβ fibrils and prion diseases.
These models are obtained from (13) by taking Di = 0 for all i and are therefore sets of ordinary differential
equations. This is the classical framework of Smoluchowski equations for which there exists a large literature
[29, 30, 31]. The central question is to obtain the evolution in time of the concentration distribution given
general properties of the rate coefficients and whether gelation occurs. Physically, gelation refers to the
process of creating very large particles in the system. Mathematically, in these equations, it corresponds to
a loss of mass in the system due to a non-zero mass flux towards larger particles in the limit of particle sizes
going to infinity. The main advantage of the homogenous case is that differential equations for moments of
the distribution can be obtained and, in some cases, the problem can be reduced to a finite set of differential
equations for these moments. This mathematical framework can then be used to fit the constants appearing
in the system against experimental data [32].

Not surprisingly, the inhomogeneous case where transport is considered is much more complicated and no
such moment formulation is possible. Yet, a few mathematical works have established the global existence
of solutions for particular rate equations [33, 34, 35] or obtained particular solutions [36].

Of particular relevance for the present discussion is the work of Bertsch et al. who considered a model
of the form (13) for the accumulation and spreading of Aβ and implemented the model in a brain slice
geometry [19]. Similar equations have also been discretized and studied on networks by Matthäus who was
motivated by the study of prion diseases [18, 37, 38].

Here, following the prion-like hypothesis of neurodegenerative diseases, we study and compare two differ-
ent models for the aggregation and transport of either Aβ or τ proteins, the hallmarks of Alzheimer’s disease.
According to the prion-like hypothesis, these proteins are mostly transported along axonal pathways. Hence,
a network approach for the spatiotemporal evolution of these aggregates is justified. The network models
are obtained as coarse-grained models of the continuum models.

It is important to make the distinction between the population of healthy proteins and the misfolded
(toxic) ones. We assume that in healthy conditions, the healthy proteins have a concentration m = m(x, t).
We assume that the only process by which misfolded monomers can be produced is through conversion of a
healthy protein or by fragmentation of a polymer. However, our assumption about fragmentation (see below)
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does not allow for the loss of a single monomer. Hence, toxic monomers can only be produced by conversion
of a healthy protein and will only appear in the system as they form larger fibrils. Since we pool the process
of conversion and aggregation together through a single constant, there is no need to track separately the
population of misfolded monomers. Hence, we use c1 = m as the overall population of monomers present
in the system. For the dynamics to start, we must either have a nucleation mechanism with rate κ that
describes the probability of two such monomers to come together to make a dimer of misfolded proteins, or
assume that this conversion has already taken place and the system has a certain level of seeded misfolded
dimers.

3.1 Diffusion, growth and expansion
It is important to identify the possible sources for the creation, transport, and expansion of toxic proteins.
We define the total density and concentration of aggregates (excluding healthy monomers) as

M =
∞∑
i=2

ici, P =
∞∑
i=2

ci. (14)

Integrated over the entire domain, these two quantities are, respectively, the total mass and total number of
aggregates of toxic proteins. A typical aggregate length, measured in unit of monomer length, is obtained
as the ratio of these two moments λ(t) = M/P . In the case of fibrils, λ is the mean filament length.

There are three main processes in the dynamics, each associated with its own time scale. Diffusion has
the effect of lowering locally a high concentration by transporting aggregates in nearby regions. Hence,
starting in one small region with high concentration, diffusion allows for seeds to propagate.

Growth refers to the evolution of the fibril length: the transfer from small aggregates to larger aggregates.
This process is mostly controlled by the parameters αi,j and leads to an increase of λ. Once a toxic seed of
small size is created, growth increases the size of that seed. The process is dampened by either fragmentation
or clearance.

Expansion refers to an increase of the total mass of toxic proteins. It is controlled by three possible sub-
processes: primary nucleation that creates seeds directly from the pool of monomers, secondary nucleation
that creates seeds from monomers but requires activation from other aggregates, and fragmentation that
creates news seeds from larger aggregates at the expense of growth processes.

While the primary nucleation process is necessary to create initially toxic seeds, the two main expansions
mechanisms (secondary nucleation or fragmentation) are observed for different proteins. For Aβ, in vitro
experiments on the formation of oligomers based on the Aβ42 peptide have shown [39] that both primary
and secondary nucleation processes are necessary to capture correctly the kinetic of the process. Once a
population of toxic seed is established and grow, it acts as a catalyst for the formation of more seeds through
a positive feedback mechanism. However, for τ proteins, primary nucleation and fragmentation is sufficient
to explain homogeneous in vitro experiments [40]. The creation of new seeds from larger ones creates new
targets for monomers to be transformed into toxic proteins and secondary nucleation is not required.

Based on these observations, we establish two classes of models. The first one for Aβ is based on primary
and secondary nucleations only (no fragmentation). The second class of models, relevant for τ proteins,
is based on primary nucleation and fragmentation only (no secondary nucleation). Both models share a
number of common assumptions that we discuss now before specializing them.

3.2 Continuous models for fibril propagation
Linear aggregation: Various authors have discussed the possibility of a general aggregation mechanism
from aggregates of various sizes [28, 27]. However, in the formation of neurofibrillary tangles, the growth
of a fibril is dominated by the addition of monomers at the ends of the fibril. Therefore, we assume here
that the main mechanism is through the formation of fibrils by the addition of monomers. This assumption
considerably simplifies the equations as we only consider aggregation processes of the form

Ci + C1
ki,1−→Ci+1. (15)

This type of coagulation kinetic is similar to the well-known Becker-Döring process that has been studied
extensively [41, 42, 43, 44, 45]. The main difference is that in Becker-Döring only one monomer at most is
lost during fragmentation.

6

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/


We further assume that for polymers with more than two particles, the rates are independent of the
size so that the probability of attaching a monomer to a chain does not depend on how long the chain is:
ki,1 = k1,i = k for all i > 2, which implies αi,1 = α1,i = α for all i > 2. We distinguish the term involving
dimers

A1 = −α1,1c
2
1 − αc1

N−1∑
j=2

cj , (16)

A2 =
1

2
α1,1c

2
1 − αc1c2, (17)

Ai = α (c1ci−1 − cic1) , i = 3, . . . , N − 1, (18)

where N is the size of the super-particle discussed next.

Super-particle: Rather than considering an infinite set of equations, we consider a truncation of these
equations by following the concentration of a super-particle consisting of all aggregates of size equal or larger
than N . The value of N is chosen to be the size of the smallest particle that is insoluble and, therefore, does
not diffuse. Hence, we have DN = 0. We further assume that the super-particle does not fragment so that
FN = 0. Following the argument in [19], the equation for xN is

∂cN
∂t

= AN − kNcN = −kNcN +
1

2

N−1∑
j=1

N−1∑
k=N−j

αj,kcjck = −kNcN + αc1cN−1. (19)

The limit N →∞ recovers the classic case with infinitely many species.

Primary and secondary nucleation: We assume that nucleation happens through the formation of
dimers (n1 = 2) as observed experimentally [46] and combine the two contribution to the creation of dimers
by introducing 2κ = α1,1 + ξ1. When secondary nucleation takes place, we take n2 = 2 and ξ2 = ξ.

Finite fragment size: When a chain fragments, we assume that it is unlikely to lose small fragments.
Hence, we assume that there is a minimal fragment size ζ such that fragments smaller than ζ cannot be
produced. In a chain with j elements, there are j− 1 places where it can break. However, since small chains
cannot be produced, there are only j − 1− 2(ζ − 1) = j + 1− 2ζ places where the chain can break. Hence,
we only consider the loss of aggregates Ci through

Ci
βj,i−j−→ Cj + Ci−j , j = ζ, ζ + 1, . . . , i− 1, (20)

and the creation of aggregates of size i as

Ci+j
βi,j−→Ci + Cj , j = ζ, ζ + 1, . . . . (21)

Further, since the super-particle cannot fragment, we have Fi = 0 if i < ζ and for i > N − ζ − 1. Assuming
that the rate of fragmentation is independent of the size and the position at which the filament breaks, we
have βi,j = β for all i and j:

Fi = −1

2
β

i−ζ∑
j=ζ

ci + β
N−1−i∑
j=ζ

ci+j ,

= −1

2
β(i− 2ζ + 1)ci + β

N−1−i∑
j=ζ

ci+j , i = ζ, . . . , N − 1, (22)

where it is understood that the sum
∑N−1−i
j=ζ ci+j vanishes identically when the upper bound (N − 1− i) is

less than the lower bound ζ, which happens for i > N − ζ − 1. For the rest of the analysis, we will follow
[40] and assume that the smallest possible fragment is of size ζ = 2, indicating the fact that once a dimer is
formed it is stable and never fragments. For the creation of large aggregates to take place, aggregation must
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be favored over fragmentation, which is enforced by β < α.

Transport scaling: Aggregates of different sizes are not transported in the same way with larger aggregates
diffusing more slowly [47]. Indeed, the diffusion coefficient of a soluble molecule scales approximately as a
power of its molecular weight and the weight of an oligomer is proportional to its size. Therefore, we scale
the diffusion tensor according to size by a power law of the form

Di = i−ηD, (23)

where η is a constant. Assuming that the diffusion constant scales inversely to the mass of the molecule, it
scales as the cubic root of its length [48, 49], hence, we take η = 1/3.

For the diffusion tensor we choose [17]

D = d⊥1 + (d‖ − d⊥)n⊗ n. (24)

This is a transversely anisotropic diffusion tensor with a preferential diffusion d‖ (with d‖ � d⊥) along the
axon bundle characterized by the unit vector field n = n(x, t).

Clearance rate: Aggregates are continuously removed from the system through normal clearance processes
such as the CSF and the glymphatic system [50]. There are two different assumptions of interest for our
study.

First, we can assume that the clearance rate is independent of the size of the aggregate. In this case of
size-independent clearance,

k1,i = µ i = 1, . . . , N. (25)

Second, we can assume that for a given phagocytic activity or antibody the clearance of an oligomer
with i-elements is the same as the removal of each element. Therefore, chains of size N or larger cannot be
removed and it becomes increasingly difficult to remove large chains: the size-dependent clearance rates are
inversely proportional to the size of the oligomer:

k1,i =
µ

i
, i = 1, . . . , N − 1. (26)

Both cases are taken into account by writing k1,i = µi, i = 1, . . . , N .

The continuous model: Taken into account all the above assumptions, the full equations for the concen-
trations take the form

∂c1
∂t

= ∇ · (D · ∇c1) + γ − µ1c1 − 2c21

κ+ ξ

∞∑
j=2

jcj

− αc1 N−1∑
j=2

cj , (27)

∂c2
∂t

= 2−η∇ · (D · ∇c2)− µ2c2 + c21

κ+ ξ

N∑
j=2

jcj

− αc1c2 + β

N−3∑
j=2

c2+j , (28)

∂ci
∂t

= i−η∇·(D·∇ci)−
(
µi +

β

2
(i− 3)

)
ci + αc1(ci−1 − ci) + β

N−i−1∑
j=2

ci+j i = 3, . . . , N−1, (29)

∂cN
∂t

= −µncN + αc1cN−1. (30)

where D is given by (24).
The main difference between the model for Aβ and τ , apart from the initial seeding zones, and different

sets of parameters is the choice β = 0 (no fragmentation) for the continuous Aβ model and ξ = 0 (no
secondary nucleation) for the τ model.

3.3 Scaling
It is interesting to consider the respective size of the parameters and introduce a proper scaling of the
parameters so that the new variables are dimensionless. In the homogeneous case and in the absence
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of clearance and production, the remaining parameters, given in Table 1 can be evaluated from in vitro
experiments.

Aβ model
κ Nucleation 6× 10−4M−1s−1
ξ Secondary nucleation 1× 104M−2s−1
β Fragmentation 0
α Elongation Rate 6× 106M−1s−1
m0 Initial monomer c. γ/µ = 10−6M
κ̃ κ/α 5× 10−11

ξ̃ ξm0/α 1.67× 10−18

τ model
κ Nucleation 2.8× 10−4M−1s−1
ξ Secondary nucleation 0
β Fragmentation 11.2× 10−11s−1
α Elongation Rate 8.4× 103M−1s−1
m0 Initial monomer c. γ/µ = 10−6M
κ̃ κ/α 3.33× 10−8

β̃ β/(αm0) 1.33× 10−8

Table 1: Typical parameters for the τ model are taken from [40] and for the β model are from [39].

Let m0 be the total initial mass of the system. We scale all concentrations with the initial mass m0

and time with the typical time associated with the growth parameter α. The scalings of the variables and
dimensionless parameters are then given by

ci = m0c̃i, t =
1

αm0
t̃ (31)

α̃ = 1, β̃ =
β

αm0
, µ̃i =

µi
αm0

, κ̃ =
κ

α
, ξ̃ =

ξm0

α
, D̃ =

D

αm0
. (32)

After substitution in the system and then dropping the tildes, we obtain

∂c1
∂t

= ∇ · (D · ∇c1) + γ − µ1c1 − 2c21

κ+ ξ
N∑
j=2

jcj

− c1 N−1∑
j=2

cj , (33)

∂c2
∂t

= 2−η∇ · (D · ∇c2)− µ2c2 + c21

κ+ ξ
N∑
j=2

jcj

− c1c2 + β
N−3∑
j=2

c2+j , (34)

∂ci
∂t

= i−η∇·(D·∇ci)−
(
µi +

β

2
(i− 3)

)
ci + c1(ci−1 − ci) + β

N−i−1∑
j=2

ci+j i = 3, . . . , N−1, (35)

∂cN
∂t

= −µNcN + c1cN−1. (36)

In this new formulation, we have three important small dimensionless parameters (β � κ� 1 and ξ, κ� 1).
Note that the rates given in Table 1 are obtained from well-controlled in vitro experiments so that they may
not be an accurate reflection of the actual process taking place in human brains. Typically, the time scales
associated with in vivo processes are much longer. In our case, we have typical time scales evolving with
dimensionless time t ∈ [0, 104]. Nevertheless, they indicate important relative differences in the parameters
that we will respect throughout our analysis. For the rest of this paper, we will use the dimensionless version
of the equations.

4 Smoluchowski network models
It is well appreciated that integrating the continuous equations we have derived for large N over the entire
brain is extremely difficult even with the most sophisticated methods. By taking advantage of the strong
anisotropy of the system, a natural coarse-grained version of the model can be obtained. In this case, we
assume that transport only takes place along the axonal pathway and we replace the diffusion operator by
the graph Laplacian to obtain a network approximation of the model. These models have been shown to
be excellent approximations of the continuous model in the case of the Fischer equation and heterodimer
models [51].

For transport along the axon, we model the spreading of monomers and protein aggregates as a diffusion
process across the brain’s connectome. The brain connectome is modeled as a weighted graph G with V
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nodes (V for vertices) and E edges obtained from tractography of diffusion tensor images. We can summarize
the connectivity of the graph G in terms of the weighted adjacency matrix Aij obtained as the ratio of mean
fiber number nij and length lij between node i and j. From the weighted adjacency matrix, we compute
both the weighted degree matrix Dii, a diagonal matrix that characterizes the degree of each node i, and
the weighted graph Laplacian Lij as

Lij = ρ(Dij −Aij) with Aij =
nij
lij

and Dii =
V∑
j=1

Aij , i, j = 1, . . . , V, (37)

where ρ is an overall constant. Since the graph Laplacian has the physical dimension of an inverse length,
ρ is a velocity and is used to characterize the effective speed at which the diffusion process evolves through
the system. We define the concentration ci,j as the concentration of aggregates of size i at node j. The
particular adjacency matrix that we use for our simulations is obtained from the tractography of diffusion
tensor magnetic resonance images of 418 healthy subjects of the Human Connectome Project [52] and is
based on the Budapest Reference Connectome v3.0 [53]. The original graph contains 1015 nodes and 37477
edges and it is further reduced here to a graph with V = 83 nodes and 1130 edges. The average path
length (defined as the average number of steps along the shortest paths for all possible pairs of nodes) is
5245/3403 ≈ 1.54 and the global clustering coefficient (defined as the fraction of paths of length two in the
network that are closed over all paths of length two) is 49359/69149 ≈ 0.71 which suggests a small-world
network structure, a fact that has been repeatedly established for brain networks [54]. Further analyses of
this network can be found in [51].

The adjacency matrix is shown in Fig. 4 and the graph Laplacian is given explicitly in the Supplementary
material as well as the names and positions of each nodes as shown in Fig. 5. For visualization and analysis,
we allocate each node to one particular region of the brain, the usual four lobes: temporal, parietal, frontal
occipital, together with the basal ganglia, and the limbic region. The last node (shown in black) corresponds
to the brain stem.

A =
RH

RH

min

max

LH

LH

basal ganglialimbicfrontal parietal occipitaltemporal

Figure 4: Weighted adjacency matrix with 83 nodes obtained by averaging 418 brains. RH and LH denote
the right and left hemisphere, respectively. The color scales from low weight (blue) to high weight (red),
the latter indicating strong connections between two nodes. The external color coding around the matrix
represents the different regions as depicted in Fig. 5.
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basal ganglialimbic frontalparietal occipitaltemporal

Figure 5: Three-dimensional view of the brain with its six associated regions (the black node denotes the
brain stem). Left: view from the top. Right: view from the side.

4.1 The network protein model
The network equations corresponding to the continuous model take the form of a system of N×V first-order
ODES:

dc1,j
dt

= −
V∑
k=1

Ljkc1,k + γj − µ1,jc1,j − 2c21,j

(
κj + ξ

N∑
k=2

kc2,k

)
− c1,j

N∑
k=2

ck,j (38)

dc2,j
dt

= −2−η
V∑
k=1

Ljkc2,k − µ2,jc2,j + c21,j

(
κj + ξ

N∑
k=2

kc2,k

)
− c1,jc2,j + β

N−3∑
k=2

c2+k,j (39)

dci,j
dt

= −i−η
V∑
k=1

Ljkci,k −
(
µi,j +

β

2
(i− 3)

)
ci,j + c1,j(ci−1,j − ci,j) + β

N−i−1∑
k=2

ci+k,j (40)

dcN,j
dt

= −µN,jcN,j + c1,jcN−1,j , (41)

where i = 3, . . . , N−1 and j = 1, . . . , V , and we have allowed a possible dependence of the clearance and
production rates on the different nodes.

5 Analysis of the homogeneous case

5.1 Evolution of the total mass
To gain insight into the problem, we start our analysis with the homogeneous case where we look for solutions
that are constant in space. In this case, both the network and continuum model lead to same set of ordinary
differential equations:

dci
dt

= γ − µici +Ni +Ai + Fi, i = 1, 2, . . . N − 1, (42)

dcN
dt

= −µNcN + c1cN−1 (43)

11

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/


where the different terms take their respective values for the different cases. Two important global quantifiers
of the dynamics are the total number of aggregates Ptot and the total massMtot (or equivalently, total density
at constant volume), given by :

Ptot =
N∑
i=1

ci, Mtot =
N∑
i=1

ici. (44)

If N → ∞, gelation can occur in the system depending on the aggregation law. In this case, mass is not
conserved [24]. However, for finite N , the evolution of the mass is given by

dMtot

dt
= γ −

N∑
i=1

iµici. (45)

If clearance is size-independent with µi = µ, then

dMtot

dt
= γ − µMtot. (46)

Assuming that at time t = 0,Mtot(0) = c1(0) = 1 = γ/µ, then the total mass is conserved and stable (against
small perturbation of the initial state). Due to the choice of scaling, we have Mtot = 1. Starting with an
initial population of monomers c1(0), the total mass remains constant while creating aggregates at the
expense of the monomer population. This process does not depend on the particular choice of aggregation
process as long as gelation does not take place. In a finite system, gelation is equivalent to treating the
super-particle separately. Since there is a finite net flux towards the super-particle, the mass of the other
aggregates is lost to the super-particle.

If clearance is size-dependent with µi = µ/i, then

dMtot

dt
= γ − µPtot. (47)

Starting again with Mtot(0) = c1(0) = 1 = γ/µ, we note that since Ptot ≤Mtot and the equality only occurs
if Mtot = Ptot = c1, we have Ṁtot > γ − µPtot > 0 for t > 0 and the total mass of the system increases by
the creation of new monomers. Particles belonging to aggregates are removed from the system by clearance
but their removal is slower than the removal of monomers.

More generally, if we have µi ≤ µ1, ∀i > 1 and there is at least one k > 1 such that µk < µ1, then,
following the same reasoning and initial condition, we have again Ṁ > 0 for t > 0. The total mass of the
system increases.

5.2 Moment analysis and evolution of the toxic mass
For the rest of the analysis of the homogeneous system, we will assume that µi = µ for all i and that N is
sufficiently large as to not affect the dynamics on intermediate time scales of disease progression. Therefore,
it is possible to study the limit N → ∞. Further, we are interested in solutions with no initial seeding,
so that ci(0) = 0, i > 1 and c1(0) = 1. As the system involves, we have, for all time, c1(t) ∈ [0, 1] and
M(t) ∈ [0, 1]. This choice of initial conditions also implies that γ = µ. The homogeneous system now reads

dc1
dt

= µ(1− c1)− 2c21

(
κ+ ξ

∞∑
k=2

kc2,k

)
− c1

∞∑
k=2

ck (48)

dc2
dt

= −µc2 + c21

(
κ+ ξ

∞∑
k=2

kc2,k

)
− c1c2 + β

∞∑
k=2

c2+k (49)

dci
dt

= −
(
µ+

β

2
(i− 3)

)
ci + c1(ci−1 − ci) + β

∞∑
k=2

ci+k i = 3, . . . . (50)

5.3 Moment analysis and evolution of the toxic mass
A classic approach to study the infinite system of ODEs (48-50) is to obtain equations for the moments

Qi =
∑
i=2

inci. (51)
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In particular, the first two moments are associated with the total number of toxic aggregates P = Q0 and the
total massM = Q1, respectively. We note that the third momentQ2 does not appear in this description. This
is due to the fact that the two terms involvingQ2 are−1/2

∑
i(i−3)ci and

∑
i=2

∑
k=2 ici+j =

∑
i=3 i(i−3)ci,

and they cancel exactly. The same cancellation occurs in the model of prion growth [55, 56, 21] and the
solution of the resulting closed system can be obtained approximately [57]. This fact has been used by many
authors to match experimental data with model prediction [58, 59, 60].

For our model, using the scaled system (48-50), the definition (14), and m(t) = c1(t), we obtain

dm
dt

= µ(1−m)− 2m2(κ+ ξM)−mP, (52)

dP
dt

= −µP +m2(κ+ ξM) +
β

2
(M − 3P + c2), (53)

dM
dt

= −µM + 2m2(κ+ ξM) +mP. (54)

As expected we have m+M = Mtot and

dMtot

dt
= µ(1−Mtot), (55)

and for the initial condition m(0) = 1,M(0) = P (0) = 0, we have m(t) = 1 −M(t) ∀t. We note that the
system (52-54) is not closed when β 6= 0 as it contains the variable c2.

5.4 Analysis of the Aβ model
Taking β = 0 in the moment equations (52-54) leads to a closed system for (m,P,M):

dm
dt

= µ(1−m)− 2m2(κ+ ξM)−mP, (56)

dP
dt

= −µP +m2(κ+ ξM), (57)

dM
dt

= −µM + 2m2(κ+ ξM) +mP. (58)

As shown in Fig. 6, uts dynamics from the initial condition (1, 0, 0) tends asymptotically to a fixed point
(m∞, P∞,M∞) where m∞ is the first positive root of

m4ξ −m3(κ− 2µξ + ξ)−m2(2µκ+ ξ)−mµ2 + µ2 = 0, (59)

and

M∞ = 1−m∞, P∞ =
m2
∞
µ

(κ+ ξ(1−m∞)). (60)

From the asymptotic values, we can determine the exact asymptotic distribution by finding the equilibria
of (48-50) in the case β = 0:

ci =
mi
∞(κ+ ξM∞)

(µ+m∞)i−1
, i = 2, 3, , . . . (61)

an example of which is shown in Fig. 7 together with a numerical solution of the dynamics leading to the
asymptotic distribution. We note that the dynamic is associated with multiple time scales. Initially, the
population of toxic protein increases exponentially with a typical time scale obtained by assuming that
m(t) ≈ 1. But, the size distribution only reaches its asymptotic value over a much longer typical time scale
compared to the mass of toxic protein. Using m(t) = 1 in (56-58) leads to a linear system with early time
dynamics

M(t) = 2κ t− 1

2
κ(−1 + 2µ− 4ξ) t2 +O(t3). (62)

The time at which this solution reaches the asymptotic value M∞ provides an estimate for the time scale of
early expansion of the toxic proteins

τ1 = −
2
√
κ−
√

2
√

2κ+M∞(1 + 4ξ − 2µ)√
κ(1 + 4ξ − 2µ)

. (63)
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Figure 6: Dynamics of monomer and toxic protein mass in the Aβ model. Here, the initial exponential
growth of the toxic population is associated with the time scale τ1 ≈ 35 and τ2 ≈ 66. Parameters: µ =
10−2, κ = ξ = 10−3.

The initial expansion phase is followed by a saturation stage with time scale τ2 at which m is close to its
asymptotic value m∞

τ2 = τ1 + 1/
√
κ. (64)

For longer times, the system exhibits a slower dynamical evolution over a time scale τn > τ2 for large n
towards the asymptotic size distribution. Indeed, once c1 is closed to its asymptotic value, the equations for
ci with i > 2 becomes linear with a typical decay rate given by 1/(µ + m∞). Hence the concentration cn
reaches equilibrium on a time scale

τn =

n∑
i=2

1

µ+m∞
=

n− 1

µ+m∞
. (65)

A couple of examples of these time scales are shown in Fig. 7.

0 100 200 300 400 500
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75 -log(cn(t))

n

t=
40
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t=
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0

t=80
0

t=1000

t=1200

50 100 150 200
0

0.0002

0.0004

0.0006
cn

n

(a) (b)

Figure 7: (a) Asymptotic size-distribution in the homogeneous Aβ model. (b) Dynamic evolution of the
size distribution (dashed curves indicates the exact asymptotic solution). The typical time scale for an
aggregate of size n to reach equilibrium is τn. For instance, here τ200 ≈ 574 and τ400 ≈ 1156. Parameters:
µ = 10−2, κ = ξ = 10−3.
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5.5 Analysis of the τ model
The moment equations for the τ model read

dm
dt

= µ(1−m)− 2κm2 −mP, (66)

dP
dt

= −µP + κm2 +
β

2
(M − 3P + c2), (67)

dM
dt

= −µM + 2κm2 +mP. (68)

The analysis of these equations is complicated by the fact that they involved c2(t). However, since β � 1
and we expect c2 to be also small, this term can be neglected in the first instance to obtain an approximate
but closed system for the moments. Indeed, Fig. 8 shows that the numerical solutions of the full system is
indistinguishable from the approximate moment equations. To make this argument more precise, we can

0 50 100 150 200

0.2

0.4

0.6

0.8

1

t

M(t)
M�

m�m(t)

Figure 8: Dynamics of monomer and toxic protein mass in the τ model. The dashed line indicates the solution
of the moment equations for the monomers obtained by setting c2 = 0. Parameters: µ = 10−2, κ = β = 10−3.

obtain exact upper and lower bounds for the asymptotic monomer massm∞ by realizing that, asymptotically,
c−2 = 0 < c2 < P∞ = c+2 , where

P∞ =
µ(1−m∞)− 2m2

∞κ

m∞
. (69)

Then, the asymptotic concentration of monomer m∞ is sandwiched between m+
∞ < m∞ < m−∞ where m±∞

are the two real solutions of

2κm3 +m2(4κµ+ (6κ− 1)β) +m
(
β(c±2 + 3µ+ 1) + 2µ2

)
− µ(2µ+ 3β) = 0. (70)

The asymptotic size distribution can be obtained by solving numerically the full system (48-50) for time
t � τ1 as shown in Fig. 9. The early dynamics is dominated by the nucleation process with a typical time
scale τ1 = 1/

√
κ. We note that the size distribution is markedly different compared to the Aβ model with a

maximum at a value less than the average length given by M∞/P∞. In order to obtain an estimate of this
asymptotic profile, we assume that we know from the moment equation the asymptotic values of both the
monomer population m∞ and the total aggregate number P∞ from the previous argument. The problem is
then to find a solution for the infinite set of equations

dci
dt

= −
(
µ+

β

2
(i− 3)

)
ci + c1(ci−1 − ci) + β

∞∑
k=1

ci+k i = 3, . . . (71)

where we have approximated Eq. (50) by changing the summation index in the last term (from k = 2 to
k = 1). We can obtain a continuous limit of this equation by assuming that it is a discretization of an
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equation for the variable y(s, t) such that y(n, t) = cn(t). The difference between two consecutive equations
of the form (71) is

d
dt

(ci+1 − ci) = −
(
µ+

β

2
(i− 2)

)
(ci+1 − ci)−m(t)(ci+1 − 2ci + ci) + βci+1. (72)

Using the discretization of y with a unit step, we have

∂y

∂s
≈ ci+1 − ci,

∂2y

∂s2
≈ ci+1 − 2ci + ci, ci+1 ≈

∂y

∂s
+ y. (73)

Equation (72) can then be written

∂2y

∂s∂t
= −

(
µ+

β

2
s

)
∂y

∂s
−m(t)

∂2y

∂s2
+ βy. (74)

The steady state of this equation is given by the solution of

m∞
∂2y

∂s2
+

(
µ+

β

2
s

)
∂y

∂s
− βy = 0. (75)

This is a linear second-order equation for y. Enforcing that the solution at s = 0 is bounded leads to a
solution with a single constant:

ŷ(s) = K
(
(2µ+ sβ)2 − 2m∞β

)
e−

(2µ+sβ)2

4βm∞ . (76)

The constant K is found by the condition

∫ ∞
2

ŷ(s)ds = P∞ ⇒ K =
P∞e

(β+µ)2

βm∞

4m∞(β + µ)
(77)

This solution, shown in Fig. 9, is a good approximation of the exact discrete distribution. In particular, it
gives an excellent estimate for the maximum, located at the closest integer to

smax =

√
6m∞
β
− 2

µ

β
. (78)

This estimate also shows that fragmentation is necessary to observe a maximum away from N = 2.
The asymptotic dynamics for large t can be found by analyzing (74) and looking for solutions of the form

y(s, t) = ŷ(s) + ertx(s), (79)

which leads to an equation of the form (75) where y is replaced by x and m∞ is replaced by m∞ + r. This
equation has two solutions and the conditions that this time-dependent solution preserves both the number
and mass of aggregates ∫ ∞

2

x(s)ds = 0,

∫ ∞
2

sx(s)ds = 0, (80)

lead to an equation for r

2βr2 + r
(
4βm∞ − 2µ2

)
− 2µ2(2β + 2µ−m∞) + 2βm2

∞ = 0. (81)

Both solutions are valid but the largest negative solution is the solution of interest for the dynamics. Indeed
the smallest negative exponent describes solutions that quickly decay to the static solution. The solution
associated with the largest exponent is the one observed for large times.

entorhinal
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Figure 9: (a) Asymptotic size-distribution in the homogeneous τ model. Here, the average length given
is M∞/P∞ ≈ 21 and the maximum is reached at size 15. The continuous (blue) curve is the continuum
approximation. The predicted maximum also occurs at 15, the closest integer to smax ≈ 15.12. (b) Dynamic
evolution of the size distribution. Parameters: µ = 10−2, κ = β = 10−3.

6 Network simulation
Next, we consider the dynamic evolution of protein concentrations at the level of the network. The first
question is to scale parameters and variable correctly from the homogeneous equations studied in the previous
section and valid at one node to the entire network. The total mass of monomer in the system m0 is assumed
to be distributed uniformly on all the nodes so that, in the scaled variables (31), the initial conditions for
the network are

c1,j = 1/V, ck,j = 0 k = 2, . . . , N ; j = 1, . . . , V. (82)

Then, for the network to have the same kinetics as the homogeneous system, we must scale the parameters
from the homogenous system (now described by the subscripts “hom”) as follows

γ = γhom/V
2, µ = µhom/V, ξ = ξhomV, β = βhom/V, κ = κhom. (83)

Similarly the time scale is now t = thomV . The equivalence with the homogenous system is obtained by
setting κi = κ and ρ = 0 in (38-41). Then the total mass of monomers m =

∑
c1,j and toxic proteins

m =
∑
kck,j has the same dynamics as the one obtained in Fig. 6 and 8.

The second question is how to properly seed the system to express the fact that the diseases start at a
given location. We can either start with a non-zero initial condition of dimers at a given node or, assume
that the main mechanism for the initial creation of toxic proteins is due to nucleation at a given node. Here,
we choose the latter modeling assumption and assume that κi vanishes everywhere except at given nodes
where it assumes a small value. These nodes are the seeding regions were neurodegenerative diseases are
known to start. For the Aβ model we start at the two nodes characterizing the posterior cingulate [61]. For
the τ model, we seed the system in the entorhinal region [62] (the list of regions of interest, together with
their node number, lobe, hemisphere, and spatial coordinates is given in the Supplementary Material).

Since the diffusion tends to homogenize the system, we expect that for long times the dynamics is uniform
over all the nodes so that the size distribution is described by the homogeneous system.

From now on, we assume that the clearance rate for each aggregate is the same so that the total mass of
proteins is conserved.

6.1 Comparison of the Aβ and τ models
For both systems, we use the same parameters apart for the fragmentation (β = 0 for the Aβ model), the
secondary nucleation (ξ = 0 for the τ model) and the seeding region as described above. For the simulations
we chose the parameters given in Table 2. Note that the asymptotic decay in size is faster with the τ
model. Hence, for the values of the parameters chosen here, we only need to consider aggregates of size up
to N = 200 as the concentration of large aggregates is negligible.
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Aβ model
κi nucleation at node i 10−3(δi,14 + δi,55)
ξ secondary nucleation 10−3V
β fragmentation rate 0
α elongation rate 1
γ production rate 10−2/V 2

µ clearance rate 10−2/V
ρ diffusion constant 2× 10−5

m0 initial monomer c. 1
V number of nodes 83
N super-particle size 400

τ model
κi nucleation at node i 10−3(δi,27 + δi,68)
ξ secondary nucleation 0
β fragmentation rate 10−3/V
α elongation rate 1
γ production rate 10−2/V 2

µ clearance rate 10−2/V
ρ diffusion constant 2× 10−5

m0 initial monomer c. 1
V number of nodes 83
N super-particle size 200

Table 2: Parameters chosen for the numerical simulation based on the analysis of the homogeneous system
(c. stands for concentration).

6.1.1 Evolution of total monomer and toxic protein mass

Despite the fact that the system is not homogeneous, the overall total toxic mass (obtained by summing the
mass of each aggregates at each node) follows a similar evolution as the homogeneous system. For the Aβ
model, the asymptotic value for m∞ can be obtained by using (59) for the entire system after the proper
scaling of the parameters

m4ξ/V −m3(qκ/V − 2µV ξ/V + ξ/V )−m2(2mµκ+ ξ/V ) + µ2V 2(1−m) = 0, (84)

where q is the number of nodes seeded (2 in our case). For the τ model, we use the network version of (70)

2qκm3/V +m2(4qκµ+ (6κ− 1)βV ) +m
(
βV (3µV + 1) + 2µ2V 2

)
− µ(2µ+ 3β)V 2 = 0. (85)

The evolution for the particular choice of parameters in Table 2 is shown in Fig. 10.
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Figure 10: The total monomer concentration m(t) (the sum of c1,i over all the nodes) and the total mass
of aggregates M(t) = 1−m(t) for (a) the Aβ model (with both estimated and numerical asymptotic value
given by m∞ ≈ 0.45); and (b) the τ model (with both estimated and numerical asymptotic value given by
m∞ ≈ 0.23). Parameters given in Table 2.

6.1.2 Evolution of the size distribution

We compute for the values given in Table 2, the evolution of the size distribution for both models. We can
obtain asymptotic estimates based on the same argument as in the previous section. For the Aβ model, we
have

cn =
mn
∞(qκ/V + ξ/V (1−m∞))

(µV +m∞)n−1
. (86)
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For the τ model, we have

cn = P∞
(2µ+ nβ)2V − 2m∞β

(β + µ)
exp

[
4(β + µ)2V − (2µ+ sβ)2V

4βm∞

]
, (87)

with a maximum at the closest integer to

nmax =

√
6m∞
βV

− 2
µ

β
. (88)
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Figure 11: Size distribution for (a) the Aβ model at times 5,000 to 70,000 and (b) the τ model at times
20,000 to 120,000 (with estimated and computed nmax ≈ 17). The dashed lines is the estimated asymptotic
distribution. Parameters given in Table 2.

We notice that the two models exhibit distinct size distribution and that for the τ model, long chains (of
size > 40 monomers) tends to disappear quickly in the long-time dynamics, while this is not the case for the
Aβ model that has a much longer-tailed distribution.

6.1.3 Spreading behavior over the network

To understand the evolution of the toxic proteins over the entire network, we compute at each node the toxic
mass as a function of time:

Mj(t) =

N∑
i=2

ci,j(t), j = 1, . . . , V. (89)

We also average the toxic mass for six regions (consisting of the usual four lobes: temporal, parietal, frontal
occipital, together with the basal ganglia, and the limbic region shown in Fig. 5):

M (j) =
1

rj

∑
i∈Rj

Mi, j = 1, . . . , 6, (90)

where Rj is defined as the set of all nodes in that region and rj is the number of elements of Rj .
The evolution of the toxic mass at each node clearly illustrated the extra delay in the spreading of the

disease associated with diffusion from one node to the next. While the progression at the seeding node is
very fast, other nodes feel the effect of the disease over a new time scale directly associated with diffusion
(through the overall scaling constant ρ). The last node to be invaded is the frontal pole sitting at the
extremity of the frontal lobe and poorly connected in the connectome. If these extreme nodes are removed
from the computation, the occipital lobe becomes the last lobe to be fully infected.

6.1.4 Staging estimates

A striking features of Fig. 12ab is that staging is established very early on in the dynamics. Once the
process starts the ordering of nodes by the toxic mass does not change significantly (no curves intersect).
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Figure 12: Spreading in the right hemisphere. Top row: Toxic mass at each node in the right hemisphere
for (a) the Aβ model and (b) the τ model. Bottom row: For each region in the right hemisphere, we show
the average toxic mass for (c) the Aβ model and (d) the τ model. Parameters given in Table 2.

This observation can be used to provide an estimate of the spatial staging. Indeed, for early times, the only
significant change in the system is a conversion from a large population of healthy monomers to dimers.
Therefore, we have c1,j ≈ 1/V and ci,j ≈ 0 for all i > 2. Denoting qj = c2,j and using Eq. (39), the dynamics
of dimers for early time is therefore approximated by

q̇j = −2−η
V∑
k=1

Ljkqk + aqj +
κj
V 2

, j = 1, . . . , V, (91)

where a = 2ξ/V 2 − 1/V − µ2. This is a linear system of ODEs with constant coefficients that can be solved
using traditional methods of diagonalization [63, 64]. Indeed, from the graph Laplacian L, we can build the
matrix U whose columns are eigenvectors associated with the eigenvalues of L. Introducing the diagonal
matrix Λ = diag(λ1, . . . , λn), we have LU = UΛ. Then, the solution is simply

qj =
V∑
k=1

Ujk

[
bk
e(a−2

−ηλk)t

a− 2−ηλk

]
, j = 1, . . . , V, (92)

where

bk =
1

V 2

V∑
l=1

(U−1)klκl. (93)

This approximation can be used to sort out the nodes according to the strength of the infection. It provides
an excellent overall approximation of the staging that recovers, without the need of any numerical simulation,
the overall lobe staging shown in Fig. 12cd. It can also be used to obtain an understanding of the infection
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entorhinal cortex

toxic mass
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Figure 13: Spatial evolution for τ propagation at four time steps corresponding to the initial stage (t =
5, 187), primary infection (t = 16, 018), secondary infection (t = 25, 263), and late stage (t = 37, 500). The
value of max is defined as the maximum value of Mi over all nodes and for all times.

process based on the topological properties of the network. Indeed. Expanding this expression for small
times, we obtain

V 2qj = κj(t+
a

2
t2)− 2−η−1

[
V∑
k=1

V∑
l=1

Ujk(U−1)klκlλk

]
t2 +O(t3), j = 1, . . . , V. (94)

This solution can be further simplified by using L = UΛU−1:

V 2qj = κj(t+
a

2
t2)− t2

2η+1

V∑
k=1

Ljkκk +O(t3), j = 1, . . . , V. (95)

An interesting structure now appears in this solution. We define q = (q1, . . . , qV ), and similarly κ =
(κ1, . . . , κV ). Then, after basic alegbraic manipulations, the expansion for the solution q can be written

V 2q =
∞∑
n=1

(
a1− 2−ηL

)n−1
κ
tn

n!
, (96)

where 1 is the identity matrix.
This expression shows that at very early times, to order O(t), the only nodes affected are the nodes

that are seeded (the nodes j for which κj 6= 0). This behavior is observed in both Fig. 12ab where the
concentration at the seed is seen to increase linearly before it affects other nodes. Later on, to order O(t2),
the toxic mass increases at the seeded node depending on the kinetics (encoded in the parameter a). It also
increases at other nodes depending on the product Lκ. This product is identically zero for all nodes unless
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posterior cingulate
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Figure 14: Spatial evolution for Aβ propagation at four time steps corresponding to the initial stage (t =
13, 722), primary infection (t = 37, 820), secondary infection (t = 51, 681), and late stage (t = 66, 599). The
value of max is defined as the maximum value of Mi over all nodes and for all times.

connected to the seeding node. To order O(t2), a node k has non-zero toxic mass if and only if Ljk 6= 0 where
j is one of the seeded nodes. Remarkably this expression mostly depends on the topology of the network
(encoded in the matrix L). To order O(t3), a node has non-zero toxic mass if and only if its path length
(the smallest number of steps between two nodes) to a seeded node is two. Hence, to O(t3) a new node is
seeded only if it is connected to a neighbor of a seeded node. In general, to order O(tn) a node has non-zero
toxic mass if and only if its path length to a seeded node is less than n. For instance, the early dynamics of
a node j that is located at a path length of 5 from a single seeding node k will be

V 2qj = −2−5ηκk
t6

6!
+O(t7). (97)

However, due to the small-world structure of the brain network, the average path length is 1.5. Therefore,
most nodes connected to the neighbors of the seeded node will have a dynamics starting to order O(t3).
We conclude that within this model, the following staging dynamics, illustrated in Fig. 13 and Fig. 14 (full
movies given in the Supplementary Material), naturally emerges:

• Initial stage: occurring at times O(t) at the seeding nodes (the nodes j such that κj 6= 0).

• Primary infection: occurring at times O(t2) at the nodes directly connected to the seeding nodes.

• Secondary infection: occurring at times O(t3) and depending both on the network topology and the
protein kinetics. It affects only regions close to the nodes connected to the seeding nodes.

• Late stage: After the secondary infection, a rapid progression towards an invasion of the entire system
takes place. Only nodes that are poorly connected (such as the frontal poles) remain unaffected.
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7 Conclusion
We have derived a class of models for the spatial progression of key molecules associated with neurodegener-
ative diseases. These models follow the evolution of aggregates of different sizes and take the form of sets of
nonlinear reaction-diffusion equation when the evolution of the aggregates are considered in a continuum with
a diffusion evolution along axonal pathways. Taking into account the strong transport anisotropy present
in the brain, these equations can be further reduced to systems of Smoluchowski equations interacting on
a network through the graph Laplacian. The study of such systems is guided by the homogeneous case
for which both total mass evolution and the distribution of aggregates can either be obtained exactly or
approximated through various methods by taking advantage of the specific structure of the system.
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Figure 15: Sketch of the disease evolution as predicted by the model. The local dynamics at each node is
shown vertically and starts by seeding, followed by growth, expansion, and saturation. At the global level,
the initial stage takes place at the seeded node (blue) and is initially linear in time. Primary infection takes
place at nodes (green) connected to the seeded nodes and is driven mostly by the topology of the system as
encoded by the graph Laplacian. Secondary infection takes place in secondary nodes (red). These are nodes
connected to the primary nodes. The late stage sees a full infection of the system as the concentration of the
toxic mass increases both by local kinetics and by diffusion from neighboring nodes. Nodes that are poorly
connected to the network are the last affected (gray).

Here, we considered two paradigmatic cases: a model for the extracellular dispersal of amyloid-β further
expanded by secondary seeding and aggregation, and a model for the intracellular propagation of τ molecules
where fragmentation plays a key role. The comparative study of these models shows that fragmentation is
key to observe a non-monotonic distribution of aggregate concentrations. It also shows the key role of
primary and secondary nucleation processes for the expansion of the initial population.

At the local level, the increase in toxic mass is characterized by an early phase of seeding depending on
primary nucleation, followed by a period of linear growth mostly controlled by aggregation of monomers onto
the fibril. Following this early phase, an expansion phase takes places that requires secondary nucleation
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and/or fragmentation. However, if mass is conserved, the expansion phase terminates with a saturation
phase where toxic and healthy molecules are in balance.

At the global level, the local dynamics is coupled with transport. For a network, the weighted graph
Laplacian obtained from tractography provides a direct way to model the transport of toxic aggregates along
axonal pathways. The study of the full system for both the Aβ and τ models reveals the existence of four
different stages in the progression of the disease as shown in Fig. 15. An initial stage develops at the seeded
node. The evolution is mostly local in time and well described by the homogeneous equation. The primary
infection takes place in nodes connected to the seeded nodes and mostly depends on the diffusion process
rather than the aggregation kinetics. These nodes becomes new seeds and secondary infection in all nodes
connected to the primary nodes takes place and so on. Recalling that the average path length is about 1.5,
it is clear that this network structure leads to rapid infection at this stage of most nodes. In the late stage,
the disease has invaded all nodes and the toxic mass quickly saturates to its maximal values in balance with
the population of healthy monomers.

When clearance does not depend on the aggregate size, these models conserve the total initial mass of
monomers. This assumption simplifies considerably the study and a complete analysis of the general case, in
which clearance varies with aggregate size, would be of great interest. The relative ordering of the parameters
we have used in our analysis are based on experimental data. Hence, the typical qualitative features observed
in the analysis are universal and directly relevant to the disease progression. Other parameters, such as the
effective diffusion constant, production and clearance rates, are not directly accessible based on existing
data. The effective diffusion constant in our study has been chosen based on the observation that staging
is observed (which implies a very small effective constant). Further study of axonal diffusion in axons and
tissues is needed to relate this crucial parameter to microscopic processes. Similarly, it is understood that
clearance is key to slow down the progression of the disease. Therefore, a careful analysis of the corresponding
parameter and its relationship with other phenomena, such as the vasculature and the glymphatic system,
will be crucial in uncovering basic mechanisms and identify possible therapeutic targets.

Theoretical research in neurodegenerative diseases has been so far separated into detailed in vitro analysis
of aggregation kinetics on the one hand and linear transport on network compared to structural data on the
other hand. Both aspects have been shown to be of great importance for our understanding of the diseases.
The theory presented here shows that both approaches can be combined within the same mathematical
framework and easily analyzed analytically and computationally. The proposed theory is sufficiently flexible
to be further generalized to more intricate kinetics or coupled to other important phenomena.

Acknowledgments– This work was supported by the Engineering and Physical Sciences Research Council
grant EP/R020205/1 to Alain Goriely and by the National Science Foundation grant CMMI 1727268 to
Ellen Kuhl. A.G. gratefully acknowledges a discussion with Tuomas Knowles.

References
[1] Clifford R Jack, David A Bennett, Kaj Blennow, Maria C Carrillo, Billy Dunn, Samantha Budd Hae-

berlein, David M Holtzman, William Jagust, Frank Jessen, Jason Karlawish, et al. Nia-aa research
framework: Toward a biological definition of alzheimer’s disease. Alzheimer’s & Dementia, 14(4):535–
562, 2018.

[2] Heiko Braak and Eva Braak. Neuropathological stageing of alzheimer-related changes. Acta neuropatho-
logica, 82(4):239–259, 1991.

[3] Hanna Cho, Jae Yong Choi, Mi Song Hwang, You Jin Kim, Hye Mi Lee, Hye Sun Lee, Jae Hoon Lee,
Young Hoon Ryu, Myung Sik Lee, and Chul Hyoung Lyoo. In vivo cortical spreading pattern of tau
and amyloid in the alzheimer disease spectrum. Annals of neurology, 80(2):247–258, 2016.

[4] A Delacourte, JP David, N Sergeant, L Buee, A Wattez, P Vermersch, F Ghozali, C Fallet-Bianco,
F Pasquier, F Lebert, et al. The biochemical pathway of neurofibrillary degeneration in aging and
alzheimer’s disease. Neurology, 52(6):1158–1158, 1999.

[5] Stanley B Prusiner. Prions. Proceedings of the National Academy of Sciences, 95(23):13363–13383,
1998.

24

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/


[6] Mathias Jucker and Lary C Walker. Self-propagation of pathogenic protein aggregates in neurodegen-
erative diseases. Nature, 501(7465):45–51, 2013.

[7] Lary C Walker and Mathias Jucker. Neurodegenerative diseases: expanding the prion concept. Annual
review of neuroscience, 38:87–103, 2015.

[8] Florence Clavaguera, Isabelle Lavenir, Ben Falcon, Stephan Frank, Michel Goedert, and Markus Tolnay.
“prion-like” templated misfolding in tauopathies. Brain Pathology, 23(3):342–349, 2013.

[9] Michel Goedert. Alzheimer’s and parkinson’s diseases: The prion concept in relation to assembled aβ,
tau, and α-synuclein. Science, 349(6248):1255555, 2015.

[10] Amrit Mudher, Morvane Colin, Simon Dujardin, Miguel Medina, Ilse Dewachter, Seyedeh Maryam Alavi
Naini, Eva-Maria Mandelkow, Eckhard Mandelkow, Luc Buée, Michel Goedert, et al. What is the
evidence that tau pathology spreads through prion-like propagation? Acta neuropathologica communi-
cations, 5(1):99, 2017.

[11] Henry van den Bedem and Ellen Kuhl. Tau-ism: The yin and yang of microtubule sliding, detachment,
and rupture. Biophysical journal, 109(11):2215–2217, 2015.

[12] Michel Goedert, Masami Masuda-Suzukake, and Benjamin Falcon. Like prions: the propagation of
aggregated tau and α-synuclein in neurodegeneration. Brain, 140(2):266–278, 2017.

[13] Mathias Jucker and Lary C Walker. Propagation and spread of pathogenic protein assemblies in neu-
rodegenerative diseases. Nature neuroscience, 21(10):1341, 2018.

[14] Tomas T Olsson, Oxana Klementieva, and Gunnar K Gouras. Prion-like seeding and nucleation of
intracellular amyloid-β. Neurobiology of disease, 113:1–10, 2018.

[15] Albert A Davis, Cheryl EG Leyns, and David M Holtzman. Intercellular spread of protein aggregates
in neurodegenerative disease. Annual review of cell and developmental biology, 34:545–568, 2018.

[16] Johannes Weickenmeier, Ellen Kuhl, and Alain Goriely. The multiphysics of prion-like diseases: pro-
gression and atrophy. Phys Rev Lett, 121(158101), 2018.

[17] Johannes Weickenmeier, Mathias Jucker, Alain Goriely, and Ellen Kuhl. A physics-based model explains
the prion-like features of neurodegeneration in alzheimer’s disease, parkinson’s disease, and amyotrophic
lateral sclerosis. Journal of the Mechanics and Physics of Solids, 124:264–281, 2019.

[18] Franziska Matthäus. Diffusion versus network models as descriptions for the spread of prion diseases in
the brain. Journal of theoretical biology, 240(1):104–113, 2006.

[19] M. Bertsch, B. Franchi, N. Marcello, M. C. Tesi, and A. Tosin. Alzheimer’s disease: a mathematical
model for onset and progression. Mathematical Medicine and Biology, page dqw003, 2016.

[20] Marian Von Smoluchowski. Drei vortrage uber diffusion. brownsche bewegung und koagulation von
kolloidteilchen. Z. Phys., 17:557–585, 1916.

[21] Samuel IA Cohen, Michele Vendruscolo, Mark E Welland, Christopher M Dobson, Eugene M Terentjev,
and Tuomas PJ Knowles. Nucleated polymerization with secondary pathways. i. time evolution of the
principal moments. The Journal of chemical physics, 135(6):08B615, 2011.

[22] Frank A Ferrone. Assembly of aβ proceeds via monomeric nuclei. Journal of molecular biology,
427(2):287–290, 2015.

[23] Frank Ferrone. Analysis of protein aggregation kinetics. In Methods in enzymology, volume 309, pages
256–274. Elsevier, 1999.

[24] Jonathan AD Wattis. An introduction to mathematical models of coagulation–fragmentation processes:
a discrete deterministic mean-field approach. Physica D: Nonlinear Phenomena, 222(1-2):1–20, 2006.

[25] Jean-François Collet. Some modelling issues in the theory of fragmentation-coagulation systems. Com-
munications in Mathematical Sciences, 2(Supplemental Issue):35–54, 2004.

25

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/


[26] Felix Carbonell, Yasser Iturria-Medina, and Alan C Evans. Mathematical modeling of protein misfolding
mechanisms in neurological diseases: a historical overview. Frontiers in Neurology, 9:37, 2018.

[27] Regina M Murphy and Monica M Pallitto. Probing the kinetics of β-amyloid self-association. Journal
of structural biology, 130(2-3):109–122, 2000.

[28] Monica M Pallitto and Regina M Murphy. A mathematical model of the kinetics of β-amyloid fibril
growth from the denatured state. Biophysical journal, 81(3):1805–1822, 2001.

[29] John M Ball and Jack Carr. The discrete coagulation-fragmentation equations: existence, uniqueness,
and density conservation. Journal of Statistical Physics, 61(1-2):203–234, 1990.

[30] SC Davies, JR King, and JAD Wattis. Self-similar behaviour in the coagulation equations. Journal of
engineering mathematics, 36(1-2):57–88, 1999.

[31] Markus Kreer and Oliver Penrose. Proof of dynamical scaling in smoluchowski’s coagulation equation
with constant kernel. Journal of statistical physics, 75(3-4):389–407, 1994.

[32] Aimee M Morris, Murielle A Watzky, and Richard G Finke. Protein aggregation kinetics, mechanism,
and curve-fitting: a review of the literature. Biochimica et Biophysica Acta (BBA)-Proteins and Pro-
teomics, 1794(3):375–397, 2009.

[33] M Slemrod. Coagulation-diffusion systems: derivation and existence of solutions for the diffuse interface
structure equations. Physica D: Nonlinear Phenomena, 46(3):351–366, 1990.

[34] Dariusz Wrzosek. Mass-conserving solutions to the discrete coagulation-fragmentation model with dif-
fusion. Nonlinear Analysis: Theory, Methods & Applications, 49(3):297–314, 2002.

[35] Philippe Laurençot and Stéphane Mischler. Global existence for the discrete diffusive coagulation-
fragmentation equations in l1. Revista Matemática Iberoamericana, 18(3):731–745, 2002.

[36] JF Collet and F Poupaud. Existence of solutions to coagulation-fragmentation systems with diffusion.
Transport Theory and Statistical Physics, 25(3-5):503–513, 1996.

[37] Franziska Matthaeus. The spread of prion diseases in the brain—models of reaction and transport on
networks. Journal of Biological Systems, 17(04):623–641, 2009.

[38] Franziska Matthäus. A comparison of modeling approaches for the spread of prion diseases in the brain.
In Modelling Dynamics in Processes and Systems, pages 109–117. Springer, 2009.

[39] Samuel IA Cohen, Sara Linse, Leila M Luheshi, Erik Hellstrand, Duncan AWhite, Luke Rajah, Daniel E
Otzen, Michele Vendruscolo, Christopher M Dobson, and Tuomas PJ Knowles. Proliferation of amyloid-
β42 aggregates occurs through a secondary nucleation mechanism. Proceedings of the National Academy
of Sciences, 110(24):9758–9763, 2013.

[40] Franziska Kundel, Liu Hong, Benjamin Falcon, William A McEwan, Thomas CT Michaels, Georg
Meisl, Noemi Esteras, Andrey Y Abramov, Tuomas JP Knowles, Michel Goedert, et al. Measurement
of tau filament fragmentation provides insights into prion-like spreading. ACS chemical neuroscience,
9(6):1276–1282, 2018.

[41] John M Ball, Jack Carr, and Oliver Penrose. The becker-döring cluster equations: basic properties and
asymptotic behaviour of solutions. Communications in mathematical physics, 104(4):657–692, 1986.

[42] Marshall Slemrod. Trend to equilibrium in the becker-doring cluster equations. Nonlinearity, 2(3):429,
1989.

[43] Peter V Coveney and Jonathan AD Wattis. Analysis of a generalized becker—döring model of self-
reproducing micelles. Proc. R. Soc. Lond. A, 452(1952):2079–2102, 1996.

[44] O Penrose. The becker-döring equations at large times and their connection with the lsw theory of
coarsening. Journal of statistical physics, 89(1-2):305–320, 1997.

26

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/


[45] Jonathan AD Wattis and John R King. Asymptotic solutions of the becker-döring equations. Journal
of Physics A: Mathematical and General, 31(34):7169, 1998.

[46] Erin E Congdon, Sohee Kim, Jonathan Bonchak, Tanakorn Songrug, Anastasios Matzavinos, and Jeff
Kuret. Nucleation-dependent tau filament formation the importance of dimerization and an estimation
of elementary rate constants. Journal of Biological Chemistry, 283(20):13806–13816, 2008.

[47] Charles Nicholson, Kevin C Chen, Sabina Hrabětová, and Lian Tao. Diffusion of molecules in brain
extracellular space: theory and experiment. In Progress in brain research, volume 125, pages 129–154.
Elsevier, 2000.

[48] Geoffrey J Goodhill. Diffusion in axon guidance. European Journal of Neuroscience, 9(7):1414–1421,
1997.

[49] Charles Nicholson and Eva Syková. Extracellular space structure revealed by diffusion analysis. Trends
in neurosciences, 21(5):207–215, 1998.

[50] Jeffrey J Iliff, Minghuan Wang, Yonghong Liao, Benjamin A Plogg, Weiguo Peng, Georg A Gundersen,
Helene Benveniste, G Edward Vates, Rashid Deane, Steven A Goldman, et al. A paravascular pathway
facilitates csf flow through the brain parenchyma and the clearance of interstitial solutes, including
amyloid β. Science translational medicine, 4(147):147ra111–147ra111, 2012.

[51] Formari S., Schäfer A., Goriely A., and E. Kuhl. Prion-like spreading of alzheimer’s disease within the
brain’s connectome. preprint, 2019.

[52] Jennifer A McNab, Brian L Edlow, Thomas Witzel, Susie Y Huang, Himanshu Bhat, Keith Heberlein,
Thorsten Feiweier, Kecheng Liu, Boris Keil, Julien Cohen-Adad, et al. The human connectome project
and beyond: initial applications of 300 mt/m gradients. Neuroimage, 80:234–245, 2013.

[53] Balázs Szalkai, Csaba Kerepesi, Bálint Varga, and Vince Grolmusz. Parameterizable consensus connec-
tomes from the human connectome project: The budapest reference connectome server v3. 0. Cognitive
neurodynamics, 11(1):113–116, 2017.

[54] Danielle S Bassett and Edward T Bullmore. Small-world brain networks revisited. The Neuroscientist,
23(5):499–516, 2017.

[55] Joanna Masel, Vincent AA Jansen, and Martin A Nowak. Quantifying the kinetic parameters of prion
replication. Biophysical chemistry, 77(2-3):139–152, 1999.

[56] Thorsten Pöschel, Nikolai V Brilliantov, and Cornelius Frömmel. Kinetics of prion growth. Biophysical
journal, 85(6):3460–3474, 2003.

[57] Tuomas PJ Knowles, Christopher AWaudby, Glyn L Devlin, Samuel IA Cohen, Adriano Aguzzi, Michele
Vendruscolo, Eugene M Terentjev, Mark E Welland, and Christopher M Dobson. An analytical solution
to the kinetics of breakable filament assembly. Science, 326(5959):1533–1537, 2009.

[58] Samuel IA Cohen, Michele Vendruscolo, Christopher M Dobson, and Tuomas PJ Knowles. Nucle-
ated polymerization with secondary pathways. ii. determination of self-consistent solutions to growth
processes described by non-linear master equations. The Journal of chemical physics, 135(6):08B611,
2011.

[59] Samuel IA Cohen, Michele Vendruscolo, Christopher M Dobson, and Tuomas PJ Knowles. Nucle-
ated polymerization with secondary pathways. iii. equilibrium behavior and oligomer populations. The
Journal of chemical physics, 135(6):08B612, 2011.

[60] Tuomas PJ Knowles, Duncan A White, Adam R Abate, Jeremy J Agresti, Samuel IA Cohen, Ralph A
Sperling, Erwin J De Genst, Christopher M Dobson, and David A Weitz. Observation of spatial
propagation of amyloid assembly from single nuclei. Proceedings of the National Academy of Sciences,
108(36):14746–14751, 2011.

[61] Robert Leech and David J Sharp. The role of the posterior cingulate cortex in cognition and disease.
Brain, 137(1):12–32, 2013.

27

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/


[62] Alix De Calignon, Manuela Polydoro, Marc Suárez-Calvet, Christopher William, David H Adamowicz,
Kathy J Kopeikina, Rose Pitstick, Naruhiko Sahara, Karen H Ashe, George A Carlson, et al. Propaga-
tion of tau pathology in a model of early alzheimer’s disease. Neuron, 73(4):685–697, 2012.

[63] A. Goriely. Integrability and Nonintegrability of Dynamical Systems. World Scientific Publishing Com-
pany, 2001.

[64] L. Perko. Differential Equations and Dynamical Systems. Springer Verlag, New York, 2001.

28

.CC-BY-NC-ND 4.0 International licenseIt is made available under a 
was not peer-reviewed) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity.

The copyright holder for this preprint (which. http://dx.doi.org/10.1101/692038doi: bioRxiv preprint first posted online Jul. 4, 2019; 

http://dx.doi.org/10.1101/692038
http://creativecommons.org/licenses/by-nc-nd/4.0/

	Introduction
	General theory of aggregation-fragmentation equations
	Smoluchowski equations for neurodegenerative diseases
	Diffusion, growth and expansion
	Continuous models for fibril propagation
	Scaling

	Smoluchowski network models
	The network protein model

	Analysis of the homogeneous case
	Evolution of the total mass
	Moment analysis and evolution of the toxic mass
	Moment analysis and evolution of the toxic mass
	Analysis of the A model
	Analysis of the  model

	Network simulation
	Comparison of the A and  models
	Evolution of total monomer and toxic protein mass
	Evolution of the size distribution
	Spreading behavior over the network
	Staging estimates


	Conclusion

